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(Presented by Academician S. L. Sobolev on 21 VI 1957)

In the present note we consider the behavior, as ¢ — 0 (¢ > 0), of the solution
of the following problem (Cauchy problem):

Louf(x,t) = eul, —uf + b(x, t)us + c(x, t)u® = 0; (1)

u5($7t>’t:0 = (z), (z,t) €Dy (—oo <z <00, 0<t<T), (2)

where:

a) Y*(z) are continuous for = # 0; there exists

lim " (z) = ¥ (£0),

r—4+0
Y(+0) # (—0), k=0,1,...,n, n > 1;
[ (z) — ™ (—0)| < Clz| for —6 < z < 0;

™)
| (x) — ™ (+0)| < Cz for 0 < z < 6, where C' > 0, § > 0 is arbitrarily
small;

b) ¥ (z), r =0,1,...,n, as |x| — oo grow no faster than exp(Cyz?), Cy > 0
being some constant (for simplicity, all subsequent arguments are carried
out under the assumption that ¥(")(z) are bounded);
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¢) the functions b(z,t), b, (x,t), b,(x,t), b, (x,t), c(z,t) in D, satisfy a Lip-
schitz condition in = and ¢; moreover, b(z,t), b, (z,t), c(z, t) are assumed
bounded.

Denote by v(z,t) the solution of (1), (2) for ¢ = 0:

Lyv(x,t) = —v, + b, + cv = 0; (1°)

U(ZL’,t)|t:0 = i/f(x), ($,t> € Doov (20)

and by I(x,t) the characteristic of equation (1°) passing through the point (z, ).

In the degeneration of differential equations of higher order into equations of
lower order, on the one hand, there is a loss of part of the boundary condi-
tions, which gives rise to the phenomenon of a “boundary layer” ; on the other
hand, there may occur a loss of smoothness for the solution of the degenerate
equation. In the first case, near that part of the boundary where the loss of
conditions for the solution of the nondegenerate equation occurs, one can write
an asymptotic expansion (see, for example, (1)). The second case occurs in the
problem considered here. In this case, in a neighborhood of the characteristic
1(0,0), on which the loss of smoothness of the solution v(z,t) of problem (1°),
(2°) occurs, one may observe, for the solution u®(x,t), the phenomenon of an
“internal boundary layer.” In this paper the asymptotics of the solution u(x, t)
near [(0,0) is given.

Definition. The part principal with respect to ¢, as ¢ — 0, of u®(z,t) —
v(x, t) inside some neighborhood of 1(0, 0) will be called the internal parabolic
boundary layer.

Passing from x and ¢ to new variables y and z, where z is the length of the
arc of the characteristic I(x,t) between the points (y,0) and (z,t), and y is the
distance along the x-axis from the origin to the point of intersection of I(x,t)
with ¢ = 0, and retaining the previous notation, we write (1), (2) in the form

L5u8(27 y) = ECL(Z7 y)uiy - ui + Cl (Z7 y)ua; (1’)

wizy)| _, =vy), —oco<y<oco, 0<z2<7Z, (2)

where a(z,y) = (1 + b))%, ¢/(z,9) = ¢(1 + b*)"1/2. For what follows it is
sufficient to consider the case when ¥ (z ) = 0 for x > 0. Let now h*(z) =1 for
x>0and h'(z) =0 for x < 0; h (z) = ht(z), Dgis (Jz]| < R, 0 <t < T);
Dypis(ly <R, 0<2<2).
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Lemma. If b and ¢ are constants and conditions a), b) are satisfied, then for
the solution u® of problem (1), (2) in a neighborhood of (0, 0) (in the variables
Y, z, in a neighborhood of y = 0) the following representation holds:

u(2,9) = 0(2,9) + v0.(2,9) + D (U5 (2,9,6) + 05 (2,9,6)) + O(VerTT), (3)

k=1

where v(z,y) is the solution of (1’), (2") for € = 0;

oy D) T e 0 Y
oelz) = £ (y)/y/w a2 <y>/m de

is the boundary layer defined above;

. W0 SN D RVER) [ L e
P (—0)

k i 4 SNe) 2\/ez
(—1)i(y)* " (2/22)° wEE
AR TR eetac g [T v

=1

have order ve* uniformly with respect to y for (y, z) € D, while vy_(z,y) has
order /¢ for every y # 0 (here a = 1, ¢’ = 0 has been put).

