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Abstract
Full Text
MATHEMATICS
S. S. DYMKOV

THE FIRST BOUNDARY-VALUE PROBLEM
FOR QUASILINEAR ELLIPTIC EQUATIONS
(Presented by Academician V. I. Smirnov on 29 XII 1956)

1. Consider, in a bounded domain Ω of Euclidean space 𝑥 = (𝑥1, … , 𝑥𝑛), the
equation

𝐿𝑢 ≡ −
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑢) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑛

∑
𝑖=1

𝑎𝑖(𝑥, 𝑢) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑎(𝑥, 𝑢) = 0 (1)

with the boundary condition

𝑢∣𝑆 = 0, (2)

where 𝑆 is the boundary of the domain Ω. We shall assume that 𝑆 consists of a
finite number of twice differentiable surfaces with second derivatives satisfying
a Hölder condition with a positive exponent.

An extensive literature is devoted to the first boundary-value problem for non-
linear elliptic equations (see, for example, (1−5)). However, almost all results
concern the case of an equation with two independent variables. This is due to
the fact that the available methods for obtaining a priori estimates of solutions
of nonlinear elliptic equations make essential use of the presence of only two spa-
tial variables. For an arbitrary number of spatial variables, a priori estimates
in 𝐶 have been obtained, as far as we know, only for solutions of quasilinear
parabolic equations of the form 𝑑𝑢/𝑑𝑡 + 𝐿𝑢 = 0 in the work of O. A. Ladyzhen-
skaya (6), on which we substantially rely. The methods of estimates given there
are directly applicable also to equation (1).

Suppose further that 𝜕𝑎(𝑥, 𝑢)/𝜕𝑢 ≥ 𝛽 > 0 for 𝑥 ∈ Ω and all 𝑢, and that the
coefficients 𝑎𝑖𝑗, 𝑎𝑖, 𝑎 have first-order derivatives with respect to 𝑥 and 𝑢 and are
bounded together with these derivatives by some constant 𝐶4 for

𝑥 ∈ Ω and |𝑢| ≤ 1
𝛽 max

𝑥∈Ω
|𝑎(𝑥, 0)| = 𝐶1.

2. Theorem 1. Suppose that for some 𝛼 = const > 0 and any real 𝜉𝑖
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𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑢)𝜉𝑖𝜉𝑗 ≥ 𝛼
𝑛

∑
𝑖=1

𝜉2
𝑖 , max ∣𝜕𝑎𝑖𝑗

𝜕𝑢 ∣ ≤ 𝛼𝑒
√

3
12𝑛𝐶1

,

when 𝑥 ∈ Ω, |𝑢| ≤ 𝐶1. Then, under the conditions indicated in item 1, problem
(1), (2) has a solution 𝑢 ∈ 𝐸𝛿,2.1

To formulate the second theorem, suppose that for some 𝛼0 = const > 0 and
arbitrary real 𝜉𝑖

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 0)𝜉𝑖𝜉𝑗 ≥ 𝛼0
𝑛

∑
𝑖=1

𝜉2
𝑖 ,

where 𝑥 ∈ Ω. Then it is easy to show that there exists a positive number 𝛼1,
and that the 𝐶1 and 𝐶4 indicated above can be chosen so that, for all 𝑥 ∈ Ω
and |𝑢| ≤ 𝐶1 ≤ 𝑒

√
3

12𝑛
𝛼1
𝐶4

, the inequality

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑢)𝜉𝑖𝜉𝑗 ≥ 𝛼1
𝑛

∑
𝑖=1

𝜉2
𝑖

holds.

Theorem 2. Under the conditions indicated in item 1, problem (1), (2) has a
solution 𝑢 ∈ 𝐸8,2, if

𝛽 ≥ 12𝑛
𝑒
√

3
𝐶4
𝛼1

max
𝑥∈Ω

|𝑎(𝑥, 0)|.

3. Both theorems are proved analogously. Replace equation (1) by an equation
depending on a parameter 𝑡 ∈ [0, 1]:

𝐿𝑡𝑢 ≡ −
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡𝑢) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑛

∑
𝑖=1

𝑎𝑖(𝑥, 𝑡𝑢) 𝜕𝑢
𝜕𝑥𝑖

+ ̃𝑎(𝑥, 𝑡, 𝑢) = 0, (1’)

where

̃𝑎(𝑥, 𝑡, 𝑢) = 𝑎(𝑥, 𝑡𝑢) + (1 − 𝑡)𝛽𝑢.
1The space 𝐸𝛿,2 consists of functions 𝑢 having second derivatives satisfying a Hölder con-

dition with exponent 𝛿, and

‖𝑢‖Ω
𝐸𝛿,2 = max

Ω
|𝑢| + max

Ω
|𝐷1𝑢| + max

Ω
|𝐷2𝑢| + sup

𝑃,𝑄∈Ω

|𝐷2𝑢(𝑃) − 𝐷2𝑢(𝑄)|
|𝑃 − 𝑄|𝛿 .

