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Abstract
Full Text
MATHEMATICS
V. F. ZHDANOVICH

SOLUTION BY THE FOURIER METHOD
OF NON-SELF-ADJOINT MIXED PROB-
LEMS FOR HYPERBOLIC SYSTEMS IN THE
PLANE
(Presented by Academician I. G. Petrovskii, 10 XII 1956)

We shall solve the mixed problem for a hyperbolic system in the narrow sense 1

𝜕
𝜕𝑡𝑢(𝑥, 𝑡) = 𝐴(𝑥) 𝜕

𝜕𝑥𝑢(𝑥, 𝑡) + 𝐵(𝑥)𝑢(𝑥, 𝑡) (1)

(0 ≤ 𝑥 ≤ 𝑙, 0 ≤ 𝑡 ≤ 𝑇 < +∞) with boundary and initial conditions

a) 𝑀 𝜕
𝜕𝑡𝑢(0, 𝑡) + 𝑁𝑢(0, 𝑡) + 𝑃 𝜕

𝜕𝑡𝑢(𝑙, 𝑡) + 𝑄𝑢(𝑙, 𝑡) = 0;
b) 𝑢(𝑥, 0) = 𝑓(𝑥),

(2)

where 𝑢(𝑥, 𝑡) is an 𝑛-dimensional vector function with complex coordinates. The
matrix 𝐴(𝑥) is twice, and 𝐵(𝑥) once, continuously differentiable for 𝑥 ∈ [0, 𝑙];
moreover, the eigenvalues of the matrix 𝐴(𝑥) do not vanish on the segment [0, 𝑙].
The matrices 𝑀, 𝑁, 𝑃 , 𝑄 are complex, and

rang ∥𝑀 𝑃
𝑁 𝑄∥ = 𝑛 + 𝑞, rang ‖𝑀, 𝑃‖ = 𝑞 (0 ≤ 𝑞 ≤ 𝑛). (3)

Let 𝐷2(0, 𝑙) be the Banach space of classes of measurable functions 𝑓(𝑥) (0 ≤
𝑥 ≤ 𝑙), equivalent with respect to the norm

‖𝑓(𝑥)‖𝐷2(0,𝑙) = (∫
𝑙

0
‖𝑓(𝑥)‖2 𝑑𝑥 + ‖𝑀𝑓(0) + 𝑃𝑓(𝑙)‖2)

1/2

,

and suppose that in condition (2b) 𝑓(𝑥) ∈ 𝐷2(0, 𝑙).
Put in the boundary-value problem (1), (2a)

𝑢(𝑥, 𝑡) = 𝑦(𝑥)𝑒𝜆𝑡.
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To find 𝑦(𝑥) (0 ≤ 𝑥 ≤ 𝑙) and 𝜆 we obtain the parametric problem

a) 𝐴(𝑥)𝑦′(𝑥) + 𝐵(𝑥)𝑦(𝑥) = 𝜆𝑦(𝑥);
b) (𝑀𝜆 + 𝑁)𝑦(0) + (𝑃𝜆 + 𝑄)𝑦(𝑙) = 0. (4)

For system (4a) one can construct 2 a fundamental matrix 𝑌 (𝑥, 𝜆), analytic
in 𝜆 for each 𝑥 ∈ [0, 𝑙] in each of the regions: 1) Re 𝜆 < −𝛾, 2) | Re 𝜆| < 𝛾,
3) Re 𝜆 > 𝛾, where 𝛾 is a sufficiently large positive number, and having the
asymptotic representation

𝑌 (𝑥, 𝜆) = [𝐾(𝑥) + 𝑂 ( 1
𝜆)] exp [𝜆 ∫

𝑥

0
Λ(𝜉) 𝑑𝜉] (5)

uniformly with respect to 𝑥 ∈ [0, 𝑙] as 𝜆 → ∞. Here Λ(𝑥) = [𝜈1(𝑥), 𝜈2(𝑥), … , 𝜈𝑛(𝑥)]
is the diagonal form of the matrix 𝐴−1(𝑥):

Λ(𝑥) = 𝐾−1(𝑥)𝐴−1(𝑥)𝐾(𝑥),

and 𝐾(𝑥) may be chosen so that the functions 𝜈𝑖(𝑥) (𝑖 = 1, 2, … , 𝑛; 0 ≤ 𝑥 ≤ 𝑙)
will be continuous and will be arranged in decreasing order—

order: 𝜈1(𝑥) > 𝜈2(𝑥) > ⋯ > 𝜈𝑚(𝑥) > 0 > 𝜈𝑚+1(𝑥) > ⋯ > 𝜈𝑛(𝑥). To find
the eigenvalues of problem (4) we form the characteristic determinant Δ(𝜆) =
det[(𝑀𝜆 + 𝑁)𝑌 (0, 𝜆) + (𝑃𝜆 + 𝑄)𝑌 (0, 𝑙)] and expand it, using formula (5), as
follows:

Δ(𝜆) = 𝜆𝑞 [𝜑(𝜆) +
2𝑛

∑
𝑖=1

𝑏𝑖(𝜆)𝑒𝛼𝑖𝜆] ,

where 𝑏𝑖(𝜆) → 0 as 𝜆 → ∞ (𝑖 = 1, 2, … , 2𝑛);

𝜑(𝜆) =
2𝑛

∑
𝑖=1

𝑎𝑖𝑒𝛼𝑖𝜆

is a certain Dirichlet polynomial, and the 𝛼𝑖 (𝑖 = 1, 2, … , 2𝑛) are the numbers
arranged in decreasing order:

0, ∫
𝑙

0
𝜈𝑖(𝜉) 𝑑𝜉

(𝑖 = 1, 2, … , 2𝑛),
the sums of these numbers taken two at a time, three at a time, and so on up
to 𝑛; in particular,

𝛼1 = ∫
𝑙

0

𝑚
∑
𝑖=1

𝜈𝑖(𝜉) 𝑑𝜉, 𝛼2𝑛 = ∫
𝑙

0

𝑛
∑

𝑖=𝑚+1
𝜈𝑖(𝜉) 𝑑𝜉.
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Definition 1. The boundary conditions (4b) (and also (2a)) are called regular
if 𝑎1 ≠ 0, 𝑎2𝑛 ≠ 0.

Theorem 1. If the boundary conditions are regular, then problem (4) has a
countable set of eigenvalues, and all of them are located in the strip

−𝛾 < Re 𝜆 < 𝛾 < +∞.

Let {𝜆𝑠} (𝑠 = 0, ±1, …) be the zeros of the function Δ(𝜆), renumbered in in-
creasing order of their imaginary parts; let {𝑘𝑠} be their multiplicities; and let
{𝑝𝑠} be the multiplicities of the eigenvalues 𝜆𝑠; then, as is known (3), 𝑝𝑠 ≤ 𝑘𝑠.
If 𝑝𝑠 < 𝑘𝑠 for at least one 𝑠, then in the boundary-value problem (1), (2) we
shall take the unknown function 𝑢(𝑥, 𝑡) to be a rectangular matrix, and set

𝑢(𝑥, 𝑡) = 𝒴𝑛𝑘(𝑥)𝑒𝐽𝑘(𝜆)𝑡 (𝑘 = 1, 2, …), (6)

where 𝒴𝑛𝑘(𝑥) (0 ≤ 𝑥 ≤ 𝑙) is an unknown rectangular matrix with 𝑛 rows and 𝑘
columns, and 𝐽𝑘(𝜆) is a 𝑘-dimensional Jordan cell. To find 𝒴𝑛𝑘(𝑥) (𝑘 = 1, 2, …)
we obtain the parametric problems

a) 𝐴(𝑥)𝒴′
𝑛𝑘(𝑥) + 𝐵(𝑥)𝒴𝑛𝑘(𝑥) = 𝒴𝑛𝑘(𝑥)𝐽𝑘(𝜆);

b) 𝑀𝒴𝑛𝑘(0)𝐽𝑘(𝜆) + 𝑁𝒴𝑛𝑘(0)𝐽𝑘(𝜆) + 𝑃𝒴𝑛𝑘(𝑙)𝐽𝑘(𝜆) + 𝑄𝒴𝑛𝑘(𝑙) = 0. (7)

Using the theory of eigenfunctions and associated functions (3,4), we establish
the following properties of these problems: 1) all problems (7), for 𝑘 = 1, 2, …,
have common eigenvalues, namely the numbers 𝜆𝑠 (𝑠 = 0, ±1, …); 2) the number
of linearly independent solutions of problem (7), as 𝑘 increases, does not decrease
and for 𝑘 ≥ 𝑘𝑠 is equal to 𝑘𝑠; 3) these 𝑘𝑠 solutions can be chosen so that they
consist of 𝑝𝑠 groups of matrices:

‖0, … , 0, 𝑦(𝑖)
1 (𝑥), 𝑦(𝑖)

2 (𝑥), … , 𝑦(𝑖)
𝑚𝑖(𝑥)‖,

‖0, … , 0, 0, 𝑦(𝑖)
1 (𝑥), … , 𝑦(𝑖)