Let the coefficients b and ¢ of equation (1) be functions of z and t. Construct a
function a(z,y) of the same smoothness as a(z,y), equal to a(z,y) for |y| > 2¢,
and to a(0, z) for |y| < gy, €9 > 0. Analogously construct ¢'(z,y) from the
function ¢’(z,y). Then, by virtue of condition ¢), a(z,y) = a(z,y) + a(z,y,q),
c(z,y) = &(z,9) + B(2,9,e), where a = § = 0 for |y| > 2¢,, a = O(gy),
B = O(g,) for |y| < 2¢,. Denoting

L.uf(z,y) = iz, y)ug, —us + & (2, y)u, h(e, a, B,u°) = eaug, + Bu’,
we write equation (1) in the form

LEuE('Z? y) = ZE’U'E(Z7 y) + h(€7 a? 67 us)'
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It can be shown that for the solution u®(z,y) of problem (1), (2’) the represen-
tation

us(z,y) = u§(z,y) + Zui(z, y) + O( €6L+1) : (4)

holds.

where ug(z,y) is the solution of the equation feug (z,y) = 0 with uf(z, y)|Z:O =
Y(y), and uf(z,y) are determined recursively as solutions of the initial-value

problems

~

Laui('z)y) :_h(57a76’u2—1)5 ui’z:O :0, k: 1,2,...,717

and in this case uf(z,y) = O(ek).
Theorem 1. If conditions a), b), ¢) are satisfied, then:

1) the solution u®(z,t) of problem (1), (2) converges as € — 0 everywhere
in D, except for the points of 1(0,0), and converges uniformly in Dy,
for any R, outside any neighborhood of 1(0,0), to the solution v(x,t) of
problem (1Y), (2°);

2) near the characteristic 1(0,0), for the solution u®(z,t) in the variables z, y,
representation (4) is valid, where u§(z,y) has the form (3), and uj(z,y)
can be obtained by the recurrent method described above; moreover,

g0 = d(e) = Ve u(e); lim %(e) = oo; lim d(g) = 05 ug(z,y) = O(5%(e)).

e—0 e—0

The proof of this theorem is based on the localization principle (see below). Let
(zq,t;) be an arbitrary point of D . Introduce the function ts(x), equal to
Y(x) for zy —d < & < xy+ 0 and equal to zero for x > x5 +0, © < £y —J, where
x, is the point of intersection of the characteristic {(x, ;) with t = 0.

Theorem 2 (localization principle). If u$(x,t) is a solution of equation (1)
satisfying the condition u§(x, t)|t:0 = ¢s5(x), then

W (g, 1) — (1) = O (%(Z)MW) , (5)

where d(¢) = By/eu(e) — 0 as e — 0; lim__,,%#(e) = oo (for example, x(e) =
In1); B is a constant.

Denote
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p(z,y) = /0 ad(z’n) (¢(z,y) = +00 as y — £00).

Jevre (?) and Feller (®) constructed the fundamental solution U¢(z,y;7,&) of
equation (1”)

Us(zy57,6) = Us(z,0:m.6) + Y Us(2,5:7,€),
n=1

where

z — T 2
Ui &) = exp { - EEL PR ) = am el

de(z— 71

Uﬁﬂ(z,y;r,é):/ dp/ (Ve o, Q) Ug,(p, a5 7,€) — ¢ (p,q) Us(p, ;7. €) } Ug (2,93 p, ) dg,
0 —00

A(p,q) = Vea(p,q)/2+Valp,q) ¢..

In this case the solution u®(z,y) is written in the form

1ﬂaw:/wwoW@%m®@. ©)

One can prove the inequality

St S ap [ ey = e oP
T; Un(za Y; 7_36) < ;dn(ECL(T?f)(Z - T)) exp { 85(2 _ 7—) } ’
(7)
where

d,=2" 'K/ (= 7)Y T(n/2); 2VE—T <K: o fa(m 6] < K;

Ae(z,9)| + [¢/ (2, y)| < K

K is a constant.
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Let now the point p(zq,t;), when z,t are replaced by y,z, go into P(z1,y;);
then I(xy,t;) goes into the straight line y = y;, and the point py(z,,0)
into Py(0,y;). And let, when z,y are replaced by z,¢(z,y), respectively,

P(zy,91) go into Q(z1,9(21,1)), and F4(0,y,) into Qy(0,¢(0,y,)). Then the
d,-neighborhood of Q(0,¢(0,y,)) in the z = 0 plane of (z, ) will correspond

to the dy-neighborhood of the point Py(0,y;) in the z = 0 plane of (z,y), to
which, in turn, there will correspond the d§5-neighborhood of py(x,0) on the
straight line ¢ = 0. It can be shown that d, < ;.

Construct the function ¢5 (y), d; = 21/ x(¢), and find the solution uj (z,y) of
equation (1”) under the condition

u§ ()| = s, ).

Then from (6) and (7), making the substitution ¢(z,3,) — ¢(0,&) = 2,/z, n,
we obtain

e 2 1 2
‘ua(zl,yl) —u (zl,yl)‘ < 2M1(1—|—S)/ e €2 d¢ = O<ex (a)/2> ,(8)
! x(€) x(€)

where S = (dy +dy +ds +-++)/2; |¢| < My; M, is a constant. From (8) follows
the validity of (5), since one can always ensure that § > J.

It is not difficult to see that the result obtained also holds in the case when in
(1)), before uS,, there stands a coefficient a(z,t) > p > 0, satisfying condition
b).

It can be proved that, as ¢ — 0, the behavior of the solution of the boundary-
value problem for equation (1), both for a finite interval and for a half-line
inside the domain of definition of the solution, is analogous to the behavior of
the solution of the Cauchy problem, and the corresponding asymptotics can be
obtained.
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