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Abstract
Full Text

V. K. Zakharov

THE FIRST BOUNDARY VALUE PROBLEM
FOR AN EQUATION OF ELLIPTIC TYPE OF
FOURTH ORDER DEGENERATING ON THE
BOUNDARY OF THE DOMAIN

(Presented by Academician S. L. Sobolev on 16 XI 1956)

In the present note the first boundary value problem is considered for the general
fourth-order equation
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(1)
of elliptic type with two independent variables, degenerating on a part of the
boundary of the domain adjacent to the axis Ox. Equation (1) is considered
in a finite domain D, situated in the upper half-plane and having a part of its
boundary I'y on the axis Oz. The remaining part of the boundary we denote

by I';. We assume that the boundary I'; is such that the embedding theorems
of S. L. Sobolev (1) hold for it.

We suppose that the coefficients of the highest derivatives in equation (1) are
continuous in the closed domain D = DUT, T = I'; UT, and twice continuously
differentiable in D° = D N (y > &), where § > 0 is arbitrary; a;;;, @19, G109,
and a,,, are three times continuously differentiable in D?; a;;, a;s, and ay, are
twice continuously differentiable in D°; a; and a, are continuously differentiable
in D?; a, is continuous in D?. We also assume that
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CQZUQ < o999 < Cana

where o > 0. If a = 0, then we shall assume that a;;;; — 0 as y — 0. For
definiteness we shall suppose that at every point of the domain D the form

AY(E), &2, y) = agy1n & + 019196785 + 099068 + 011128360 + 019006165 >0

for €2 + ¢2 > 0, with equality attained only at the points of T.

Theorem 1. Let, for any real numbers &;,&, (£ + & > 0), the form
A%(&,&;m,y) > 0, where equality is attained only at the points ;. Make the
substitution: &2 = &1, & = &9, & = &5, Then there exists a sufficiently
smooth function A = A(x,y) such that the form

B(&11,819, 8005 2,y) = A2(§11a€127§22§$7y) =+ /\(ffz —&11é12) =

= ay111651 + (Q1919 + AEFy + 09999630 + A1112811810 — G1299€12800 — A&y1€00 = 0

provided that &2, + &2, + €3, > 0; &;1,&19, oy are arbitrary real numbers, and
the equality sign can occur only at points of I'.

As in the paper (3), the space Q) and the space R are introduced, with metric
defined by the scalar product
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which is possible by virtue of Theorem 1.

We assume that, for a > 0, g > 0, the following conditions are satisfied:

AyP <ajgy+ A< CHYP, 0 < y*&3, < C3B(&11,€12, 60032, Y),

0< l/ﬁﬁz < CgB(f11:€12a§22333, Z/)a 0< a1111§%1 < OZB<§1D§127§22; xvy)
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for arbitrary real &;1,&9,&99-

We introduce the notation:

N,y =a,—2 N, =2 —a
1= % Ox Oy Ox Oy oy? ' 2 Oy Oox 22
//uvdxdy—[u,v],

D
_ 102\ _ 1 02\ _ 102\
G =0T 559 ‘112:%2*5@, g2 = a2 — 555

By £%(0), o = o(z,y), (z,y) € D, we shall denote the space of functions

square-summable with weight o(z,y) over the domain D: [ou,u] < +00.

Case a) For 0 < oo < 1, 8 > 0, the first boundary-value problem for equation (1)
with homogeneous boundary conditions is posed as follows: find a generalized
solution of equation (1) which vanishes on I' = T'; UT'; together with its normal

derivative.