𝑚𝑖−1(𝑥)‖, … , ‖0, … , 0, 0, 0, … , 0, 𝑦(𝑖)
1 (𝑥)‖

(𝑖 = 1, 2, … , 𝑝𝑠), where 𝑦(𝑖)
𝑗 (𝑥) (0 ≤ 𝑥 ≤ 𝑙; 𝑖 = 1, 2, … , 𝑝𝑠; 𝑗 = 1, 2, … , 𝑚𝑖) are 𝑛-

dimensional columns. From the matrices 𝒴(𝑠)
𝑛𝑚𝑖(𝑥) = ‖𝑦(𝑖)

1 (𝑥), 𝑦(𝑖)
2 (𝑥), … , 𝑦(𝑖)

𝑚𝑖(𝑥)‖
(𝑖 = 1, 2, … , 𝑝𝑠), by formula (6) we construct the matrices

𝑈 (𝑠)
𝑛𝑚𝑖(𝑥, 𝑡) = 𝒴(𝑠)

𝑛𝑚𝑖(𝑥) exp 𝐽𝑚𝑖
(𝜆𝑠)𝑡 (𝑠 = 0, ±1, … ; 𝑖 = 1, 2, … , 𝑝𝑠),

and these latter, for each 𝑠 (𝑠 = 0, ±1, …), are combined into one

𝑈 (𝑠)
𝑛𝑘𝑠

(𝑥, 𝑡) = 𝒴(𝑠)
𝑛𝑘𝑠

(𝑥)𝑒𝐼𝑠𝑡, (8)

where
𝐼𝑠 = [𝐽𝑚1

(𝜆𝑠), 𝐽𝑚2
(𝜆𝑠), … , 𝐽𝑚𝑝𝑠

(𝜆𝑠)]
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is a quasidiagonal matrix;

𝒴(𝑠)
𝑛𝑘𝑠

(𝑥) = ‖𝒴(𝑠)
𝑛𝑚1(𝑥), 𝒴(𝑠)

𝑛𝑚2(𝑥), … , 𝒴(𝑠)
𝑛𝑚𝑝𝑠

(𝑥)‖. (9)

Each column of the matrix (8) is a solution of the boundary-value problem (1),
(2a), and therefore, if 𝑓(𝑥) ∈ 𝐷2(0, 𝑙) is represented in the form of the sum of
the series

𝑓(𝑥) =
+∞
∑

𝑠=−∞
𝑦(𝑠)

𝑛𝑘𝑠
(𝑥)𝑎𝑠, (10)

then the formal solution of problem (1), (2) will have the form

+∞
∑

𝑠=−∞
𝑦(𝑠)

𝑛𝑘𝑠
(𝑥)𝑒𝜆𝑠𝑡𝑎𝑠. (11)

Definition 2. The boundary conditions

𝑠∗𝑣(𝑡) = −𝑅 𝜕
𝜕𝑡𝑣(0, 𝑡) + 𝑆𝑣(0, 𝑡) − 𝑉 𝜕

𝜕𝑡𝑣(𝑙, 𝑡) + 𝑊𝑣(𝑙, 𝑡) = 0 (12)

are called adjoint to the boundary conditions (2a) if there are matrices ‖𝐻1, 𝐻2‖
and ‖𝐺1, 𝐺2‖ such that, for arbitrary 𝑢(𝑥, 𝑡) ∈ 𝐶(1)(Ω), 𝑣(𝑥, 𝑡) ∈ 𝐶(1)(Ω) (Ω =
[0, 𝑙] × [0, 𝑇 ]),

𝑣∗(𝑥, 𝑡)𝐴(𝑥)𝑢(𝑥, 𝑡)∣
𝑥=𝑙

𝑥=0
= 𝜕

𝜕𝑡 [𝑅𝑣(0, 𝑡) + 𝑉 𝑣(𝑙, 𝑡)]∗[𝑀𝑢(0, 𝑡) + 𝑃𝑢(𝑙, 𝑡)]+

+[𝐻1𝑣(0, 𝑡) + 𝐻2𝑣(𝑙, 𝑡)]∗𝑠𝑢(𝑡) + [𝑠∗𝑣(𝑡)]∗[𝐺1𝑢(0, 𝑡) + 𝐺2𝑢(𝑙, 𝑡)], (13)

where 𝑠𝑢(𝑡) is the left-hand side of the boundary condition (2a)∗.