Here max and sup are taken over all derivatives up to second order inclusive.
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Suppose first that, in the domain indicated in item 1, the coefficients 𝑎𝑖𝑗, 𝑎𝑖, 𝑎
have first derivatives with respect to 𝑥 and 𝑢, satisfying the Hölder condition
with some positive exponent. The main point of the proof is the establishment
of a priori estimates for the solutions 𝑢(𝑡) = 𝑢(𝑥, 𝑡) of problem (1′), (2), inde-
pendent of 𝑡.
Lemma 1. The solutions of problem (1′), (2) are bounded in modulus in the
aggregate for all 𝑡 ∈ [0, 1], namely

|𝑢(𝑡)| ≤ 1
𝛽 max

𝑥∈Ω
|𝑎(𝑥, 0)| = 𝐶1.

The proof follows from the “maximum principle.”

Lemma 2. The moduli of the derivatives 𝜕𝑢(𝑡)/𝜕𝑥𝑖 are bounded in the aggregate
for all 𝑡 ∈ [0, 1]:

| grad 𝑢(𝑡)| ≤ 𝐶2,

where 𝐶2 depends only on 𝛽, 𝑛, 𝐶4, the domain Ω, and 𝛼 or 𝛼1. The proof is
carried out separately for the boundary and inside the domain Ω and is a simple
modification of the corresponding proof from work (6).
Lemma 3. For the solution of problem (1′), (2), the estimate

‖𝑢(𝑡)‖𝐸Ω
8,2

≤ 𝐶3, (3)

is valid for all 𝑡 ∈ [0, 1], where 𝐶3 depends on the same quantities as 𝐶2.

The proof follows from Lemmas 1 and 2 and Schauder’s results (7) on linear
elliptic equations.

Consider the linear elliptic equation

−
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡𝑢) 𝜕2𝑈
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑛

∑
𝑖=1

𝑎𝑖(𝑥, 𝑡𝑢) 𝜕𝑈
𝜕𝑥𝑖

+ ̃𝑎(𝑥, 𝑡, 𝑢) = 0

under the condition 𝑈|𝑆 = 0, where 𝑢 is some element of 𝐸𝛿,2. This equation
induces an operator 𝐴(𝑡), defined by the equality 𝐴(𝑡)𝑢 = 𝑈(𝑡), which, acting
in the space 𝐸𝛿,2, 0 < 𝛿 < 1, will be completely continuous and uniformly
continuous in 𝑡. By virtue of the assumptions on the coefficients 𝑎𝑖𝑗, 𝑎𝑖, 𝑎, made
at the beginning of item 3, 𝑈(𝑡) will be three times continuously differentiable
inside the domain Ω.

By Lemma 3, for any solution 𝑢(𝑡) ∈ 𝐸𝛿,2 of the functional equation
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𝑢 − 𝐴(𝑡)𝑢 = 0

the inequality (3) holds. For 𝑡 = 0 the functional equation (4) is equivalent to
the linear elliptic equation into which equation (1′) is transformed if one sets
𝑡 = 0 in it. It follows from (7) that this linear elliptic equation has a unique
solution 𝑢(0) ∈ 𝐸𝛿,2. Hence it follows that for 𝑡 = 0 the total index of the
solutions (in the sense of (31)) of equation (4) is different from zero. From the
results of Leray and Schauder (3) it follows that it is different from zero for all
𝑡 ∈ [0, 1] and, consequently, for all 𝑡 in the indicated interval (4) has at least one
solution 𝑢 ∈ 𝐸𝛿,2, for which the estimate (3) is valid. But for 𝑡 = 1 equation (4)
is equivalent to equation (1).

The restriction imposed in the proof on the coefficients was needed by us in order
that the solution be three times continuously differentiable inside the domain.
This condition was required in the proof of Lemma 2.

Let now the coefficients of equation (1) possess the properties indicated in item 1.
We approximate them by functions, uniformly bounded together with their first
derivatives, which satisfy the Hölder condition with some positive exponents.
For the approximating equation, as has just been shown, problem (1), (2) has a
solution. Passing to the limit, we prove the existence of a solution of the original
problem.

4. For sufficiently large 𝛽, by the classical device indicated by Hadamard, one
can prove uniqueness of the solution of problem (1), (2). Let 𝑢 ∈ 𝐸𝛿,2 be
some solution of problem (1), (2). By Lemma 1, |𝑢| ≤ 𝐶1, and by Lemma
3, |𝐷1𝑢| + |𝐷2𝑢| ≤ 𝐶3.

Theorem 3. If the conditions of Theorem 1 or 2 are fulfilled and 𝛽 > 𝐶3𝐶4,
then the solution of problem (1), (2) is unique.

5. By the very same methods one can prove analogous theorems for quasilin-
ear elliptic equations of a more general form

−
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑢) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+ 𝑏(𝑥, 𝑢, 𝑝) = 0,

where 𝑝 = (𝑢𝑥1
, … , 𝑢𝑥𝑛

). In this case the same conditions as above are imposed
on the coefficients 𝑎𝑖𝑗, while for the coefficient 𝑏 it is sufficient to require that
𝜕𝑏(𝑥, 𝑢, 𝑝)/𝜕𝑢 ≥ 𝛽 for 𝑥 ∈ Ω and all 𝑢 and 𝑝, and, in addition, that the coefficient
𝑏, together with its first derivatives with respect to all arguments, be bounded
by the constant 𝐶4 for 𝑥 ∈ Ω, |𝑢| ≤ 1

𝛽 max𝑥∈Ω |𝑏(𝑥, 0, 0)| = 𝐶1, and all 𝑝.

Leningrad State University
named after A. A. Zhdanov
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