Suppose that in some neighborhood of Iy the following conditions are satisfied:

Caseb)1<a<3, >1;0<8<1, a>1:

1) Ny > —ciy ?|lny/ Y(In|lny|)~1 for a =1,
Ny > —ciy*3(In|lny))™ 1 for 1 < a <2,
N, > —c%yﬁ_l or Ny > —c2y*3(In|lny))™®r for2<a<3,

Ny, > —c2yPl fora>3;

2) Ny <c3y lllny| '(In|lny))"51 for a =1,
N, < c2y*2(In|lny))™ forl <a<?2,
Ny < 2y or Ny < 2y 2(In|lny|)= for2<a <3,
N, < c2yP for a>3;

3) either |agg,| < c[Iny| t(In|lny)™=r for a =1,
laggs| < 2y t(In|lny|) 1 forl<a <3, a>3,

|ag95] < ?y?[Iny[~(In[Iny[)==r  for o = 3;

|a190| < 3|y (In|Iny))™=r fora=1, f<1; a<1, f=1,
|a190] <3y '(In|lny|)™r fora>1, f>1; a>1, f>1;

3)

(4)
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a5 < c2yPt for 0< B <1,
199 < 3|y~ (In|Iny[)~=r for g =1, (5)
ar12 < yPH(In|lnyl) = for §> 15

or

—&|Iny[(In|lny|) ™t < a9y <0 for a =1,
—2ye I | Iny|) " < gy, <0 for 1 <a <3, a>3, "
_62y2| lnyl_l(ln | ]nyl)—51 < G999 <0 fora= 3;

. 2
ay19 < 05 AT9y — 301120999 < 0.

Casec)a>3, 0> 1:

1)
N, > —c2|lny|*(In|lny|) ™ fora=3, f>1; a>3, B=1,
Ny > =y *(In|lny|) =1 or N; > —cfy’ ! (In|Iny|) =
fora>3, > 1,
2)

Ny < c3yllny|t(In|lny))5r fora>3, =1, a=3, 3>1,
N, < 3y 2(In|lny))~ or N, <ciy’(In|Iny|)~
fora>3, g>1,

3) either (3), (4), and (5) for « > 3, 8 > 1, or (6) for a > 3, where ¢, is an
arbitrary positive number, ¢ with subscripted values are certain constants,
v = max(a, 5).
The conditions just listed will be called “conditions S.”

When conditions S are satisfied, the first boundary-value problem with homoge-
neous boundary conditions consists in finding a generalized solution of equation
(1): in case b), one that vanishes on I', whose first derivatives vanish on I';; on
I'y no conditions are imposed on the first derivatives of the sought solution; in
case c), one that vanishes on T'; together with its first derivatives; on T'y no
boundary conditions at all are imposed.

We note that the required boundary conditions are satisfied, on the basis of the
embedding theorems proved in note (®), by functions from 2. The vanishing of
a function and of derivatives on the boundary is understood in the mean.

Under the conditions formulated above, by a generalized solution of the first
boundary-value problem for equation (1) in cases a), b), and ¢) we mean such a
function u € Q that, for any function v €  that vanishes in some neighborhood
of Iy, the following integral relation is fulfilled:
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Theorem 2. Suppose that in cases b) and c¢) the conditions S are satisfied.
Suppose also that in case a), in some neighborhood of T, the inequalities hold:

or (5) and

|a19o] < 3y (| In|(Iny|)]) = for 0 < B <1,
|ayg,| < ey (In|Iny|) = for 8 > 1,
|a195] < c3|Iny| ! (In|Iny|)~= for g =1;

or

G2

Y ! agyy <0,

ay12 <0,

2
799 — 301120925 < 0,

where v = max(«, ), €, > 0 and is arbitrary. If, in addition to the conditions
listed above, in each case, for any point of the domain D, the following is

satisfied:
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then the first boundary-value problem in the formulation indicated above has
a unique solution for any right-hand side h € £%(oy!), where o, is the weight

function defined in the embedding theorems (3).

The proof is carried out by the functional method, the same as in the work of
M. L. Vishik (?). The lower-order terms of equation (1) are realized in the form
of an operator acting in R. Tt is proved that the operator corresponding to the
operator L has everywhere a dense domain of definition and a bounded inverse

operator.

In conclusion I take this opportunity to express my sincere gratitude to Aca-
demician S. L. Sobolev, under whose supervision the present work was carried

out.
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