The matrices 𝑅, 𝑆, 𝑉 , 𝑊 are found by comparing the coefficients in the identity
(13). Without restricting the generality of the results, in the condition (2a) one
may assume

‖𝑀, 𝑃 , 𝑁, 𝑄‖ = ∥ 𝑀𝑞𝑛 𝑃𝑞𝑛 𝑁𝑞𝑛 𝑄𝑞𝑛
0𝑛−𝑞𝑛 0𝑛−𝑞𝑛 𝑁𝑛−𝑞𝑛 𝑄𝑛−𝑞𝑛

∥ ,

where 0𝑛−𝑞𝑛 is a matrix of zeros. Then it is not difficult to prove that

‖𝑅, 𝑉 , 𝑆, 𝑊‖ = ∥ 𝑅𝑞𝑛 𝑉𝑞𝑛 𝑆𝑞𝑛 𝑊𝑞𝑛
0𝑛−𝑞𝑛 0𝑛−𝑞𝑛 𝑆𝑛−𝑞𝑛 𝑊𝑛−𝑞𝑛

∥ .
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Definition 3. The boundary-value problem for the system

− 𝜕
𝜕𝑡𝑣(𝑥, 𝑡) = − 𝜕

𝜕𝑥[𝐴∗(𝑥)𝑣(𝑥, 𝑡)] + 𝐵∗(𝑥)𝑣(𝑥, 𝑡) (14)

with the boundary conditions (12) is called adjoint to problem (1), (2a).

Carrying out separation of variables in problem (14), (12) by the formula
𝑣(𝑥, 𝑡) = 𝑧(𝑥)𝑒−𝜇𝑡, we obtain the parametric problem:

a) − 𝑑
𝑑𝑥[𝐴∗(𝑥)𝑧(𝑥)] + 𝐵∗(𝑥)𝑧(𝑥) = 𝜇𝑧(𝑥);

b) (𝑅𝜇 + 𝑆)𝑧(0) + (𝑉 𝜇 + 𝑊)𝑧(𝑙) = 0.
(15)

Theorem 2. If 𝜆𝑠 is a zero of the function Δ(𝜆) of multiplicity 𝑘𝑠 and an
eigenvalue of problem (4) of multiplicity 𝑝𝑠, then 𝜇𝑠 = 𝜆𝑠 will be a zero of the
characteristic determinant Δ1(𝜇) of problem (15) of the same multiplicity 𝑘𝑠
and an eigenvalue of problem (15) of the same multiplicity 𝑝𝑠.

Let 𝐹𝑛𝑘(𝑥) and 𝐺𝑛𝑚(𝑥) (𝑘, 𝑚 = 1, 2, … ; 0 ≤ 𝑥 ≤ 𝑙) be two rectangular matrices.
Introduce the notation

[𝐹𝑛𝑘(𝑥), 𝐺𝑛𝑚(𝑥)] =

= ∫
𝑙

0
𝐺∗

𝑛𝑚(𝑥)𝐹𝑛𝑘(𝑥) 𝑑𝑥 + [𝑅𝐺𝑛𝑚(0) + 𝑉 𝐺𝑛𝑚(𝑙)]∗[𝑀𝐹𝑛𝑘(0) + 𝑃𝐹𝑛𝑘(𝑙)].

∗ 𝑣∗𝑢 here and below denotes the scalar product of the vectors 𝑢 and 𝑣.

Theorem 3. If 𝒴(𝑠)
𝑛𝑘𝑠

(𝑥) (𝑠 = 0, ±1, …) is the system of matrices constructed
from the eigenfunctions and adjoint functions of problem (4), and 𝑍(𝑟)

𝑛𝑘𝑟
(𝑥) (𝑟 =

0, ±1, …) is the same system for problem (15), then for 𝑠 ≠ 𝑟

[𝒴(𝑠)
𝑛𝑘𝑠

(𝑥), 𝑍(𝑟)
𝑛𝑘𝑟

(𝑥)] = 0.

Theorem 4. If 𝑓(𝑥) ∈ 𝐷2(0, 𝑙) is represented in the form of the sum of the
series (10), then

𝑎𝑠 = [𝑓(𝑥), 𝐵∗−1
𝑠 𝑍(𝑠)

𝑛𝑘𝑠
(𝑥)],

where
𝐵𝑠 = [𝒴(𝑠)

𝑛𝑘𝑠
(𝑥), 𝑍(𝑠)

𝑛𝑘𝑠
(𝑥)] (𝑠 = 0, ±1, …).
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To justify the scheme presented, we shall use the problems generated by (4) by
the linear differential operator

ℒ𝑦 = 𝐴(𝑥)𝑦′(𝑥) + 𝐵(𝑥)𝑦(𝑥),

where 𝑦(𝑥) ∈ 𝐶(1)(0, 𝑙) and

𝑀𝐴(0)𝑦′(0) + [𝑀𝐵(0) + 𝑁]𝑦(0) + 𝑃𝐴(𝑙)𝑦′(𝑙) + [𝑃𝐵(𝑙) + 𝑄]𝑦(𝑙) = 0.

