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Abstract
Full Text
PHYSICS

A. A. SOKOLOV and I. M. TERNOV

ON A QUASICLASSICAL INTERPRETATION
OF QUANTUM EFFECTS IN THE THEORY
OF A RADIATING ELECTRON
(Presented by Academician N. N. Bogolyubov, 18 X 1957)

1. In the present work we wish to give a quasiclassical interpretation of the
quantum effects which, according to the conclusions of quantum theory,
should manifest themselves in the motion of an ultrarelativistic electron
in a magnetic field (1,2).

As is known, the classical equations describing the motion of an ultrarelativistic
electron in a synchrotron, with radiation taken into account, have the form

𝐸 ̈𝑧
𝑐2 +

̇𝐸 ̇𝑧
𝑐2 − 𝑒𝑟𝜑̇𝐻𝑟

𝑐 = − ̇𝑧𝑊 cl

𝑐2 , (1)

𝐸 ̈𝑟
𝑐2 +

̇𝐸 ̇𝑟
𝑐2 − 𝐸𝑟𝜑̇2

𝑐2 + 𝑒𝑟𝜑̇𝐻𝑧
𝑐 = − ̇𝑟𝑊 cl

𝑐2 , (2)

̇𝐸 = ̇𝐸ext − 𝑊 cl, (3)

where 𝑟, 𝑧, 𝜑 are cylindrical coordinates; 𝐻𝑧 = 𝐵𝑟−𝑞, 𝐻𝑟 = −𝑞𝑧𝐵𝑟−(𝑞+1) are
the components of the magnetic-field intensity; 𝑞 is the index of decrease of the
magnetic field (0 < 𝑞 < 1). In the classical case, for the radiation energy we
shall have the expression

𝑊 cl = 𝑅2

𝜌2 𝑊 cl, 𝑊 cl = 2
3

𝑒2𝑐
𝑅2 ( 𝐸

𝑚0𝑐2 )
4

, (4)

where 𝑊 cl is the mean radiation energy, which does not depend on the coordi-
nate 𝑥 = 𝑟−𝑅 of the betatron oscillations, while the radius of the instantaneous
equilibrium orbit 𝑅 and the radius of curvature 𝜌 may be found from the equality

𝐸 = 𝑒𝐵𝑅1−𝑞 = 𝑒𝐵𝑟−𝑞𝜌. (5)
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Hence, in the linear approximation we find

𝜌 ≃ 𝑅 + 𝑞𝑥. (6)

The expression for the energy received by the electron from the accelerating
device (the fundamental harmonic), in the linear approximation of phase oscil-
lations, may be represented in the form

̇𝐸ext = 𝑐𝑉0
2𝜋𝑟 sin(𝜑 − 𝜔0𝑡) = 𝑐𝑉0

2𝜋𝑟 (sin𝜑0 + 𝜓 cos𝜑0), (7)

where 𝑉0/𝑒 is the amplitude of the potential in the accelerating gap; 𝜔0 is
the angular frequency of the high-frequency field, related to the radius of the
synchrotron equilibrium orbit by the relation 𝑅0 = 𝑐/𝜔0. Here 𝜔0𝑡 + 𝜑0 char-
acterizes the uniform rotation of the electron, while 𝜓 = 𝜑 − 𝜔0𝑡 − 𝜑0 contains
only the oscillatory part.

Taking the latter relations into account, instead of (1)—(3) we shall have (in the
linear approximation):

̈𝑧 + 𝛾 ̇𝑧 + 𝜔2
𝑧𝑧 = −𝑊 cl

𝐸 ̇𝑧; (8)

̈𝑥 + 𝛾 ̇𝑥 + 𝜔2
𝑟𝑥 = −𝑊 cl

𝐸 ̇𝑥 − 𝑅̈ − ̇𝑥𝑅̇
𝑅 , (9)

̇𝑟𝐸 = (1 − 𝑞)𝐸 (𝑅̇ + 𝑥𝑅̇
𝑅 ) = 𝑉0𝑐

2𝜋 (sin𝜑0 + 𝜓 cos𝜑0) − 𝑟𝑊 cl, (10)

where 𝜔𝑧 = √𝑞 𝑐/𝑅, 𝜔𝑟 = √1 − 𝑞 𝑐/𝑅. Eliminating from the right-hand side
of (9) the quantity 𝑅̈ + ̇𝑥𝑅̇/𝑅, we find, for the description of radial betatron
oscillations, the equation

̈𝑥 + 𝛾 ̇𝑥 + 𝜔2
𝑟𝑥 = − 𝑞

1 − 𝑞
𝑊 cl

𝐸 ̇𝑥, (11)

i.e., upon introducing a continuous friction force in the theory of betatron os-
cillations, along with the “small”damping coefficient 𝛾 = ̇𝐸/𝐸, one must also
take into account the large damping coefficients (3−5)

