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MATHEMATICS
N. S. BAKHVALOV

ON THE QUESTION OF THE NUMBER OF
ARITHMETIC OPERATIONS IN SOLVING
THE POISSON EQUATION FOR A SQUARE
BY THE METHOD OF FINITE DIFFER-
ENCES

(Presented by Academician S. L. Sobolev on 10 X 1956)

For every problem of mathematical physics there exist various methods of ap-
proximate solution, requiring, in order to determine the solution with accuracy
€, one or another number of arithmetic operations, increasing as € — 0. The
use of mathematical machines makes it possible to increase the number of op-
erations performed and to find a solution with greater accuracy. Therefore the
following problem becomes important: to investigate methods from the point of
view of the growth of the number of arithmetic, respectively logical, operations
as € — 0, and to find methods with the least possible growth in the number of
operations.

Consider the system of linear equations

Vi1, Vi1 F 000 050 — 4 f
h2 — Jig

Lij(“ij) =
for 0 <i4,j <N (N an integer; h =1/N); (1)

v;; = for 0<4d,j5 <N, if ij(N —i)(N —j) =0,
obtained when solving by the method of finite differences the Poisson equation

0%u  0%u

w‘f'aiyg:f(%y)

in the square 0 < z,y < 1 with the Dirichlet boundary condition

ulp = @(x,y)|p-
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Here by v;;, ¢;;, ... we mean the values of the functions v(x,y), ¢(z,y), ... at the
point (ih, jh).

In the paper (1) it is shown that, in order to find the solution of system (1) by
the method of successive over-relaxations, it is sufficient to perform ~ N?3|loge|
additions (?).

If the difference analogues () of the Green functions for the Dirichlet and Pois-
son problems are known, then the direct writing out of the values of all v;;
(0 < i,j < N) requires ~ N* additions, ~ N* multiplications, and the use of
~ N* auxiliary numbers. In what follows we shall omit the word “difference
analogue.”

Let N = 2°. Then, if the Green functions for the Dirichlet and Poisson problems
for the squares 0 < i,5 < 2" (r = 1,2, ..., s) are known, one can compute the val-
ues of all v;;, performing ~ N?log N additions and ~ N?log N multiplications.
We shall show how to do this.

J

Let Z; (r =0,1,...,s) be functions that vanish when {L} {?

or }:Oand

satisfy the equations
Lz‘j(ZiTj) =f ij
for the remaining i and j (0 < 4,j < N).

ij ij

various ¢ and j such that {QTZH } {2rj+l } =+ 0, we have

07 {sHi} o

T r—=1 _ ,r _ L +1
Set Zj; — Zj7+ = wj; (r = 1.,2,...,5). Determining the values L,;(w;; ") for

Zia; Y24 . )
Lywih=qfi——F2 > 1 {g} =0 (2)
Zr. 47T
fu gl = ,J 1, if {2%} =0

It is obvious that

Suppose that wﬁj (I =1,2,...,r) are known for {%} or {%} equal to 1/2.

Using the Green functions of the Dirichlet problem for the squares 0 < 7,5 <
271 (1=1,2,...,7), we find the values ZJ; = Z;:l w!; needed for determining
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Lij(ZiTjH) by formula (2). Then, with the aid of the Green function of the
Poisson problem for the square 0 < i, < 2""!, we obtain the values w:f L for

{#} or {23“} equal to 1/2. In this way we find the values w;; for {%}
or {%} equal to 1/2, for r =2,3,...,s.
Let w;; be the solution of system (1) for f;; = 0. Put

pgj:wij-i—Zwﬁj (r=1,2,...,9). (3)
l=r

It is clear that pj; = v,; if {QT: } {2371} = 0, and L;;(pj;) = 0 for the
remaining ¢ and j.

Using the Green function of the Dirichlet problem for the square 0 < 7,5 < 29,
we determine wys1 ; (0 < j < N) and w; 51 (0 <4 < N). From (3) we find
Pye-1 j = Ugs1 5 (0 < j < N)and pfyy = 05901 (0 <i < N). Now, with the
aid of the Green function of the Dirichlet problem for the square 0 <, j < 251,

J } equal to 1/2, etc.

2571
Thus we obtain the values v;; at all points of the square 0 <i,7 < N.

i
we determine p;;, and then p;;- L= v,; for {257*1} or {

It is easy to calculate, taking into account the symmetry of the Green function
of the Poisson problem and the symmetry of the square with respect to its four
axes of symmetry, that for the computations indicated above it is sufficient to
know somewhat fewer than 2N? auxiliary numbers—the values of the Green
functions of the Dirichlet and Poisson problems for the squares 0 < ¢,7 < 27
(r=1,2,...,s).

Obviously,

|W:j‘ < @Z,

where @, are functions obtained analogously to w;; when fi; is replaced by
—max |f;;| (0 <4d,j < N). Hence it follows that

S S

' S S
E |Wz'j < E Wij _Qijv
r=1 r=1

where Qf; is the solution of system (1) for ¢,; = 0 and with f;; replaced by

—max |f;;] (0<1i,j<N).

The functions (2}, are uniformly bounded as s varies, and therefore, in computing
v;; by the method indicated above, no loss of significant digits occurs.
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In the case of domains of arbitrary shape, the method presented makes it pos-
sible, by performing ~ N?log N additions and ~ N?log N multiplications, to
reduce the problem of solving the system of finite-difference equations corre-
sponding to the Poisson equation to the solution of the system of equations
corresponding to the Laplace equation.
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