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Abstract
Full Text

A. A. KOZMANOVA

POLYA’ S THEOREM FOR ENTIRE FUNCTIONS OF
TWO COMPLEX VARIABLES

(Presented by Academician M. A. Lavrent ev, 19 XI 1956)

Let an entire function of exponential type of two complex variables p; and ps
be given:
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A vector p(py, py, p3) is called isotropic if p? + p3 + p3 = 0. We associate with
F(p,,ps) an entire function of the isotropic vector:
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The harmonic function
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will be called the function associated with F(p).

An isotropic vector p can be represented as follows: p = p’ + ip”, where
p’ and p” are real vectors, i = v/—1. From the isotropy of p it follows that
Ip’| = Ip”|, p’ L p”. Consequently, with each isotropic vector one may associate
an orthogonal trihedron OX'Y’Z’ with center at O, directing the axis OZ’
along the vector p’, the axis OX’ along the vector p”, and giving OX'Y’Z’
the same orientation as the trihedron OXYZ. The trihedron OX'Y’Z’ can
be characterized by means of the rotation of space g(¢y,0,¢,), which carries
the principal trihedron OXY Z into OX’Y’Z’. Thus the isotropic vector p is
determined by the positive number p = |p’| = |p”| and the angles ¢;, 6, p,. We
note that

p’ = p(sinfcospi—+ sinfsinpj+ cosfk),
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where p = ¢, — /2 (1).

The growth indicatrix of the entire function of exponential type F(p) will be
the function

In |F(p)|

h(@1,97¢2) :plggo p )

where p is a function of the variables p, ¢4, 8, 5.

Let D be the convex hull of the singularities of the function f(z,y,z). The
supporting function of the domain D is the function

K(p,0) = max {xsinfcosp + ysinfsinp + zcos b},
(z,y,2)€D

where 6 and ¢ are the angles of the spherical coordinate system.

Theorem 1. If
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an entire function of exponential type of the isotropic vector p, then its indicatrix
h(pq,0,95) is connected with the supporting function of the bounded convex
hull of the singularities of the harmonic function associated with F(p)
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by the relation

sup h (z

5 T w;&%) = K(p,0). (3)
P2

Let us prove that, for the functions F(p) and f(z,y, 2), the following inversion
formulas hold:

— pF // grad f npeP)] do (4)

2rf(z,y, 2) //
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where o is a piecewise-smooth surface enclosing all singularities of f(z,v, 2);
P = p;i+psj+psk is an isotropic vector; r = xi+yj+ 2k is the radius vector of
the point M (z,y, z); n is the unit vector of the outward normal to ¢; under the
integral sign in (4) stands the triple product of vector functions defined in (1)*;
s is the plane perpendicular to the vector p’(p, ¢1,6"); ¢] and 6 are arbitrarily
fixed angles. In the plane s lies the vector p”(p, ¢1,0’, ps) as ¢, varies on the
interval [0, 27] and p € [0, c0).

We shall first show the validity of relation (4). We shall call a vector func-
tion $(r) potential-harmonic if divy = 0 and rot® = 0 (?). If $ and g
are functions potential-harmonic in a domain containing 7' 4+ o, where o is a
piecewise-smooth boundary of the domain 7', then

//U pngldo=0 (1)

It follows from this: let ¢ be a potential-harmonic function in the domain T
with piecewise-smooth boundary o; let r be the distance between the points
Ml (:E, Y, Z) and M(f, n, C)a then

1 % T
// [grad 1 n@] do = ) P@:y:2), (2,y,2) € ; (6)
ag r 03 (z7 y’ Z) G T )
where T is the domain lying outside T

In a somewhat different form formula (6) was given by A. V. Bitsadze (?). We
next use the formula ()
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and the fact that series (2) admits, for sufficiently large r, termwise differenti-
ation with respect to x,y, 2z and then termwise integration over the surface o
(the latter will be justified later).

The proof of formula (5) is based on the fact that, taking as s the plane XOY —s’,

we obtain:
—(pr) o] 2
// e—(pr s :/ dp/ efpzfip(zcoslwrysinw) de _ 21 (8)
s P 0 0 r

* [abc] = —(bc)a + (ca) b — (ab) c.

Performing the rotation, we obtain that, in the general case,
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where S is the plane mentioned above. Then from (1) and (7), and from the
possibility of termwise integration for sufficiently large r, upon substituting
series (1) into integral (5), formula (5) follows. Along the way we obtain that
series (2), for sufficiently large r, may be differentiated term by term with respect
to x,y, z any number of times and integrated term by term over the surface o.
From formulas (5) and (6), (3) is obtained by arguments analogous to those

used in proving Pélya’ s theorem from the theory of entire functions .

Corollary 1. Theorem 1 remains valid if, as f(x,y, z), one takes any function
regular at infinity and harmonic outside some surface enclosing the origin.

Suppose that all singularities of the function f(z,y, z) lie in the half-space z < a
(a > 0). Denote by H the distance from the plane z = a to the set of these
singularities. The equality holds

Hza—suph(%,o,g@), 9)

P2

where h is the indicator of growth of the entire function F(p) associated with
fl@,y,2).

The analogous question for the two-dimensional case was considered by A.

Steiner °.

Corollary 2. For the function f(z,y, z) appearing in Corollary 1, the following
is valid:

S P (cos 6)eme . )
f(x7ya Z) = Z Z Apm Tv an(fm) = Qpms (2 )
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where the series on the right converges outside the sphere of radius r, passing
through the singular point of the function f(z,y,z) farthest from the origin,
and, evidently,

™
ro =sup K(p,0) = sup h (f +p,0, <p2) . (10)
»,0 0,0, 2

The expression on the right in (10) is the type of the function F(p). The relation
obtained coincides, to a certain extent, with the analogous fact from the theory
of entire functions.

Corollary 3. Formula (5) may serve as a method for summing series (2'), since
the integral in (5) converges outside the domain defined by the relation

sovietrxiv.org/items/ru-195701.66140 Machine Translation


https://sovietrxiv.org/items/ru-195701.66140

s
K(p,0) :Suph(§+¢a97¢2)- (11)
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Corollary 4. From (7) and (8) we obtain

] _a\m ! 27 ima
P (cosB)e'™® = ) n ' / c Ll P (12)
2r (n—=m)! Jy  [cos@ + isinf cos(y — )]

where 0 < 0 < /2.
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