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1°. Let A be a self-adjoint (not necessarily bounded) operator in a Hilbert space
H. Suppose that the operator A has a discrete spectrum.

Take an element z € H; then

T = E z;e;,
i

where all z; # 0, and the normalized eigenfunctions e, e,, ... of the operator A
correspond to distinct eigenvalues A;, Ay, ....

In the totality M of functions F'(A) for which the series

ZIF Pl = |F)?

converges, introduce the scalar product

ZF G|z, (1)

Lemma. Let F(\) and ®()\) be functions from M and ||®|| > 0. Then there
exists an eigenvalue A of the operator A such that ®(A) # 0 and

[EA] 7]

(2N~ ]

Proof. Since
Z@ )Pz * = |@|* > o,

we have ®();) # 0 for some A,. As is easy to see, either
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or

FOWl _ 7]

[ ]

if ®();) # 0. In both cases the lemma is true.

Suppose it is known that A”x € H. Then M contains the subspace M, of
polynomials in A of degree not exceeding n. The scalar products of polynomials
in A of degree not exceeding n, and in particular their norms, are easily compu-

* Reported at the seminar on differential equations at the Institute of Mathe-
matics of the Academy of Sciences of the Ukrainian SSR. in 1950.

compute, knowing the numbers
pu+,u = (AV?AM) = ZAZ‘*’M':EZ_‘Q = (AVx,AMx)’ 0 < v, <n. (2)

Applying the lemma, taking in it as F'(\) and ®(\) polynomials of degree not
exceeding n, differing by a linear factor, we shall obtain intervals containing
some eigenvalues of the operator A.

Theorem 1. Let

n—1

1/2
_ 2 a
_ ”<ao +a A+ Fa, (NN — O‘>H - L;O(Puﬂwz 20p,4 1 puw)al,au}

— - ’
||CI,0+CL1A+"-—|—CL”_1)\" 1” n—1 1/2
§ : pl/+ua’yau
v,1u=0
where ag,aq,...,a,_ 1 are arbitrary compler numbers; o is an arbitrary real

number.

Then the interval (o — €, + €] contains one of the eigenvalues of the operator

A.

If the elements Az € H are known for 0 < v < n, then one can compute the
numbers p,, ,, equal to their scalar products (A¥z, A*x) in the Hilbert space H;
then it is easy to compute the interval [« —e, a + ¢]. Putting n = 1 in Theorem
1, we obtain that for any real value « the interval
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contains some eigenvalue of the operator A.

For a self-adjoint differential operator A, this assertion for o = p, /p, coincides
with the result of N. N. Bogolyubov and N. M. Krylov (1).

2°. In Theorem 1 the length 2¢ of the interval containing one of the eigenvalues
is the ratio of the norms of polynomials whose degrees differ by 1. Therefore, in
order to make ¢ as small as possible, we use polynomials of least norm. Namely,
from all polynomials of some degree m (m < n) with leading coefficient 1, choose
the polynomial D,,(\) with the least norm | D

mll

Let D,,(r) = 0, so that D,,(A) = (A —r)p(N). Here ¢()) is a polynomial of
degree m — 1 with leading coefficient 1, and therefore ||| > || D,,,_1|l. Let in the
lemma F(\) = D,,(A) and ®(\) = ¢(A). On the basis of the lemma there exists
an eigenvalue A of the operator A such that

[Dmll o 1Dm]
lel = 1Dl

A—r| <

For the scalar product (1), the orthogonal polynomials of the theory of moments
(%) are the polynomials Dy(A), D;()), ..., D, ()\); in the theory of moments (?)
they are studied.

n

We have the formulas

Po v Pmoa 1 Po  Pm

Y2 Doy AT D A %)
D,,(\) = =~ = D DnP = . (3)

Po vt Pm—1 Po t Pm—1

Pm—1  Pam—2 Pm—1 " Pam—2

The computation of the polynomials D,,(A) and the numbers ||D,,| is much
easier to carry out not by formulas (3), but by using the orthogonality property.
For example, we have the recurrence formulas (3)

— ()\m’ D 71)
”DTIL— ||2 = ()\m 17 Dm— )7 a‘m, = o )
! ! 1Dy, 117
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1D, 2
— =" D ).
D, 2 22

Dm(A> = Al)7n—1(A> + (am—l - a’rn)Dm—l(A)
The polynomial D, (\) has m distinct real roots (). From what has been said
it follows:

Theorem 2. Letry,...,r,, be the m distinct real roots of the polynomial D, (\),
defined by formula (3).

There exist eigenvalues XV, ..., \"™) of the operator A such that

Dol 1Dl
INE) | < m < Wm0
DN/ A=)l T D

3°. It is useful to be able to choose the initial element x close to an eigenfunc-
tion of the operator A or to a linear combination of eigenfunctions. Then the
intervals obtained in 1° and 2° will give narrower bounds for the corresponding
eigenvalues.

,m.

We can always choose the initial element close to a linear combination of eigen-
functions corresponding to the largest eigenvalues of the operator A, taking the
iterated element Az instead of .

Let, as the initial element, instead of z, the element y = A'x be taken, where
t > 0 is an integer. Then the norm |F|, the scalar product (F, G), the numbers
Py, and the polynomials D, () are replaced, respectively, by the norm ||F|,,
the scalar product (F,G),, the numbers ¢, and the polynomials Dm7t(/\). It is
easy to see that g, = p; o;-

If A is a bounded operator, then for any n > 0, A"x € H, and the numbers
@y, = Pmyoe and the polynomials D,, ,(A) are defined by us for all ¢,m > 0.

Theorem 3. Suppose that for some m
y=sup |\;| < min [\].
j>m i=1,....m

Then the roots Ty 4, ..., Ty, of the polynomial D,, ,(\) converge, as t — oo, to

the eigenvalues Ay, ..., A\, of the operator A. Moreover,

s

2t
Ti,t)‘z|gc(’y> (i:]-a"'am)v
where C' does not depend on t.
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