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Abstract
Full Text

Electrical Engineering
A. D. KHARKEVICH

MULTISTAGE CONSTRUCTION OF FULLY ACCESSI-
BLE SWITCHING SYSTEMS
(Presented by Academician V. S. Kulebakin, 22 VI 1956)

1. This article gives a general method for constructing fully accessible switch-
ing systems and presents recurrence relations that make it possible to
estimate a switching system by the number of crosspoints.

2. By a switching system we shall mean a discrete-action system having 𝑀
inputs and 𝑁 outputs, which at required moments in time can create con-
necting paths between inputs and outputs. Such a switching system may
be, for example, a contact multi-terminal network, studied by the meth-
ods of the theory of relay-contact circuits (1,2). In technical applications,
ordered switching systems are most often encountered, in which there is
a definite regularity in the construction of connecting paths between in-
puts and outputs. Thus, in automatic telephony, switching systems with
a symmetric construction of connecting paths with respect to each of the
inputs and outputs are widely used.

We shall call a switching system fully accessible if it provides the possibility of
creating a connecting path between any input and any output, independently
of the number of paths established by the moment under consideration. In this
case the maximum possible number of paths is limited by the smaller of the
numbers 𝑀 and 𝑁 .

3. Taking into account the technical realization of a switching system, one
may regard as one of the indicators of the efficiency of its construction the
total number of crosspoints 𝑇 . The trivial construction of a fully accessible
switching system in the form of a switch*, for which the total number of
crosspoints 𝑇1 is equal to the product of the number of inputs 𝑀 by the
number of outputs 𝑁 (𝑇1 = 𝑀𝑁), is not always the most efficient.

Clos (3) proposed an efficient method for constructing fully accessible switching
systems which, however, can be represented as a special case of a construction
of a more general form (multistage construction).

4. A multistage construction of a switching system can be obtained by re-
peated use of the construction rule proposed in (3).

The switching system shown in Fig. 1a and 1b, consisting of separate switches
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(shown in Fig. 1b as rectangles), is transformed so that each of the switches
of this system is replaced by a fully accessible switching subsystem constructed
according to the same rule as the entire system. Such a transformation is shown
in Fig. 2, where each of the rectangles denotes the switching system of Fig. 1.
The system of Fig. 2, obtained by twofold application of one and the same
construction rule, will be called two-stage. If such a process is repeated 𝑠 times,

* By a switch is understood a fully accessible switching system in which the
connecting path between an input and an output is closed at a single crosspoint.

then we obtain an 𝑠-stage construction of a fully accessible switching system.

5. In a two-stage construction, the total number of connection points is a
function of the capacity (𝑀 and 𝑁) of the switching system, of the param-
eter 𝑛 of the system, and of the parameters 𝑛1,1 and 𝑛1,2 of the subsystems
of which the system is composed, and is expressed as follows:

Fig. 1

𝑇�2(𝑀; 𝑁; 𝑛) = 𝑀 + 𝑁
𝑛 𝑇�(𝑛; 2𝑛 − 1; 𝑛1,1) + (2𝑛 − 1) 𝑇�(

𝑀
𝑛 ; 𝑁

𝑛 ; 𝑛1,2) , (1)

where 𝑀 is the number of inputs, and 𝑁 is the number of outputs of the
switching system under consideration, for which a two-stage construction is
used; 𝑛 is the parameter of the system (the number of inputs to any subsystem
of the first stage of the system, or the number of outputs from any subsystem of
the third stage); 𝑇�(𝑛; 2𝑛 − 1; 𝑛1,1) is the total number of connection points of
any subsystem (with a single-stage construction) of the first and third stages of
the system (𝑛1,1 is the parameter of the subsystem); 𝑇�( 𝑀

𝑛 ; 𝑁
𝑛 ; 𝑛1,2) is the total

number of connection points of any subsystem (with a single-stage construction)
of the second stage of the system (𝑛1,2 is the parameter of the subsystem).

If it is taken into account that, for the total number of connection points in a
single-stage construction (3), the relation

𝑇�1(𝑋; 𝑌 ; 𝛼) = 𝑇�(𝑋; 𝑌 ; 𝛼) = (2𝛼 − 1) (𝑋 + 𝑌 + 𝑋𝑌
𝛼2 ) , (2)

holds, where 𝑋 is the number of inputs, 𝑌 is the number of outputs, and 𝛼 is
the parameter of a single-stage switching system, then relation (1), taking (2)
into account, can be

written in the following form:
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Fig. 2

Figure 1: Fig. 2

𝑇32(𝑀; 𝑁; 𝑛) = 𝑀 + 𝑁
𝑛 (2𝑛1,1 − 1) [3𝑛 − 1 + 𝑛(2𝑛 − 1)

𝑛2
1,1

] +

+ (2𝑛 − 1)(2𝑛1,2 − 1) (𝑀 + 𝑁
𝑛 + 𝑀𝑁

𝑛2𝑛2
1,2

) .
(3)