Theorem 5. If the boundary conditions are regular, 𝑓(𝑥) (0 ≤ 𝑥 ≤ 𝑙) belongs
to the domain of definition of the operator ℒ𝑦, 𝑓1(𝑥) = ℒ𝑓(𝑥) is continuous and
satisfies the condition

𝑁𝑛−𝑞𝑛𝑓1(0) + 𝑄𝑛−𝑞𝑛𝑓1(𝑙) = 0,

and 𝑓 ′
1(𝑥) ∈ ℒ2(0, 𝑙), then the series (11), under a certain grouping of terms

independent of the choice of the function 𝑓(𝑥), converges uniformly on Ω to a
continuously differentiable function 𝑢(𝑥, 𝑡) satisfying equation (1) and conditions
(2).

Introduce the Banach space 𝑀2(Ω) of measurable functions 𝑓(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω,
such that for each 𝑡 ∈ [0, 𝑇 ], 𝑓(𝑥, 𝑡) belongs to 𝐷2(0, 𝑙) and

‖𝑓(𝑥, 𝑡)‖𝐷2(0,𝑙) < 𝑚0 < +∞

uniformly with respect to 𝑡;

‖𝑓(𝑥, 𝑡)‖𝑀2Ω = sup
0≤𝑡≤𝑇

‖𝑓(𝑥, 𝑡)‖𝐷2(0,𝑙).

𝑀2(Ω) is a complete space.

Definition 4. A function 𝑢(𝑥, 𝑡) ∈ 𝑀2(Ω) is called a generalized solution5

of problem (1), (2), if, for any 𝑡 ∈ [0, 𝑇 ] and any function 𝑣(𝑥, 𝑡) ∈ 𝐶(1)(Ω) for
which

𝑆𝑛−𝑞𝑛𝑣(0, 𝑡) + 𝑊𝑛−𝑞𝑛𝑣(𝑙, 𝑡) = 0,
it satisfies the integral equation

∬
Ω(𝑡)

[Φ∗𝑣(𝑥, 𝜏)]∗𝑢(𝑥, 𝜏) 𝑑𝑥 𝑑𝜏−[𝑢(𝑥, 𝑡), 𝑣(𝑥, 𝑡)]+[𝑓(𝑥), 𝑣(𝑥, 0)]+∫
𝑡

0
[𝑆∗𝑣(𝜏)]∗[𝑀𝑢(0, 𝜏)+𝑃𝑢(𝑙, 𝜏)] 𝑑𝜏 = 0,

where

Φ∗𝑣(𝑥, 𝜏) = 𝜕
𝜕𝜏 𝑣(𝑥, 𝜏)− 𝜕

𝜕𝑥 [𝐴∗(𝑥)𝑣(𝑥, 𝜏)]+𝐵∗(𝑥)𝑣(𝑥, 𝜏), (𝑥, 𝜏) ∈ Ω(𝑡) = [0, 𝑙]×[0, 𝑡],

[𝑢(𝑥, 𝑡), 𝑣(𝑥, 𝑡)] = ∫
𝑙

0
𝑣∗(𝑥, 𝑡)𝑢(𝑥, 𝑡) 𝑑𝑥+[𝑅𝑣(0, 𝑡)+𝑉 𝑣(𝑙, 𝑡)]∗[𝑀𝑢(0, 𝑡)+𝑃𝑢(𝑙, 𝑡)].
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Theorem 6. If the boundary conditions are regular and if 𝑓(𝑥) ∈ 𝐷2(0, 𝑙), then
the series (11) converges, under a certain grouping of its terms, in the norm of
the space 𝑀2(Ω) to a certain function 𝑢(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω, which is the unique
generalized solution of problem (1), (2).

I express my gratitude to A. D. Myshkis for a number of valuable suggestions
concerning the question discussed.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195701.61299 Machine Translation

https://sovietrxiv.org/items/ru-195701.61299

	Abstract
	Full Text
	MATHEMATICS
	SOLUTION BY THE FOURIER METHOD OF NON-SELF-ADJOINT MIXED PROBLEMS FOR HYPERBOLIC SYSTEMS IN THE PLANE
	CITED LITERATURE