Γ𝑧 = 𝑊 cl

𝐸 ≪ 𝛾, Γ𝑟 = 𝑞
1 − 𝑞 Γ𝑧. (12)
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Introducing the coordinate 𝑋 = 𝑅 − 𝑅0, related to the phase 𝜓 by means of
the relation 𝑋 = −𝑅2

0 ̇𝜓/𝑐, and taking into account that 𝑊 cl = (𝑅/𝑅0)2−4𝑞 𝑊0
(𝑊0 corresponds to 𝑅 = 𝑅0), we obtain the following equation for determining
the phase oscillations:

̈𝜓 + Γ ̇𝜓 + Ω2𝜓 = − 𝑐
(1 − 𝑞)𝑅2

0𝐸0
(𝑐𝑉0 sin𝜑0

2𝜋 − 𝑅0𝑊0) = 0, (13)

where the point of equilibrium phase must be found from the equation

𝑐𝑉0
2𝜋𝑅0

sin𝜑0 = 𝑊0; (14)

the angular frequency of the slow synchrotron oscillations is equal to

Ω = √ 𝑐2𝑉0 cos𝜑0
2𝜋(1 − 𝑞)𝑅2

0𝐸0
= √ 𝑐𝑊0 ctg𝜑0

(1 − 𝑞)𝑅0𝐸0
≪ 𝜔𝑟; (15)

Γ = 3 − 4𝑞
1 − 𝑞

𝑊0
𝐸 ∼ Γ𝑟

is the “large”damping coefficient of synchrotron oscillations.

2. As is known, in the radiation of a luminous electron it is necessary to estimate
the influence of the discreteness factor of the radiation, since, according to
quantum theory, during one revolution a comparatively small number of quanta
is emitted, 𝑁 ∼ 𝛼 𝐸/(𝑚0𝑐2) (2), especially when 𝐸 < 𝐸1/5.

To describe the discrete character of the radiation, we introduce the fluctuation
force

Ffluct = − v
𝑐2 ∑

𝑖
{𝑅

𝜌 𝜀 𝛿(𝑡 − 𝑡𝑖) − 𝑅2

𝜌2 𝑊 cl} . (16)

The introduction of the fluctuation force is formally equivalent to the fact that
in equations (8), (9), (10) one should replace the quantities according to the
scheme (v—no-

number of the emitted harmonic):

𝑊 cl → ∑
𝑖

𝜀𝛿(𝑡 − 𝑡𝑖) = ∑
𝑖

ℏ 𝑐
𝑅 𝛾𝛿(𝑡 − 𝑡𝑖),

𝑊 cl → 𝑅
𝜌 ∑

𝑖
𝜀𝛿(𝑡 − 𝑡𝑖) = ∑

𝑖
(1 − 𝑞 𝑥

𝑅 ) ℏ 𝑐
𝑅 𝛾𝛿(𝑡 − 𝑡𝑖). (17)
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Then these equations take the form

̈𝑧 + 𝛾 ̇𝑧 + 𝜔2
𝑧𝑧 = − ∑

𝑖

̇𝑧
𝐸 𝜀𝛿(𝑡 − 𝑡𝑖) = − ∑

𝑖

𝑐 cos 𝜃
𝐸 𝜀𝛿(𝑡 − 𝑡𝑖); (18)

̈𝑥 + 𝛾 ̇𝑥 + 𝜔2
𝑟𝑥 = − ∑

𝑖

̇𝑥
𝐸 𝜀𝛿(𝑡 − 𝑡𝑖) − 𝑅̈ − ̇𝑥𝑅̇

𝑅 , (19)

𝑟 ̇𝐸 = (1−𝑞)𝐸 (𝑅̇ + 𝑥𝑅̇
𝑅 ) = 𝑐𝑉0

2𝜋 (sin𝜑0+𝜓 cos𝜑0)−∑
𝑖

𝑅𝜀𝑐 [1 + (1 − 𝑞) 𝑥
𝑅 ] 𝛿(𝑡−𝑡𝑖).

(20)

Equation (18) characterizes axial oscillations with allowance for quantum fluc-
tuations.