For the special case of a rectangular system (𝑀 = 𝑁), (3) takes the form:

𝑇32(𝑁; 𝑁; 𝑛) = 2𝑁
𝑛 (2𝑛1,1 − 1) [3𝑛 − 1 + 𝑛(2𝑛 − 1)

𝑛2
1,1

] +

+ (2𝑛 − 1)(2𝑛1,2 − 1) (2𝑁
𝑛 + 𝑁2

𝑛2𝑛2
1,2

) .
(4)

Fig. 2

6. In the general case, for an 𝑠-stage construction, the total num-
ber of connection points 𝑇 𝑠

3 (𝑀; 𝑁; 𝑛)—a function of the capac-
ity of the system (𝑀 and 𝑁) and of the 2𝑠 − 1 parameters
𝑛; 𝑛1,1, 𝑛1,2; 𝑛2,1, 𝑛2,2, 𝑛2,3, 𝑛2,4; … ; 𝑛𝑠−1,1, 𝑛𝑠−1,2, … , 𝑛𝑠−1,2𝑠−1—can
be obtained from the relation

𝑇 𝑠
3 (𝑀; 𝑁; 𝑛) = 𝑀 + 𝑁

𝑛 𝑇3𝑠−1,1(𝑛; 2𝑛 − 1; 𝑛1,1)+

+(2𝑛 − 1)𝑇3𝑠−1,2 (𝑀
𝑛 ; 𝑁

𝑛 ; 𝑛1,2) , (5)

where

𝑇3𝑠−1,𝑖(𝑀1,𝑖; 𝑁1,𝑖; 𝑛1,𝑖) =

= 𝑀1,𝑖 + 𝑁1,𝑖
𝑛1,𝑖

𝑇3𝑠−2(𝑛1,𝑖; 2𝑛1,𝑖 − 1; 𝑛2,2𝑖−1)+

+(2𝑛1,𝑖 − 1)𝑇3𝑠−2 (𝑀1,𝑖
𝑛1,𝑖

; 𝑁1,𝑖
𝑛1,𝑖

; 𝑛2,2𝑖) (𝑖 = 1, 2)

sovietrxiv.org/items/ru-195701.61142 Machine Translation

https://sovietrxiv.org/items/ru-195701.61142


⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯

𝑇3,𝑖(𝑀𝑠−1,𝑖; 𝑁𝑠−1,𝑖; 𝑛𝑠−1,𝑖) =

= 𝑀𝑠−1,𝑖 + 𝑁𝑠−1,𝑖
𝑛𝑠−1,𝑖

𝑇1,𝑖(𝑛𝑠−1,𝑖; 2𝑛𝑠−1,𝑖 − 1)+

+(2𝑛𝑠−1,𝑖 − 1)𝑇1,𝑖 (𝑀𝑠−1,𝑖
𝑛𝑠−1,𝑖

; 𝑁𝑠−1,𝑖
𝑛𝑠−1,𝑖

)

(𝑖 = 1, 2, … , 2𝑠−1).
7. Applying the principle of multistage construction only to part of the

switches of the system, we obtain a partial multistage construction. Thus,
under repeated transformation of the intermediate switches in each of the
switching systems, we obtain one of the special cases of partial multistage
construction, for which the total number of crosspoints is a function of
the capacity of the switching system (𝑀 and 𝑁) and of 𝑡 − 1

2 construc-
tion parameters, and is expressed as follows:

𝑇𝑡 (𝑀; 𝑁; 𝑛; 𝑛1; … ; 𝑛 𝑡−3
2

) =

= (2𝑛 − 1)(𝑀 + 𝑁) + (2𝑛 − 1)(2𝑛1 − 1)𝑀 + 𝑁
𝑛 + ⋯

⋯ + (2𝑛 − 1)(2𝑛1 − 1) ⋯ (2𝑛 𝑡−5
2

− 1) 𝑀 + 𝑁
𝑛𝑛1 ⋯ 𝑛 𝑡−7

2

+

+(2𝑛 − 1)(2𝑛1 − 1) ⋯ (2𝑛 𝑡−3
2

− 1) ( 𝑀 + 𝑁
𝑛𝑛1 ⋯ 𝑛 𝑡−5

2

+ 𝑀𝑁
𝑛2𝑛2

1 ⋯ 𝑛2
𝑡−3

2

) , (6)

where 𝑡 is the number of crosspoints in each connecting path between an input
and an output of the system.

In the special case 𝑀 = 𝑁 and when the condition

𝑛 = 𝑛1 = 𝑛2 = ⋯ = 𝑛 𝑡−3
2

= 𝑁 2
𝑡+1 (7)

is satisfied, formula (6) takes the form
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𝑇𝑡 = 2
𝑡+1

2

∑
𝑘=2

𝑁 2𝑘
𝑡+1 (2𝑁 2

𝑡+1 − 1)
𝑡+3

2 −𝑘
+ 𝑁 4

𝑡+1 (2𝑁 2
𝑡+1 − 1)

𝑡−1
2 ,

obtained by Clos [3].
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