In order to obtain the final equations for radial oscillations, we must substitute
into the right-hand side of (19), instead of 𝑅̈ + 𝑥𝑅̇

𝑅 , the value from (20), while
discarding terms proportional to 𝜓. Then we find:

̈𝑥 + 𝛾 ̇𝑥 + 𝜔2
𝑟𝑥 = 𝑅

𝐸(1 − 𝑞)
𝑑
𝑑𝑡 ∑

𝑖
𝜀𝛿(𝑡 − 𝑡𝑖). (21)

Let us note that the energy of the fluctuational radiation is inversely propor-
tional to 𝜌 (6), and not to 𝜌2, as in the classical case. However, it should be
taken into account that the transition probability is also inversely proportional
to 𝜌:

𝑤(𝛾, 𝑡𝑖) = 𝑅
𝜌 𝑤(𝛾, 𝑡𝑖), (22)

where

𝑤(𝛾, 𝑡𝑖) = 𝑒2

𝜋
√

3 𝑐ℏ
𝑐
𝑅 (𝑚0𝑐2

𝐸 )
2

∫
∞

2
3 𝛾(𝑚0𝑐2/𝐸)3

𝐾5/3(𝜉) 𝑑𝜉. (23)

Therefore, in passing to continuous radiation we again obtain the classical for-
mula

lim
Δ𝑡𝑖→0

∑
𝑖

𝜀𝛿(𝑡−𝑡𝑖) = ∫
∞

0
𝑑𝛾 ∫

∞

0

𝑅
𝜌 𝜀 𝑅

𝜌 𝑤(𝛾, 𝑡𝑖)𝛿(𝑡−𝑡𝑖) 𝑑𝑡𝑖 = (𝑅
𝜌 )

2
𝑊 cl. (24)
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In exactly the same way, the“large”damping coefficients can be obtained by the
limiting transition from quantum fluctuational forces to continuous radiation:

lim
Δ𝑡𝑖→0

𝑅
𝐸(1 − 𝑞)

𝑑
𝑑𝑡 ∑

𝑖
𝜀𝛿(𝑡 − 𝑡𝑖) =

= 𝑅
𝐸(1 − 𝑞)

𝑑
𝑑𝑡 ∫

∞

0
𝑑𝛾 ∫

∞

0
𝜀 (1 − 𝑞𝑥

𝑅 ) 𝑤𝛿(𝑡 − 𝑡𝑖) 𝑑𝑡𝑖 = −Γ𝑟 ̇𝑥 (25)

and so on.

For the square of the amplitude of radial oscillations, taking into account the
fluctuation force, from (21) we find the value

𝑎2 = 𝑎2
0 exp[− ∫

𝑡

0
𝛾(𝑡′) 𝑑𝑡′] +

+ 55
24

√
3(1 − 𝑞)2

𝑒2

𝑚0𝑐
ℏ

𝑚0𝑐𝑅0
∫

𝑡

0
exp[− ∫

𝑡

𝑡′
𝛾(𝑡″) 𝑑𝑡″] (𝐸(𝑡′)

𝑚0𝑐2 )
5

𝑑𝑡′. (26)

To obtain the formula given in (2,6), one should take into account that

exp[− ∫
𝑡

𝑡′
𝛾(𝑡″) 𝑑𝑡″] = 𝐸(𝑡′)

𝐸(𝑡) .

For axial oscillations the corresponding expression will be approximately
(𝐸/𝑚0𝑐2)2 times smaller. In the same papers (3–5), it is proposed, along with
the introduction of the fluctuation force acting on betatron oscillations, also to
retain the “large”classical value for the damping coefficients (Γ𝑧, Γ𝑟).
Let us next examine synchrotron oscillations in the presence of quantum fluctu-
ations. Setting in formula (20) 𝑥 = 0 and 𝑋 = − 𝑅2

0
𝑐

̇𝜓, we find

𝑅 ̇𝐸 = −𝐸0𝑅2
0(1 − 𝑞)
𝑐

̈𝜓 = 𝐸0𝑅2
0(1 − 𝑞)Ω2

𝑐 𝜓+ 𝑉0𝑐 sin𝜑0
2𝜋 −∑

𝑖
ℏ𝜈𝑐 𝛿(𝑡−𝑡𝑖). (27)

Taking into account that the period of synchrotron oscillations 𝑇 = 2𝜋/Ω ≫
2𝜋/𝜔𝑟 is much greater than the mean time interval Δ𝑡𝑖 = 𝑡𝑖+1 − 𝑡𝑖 between two
successive acts of radiation, we can average expression (27) over a time interval
Δ𝑡 satisfying the condition Δ𝑡𝑖 ≪ Δ𝑡 ≪ 𝑇 . Then for the phase oscillations
we obtain the classical equation, with the fluctuation quantum force turning
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into a friction force with a “large”damping coefficient Γ*. This is apparently
connected with the circumstance that phase oscillations are caused by a change
in the total energy, on which quantum effects should have an influence only at
very large values 𝐸 ∼ 𝐸𝑙2

(1), whereas the action of the fluctuation force on
radial betatron oscillations should manifest itself at comparatively low energies
𝐸 ∼ 𝐸𝑙𝑠

(2).

Moscow State University
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