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Abstract
Full Text
Mathematics

Z. L. Leibenzon

On the Estimation of Eigenvalues of Self-Adjoint
Operators*
(Presented by Academician S. L. Sobolev on 31 V 1957)

1°. Let 𝐴 be a self-adjoint (not necessarily bounded) operator in a Hilbert space
𝐻. Suppose that the operator 𝐴 has a discrete spectrum.

Take an element 𝑥 ∈ 𝐻; then

𝑥 = ∑
𝑖

𝑥𝑖𝑒𝑖,

where all 𝑥𝑖 ≠ 0, and the normalized eigenfunctions 𝑒1, 𝑒2, … of the operator 𝐴
correspond to distinct eigenvalues 𝜆1, 𝜆2, ….

In the totality 𝑀 of functions 𝐹(𝜆) for which the series

∑
𝑖

|𝐹 (𝜆𝑖)|2|𝑥𝑖|2 = ‖𝐹‖2

converges, introduce the scalar product

(𝐹 , 𝐺) = ∑
𝑖

𝐹(𝜆𝑖)𝐺(𝜆𝑖)|𝑥𝑖|2. (1)

Lemma. Let 𝐹(𝜆) and Φ(𝜆) be functions from 𝑀 and ‖Φ‖ > 0. Then there
exists an eigenvalue 𝜆 of the operator 𝐴 such that Φ(𝜆) ≠ 0 and

|𝐹 (𝜆)|
|Φ(𝜆)| ≤ ‖𝐹‖

‖Φ‖ .

Proof. Since

∑
𝑖

|Φ(𝜆𝑖)|2|𝑥𝑖|2 = ‖Φ‖2 > 0,

we have Φ(𝜆𝑖) ≠ 0 for some 𝜆𝑖. As is easy to see, either
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‖𝐹‖2

‖Φ‖2 = ∑𝑖 |𝐹 (𝜆𝑖)|2|𝑥𝑖|2
∑𝑖 |Φ(𝜆𝑖)|2|𝑥𝑖|2

> inf
𝑖,Φ(𝜆𝑖)≠0

|𝐹 (𝜆𝑖)|2
|Φ(𝜆𝑖)|2

,

or

|𝐹 (𝜆𝑖)|
|Φ(𝜆𝑖)|

= ‖𝐹‖
‖Φ‖ ,

if Φ(𝜆𝑖) ≠ 0. In both cases the lemma is true.

Suppose it is known that 𝐴𝑛𝑥 ∈ 𝐻. Then 𝑀 contains the subspace 𝑀𝑛 of
polynomials in 𝜆 of degree not exceeding 𝑛. The scalar products of polynomials
in 𝜆 of degree not exceeding 𝑛, and in particular their norms, are easily compu-

* Reported at the seminar on differential equations at the Institute of Mathe-
matics of the Academy of Sciences of the Ukrainian SSR in 1950.

compute, knowing the numbers

𝑝𝜈+𝜇 = (𝜆𝜈, 𝜆𝜇) = ∑
𝑖

𝜆𝜈+𝜇
𝑖 |𝑥𝑖|2 = (𝐴𝜈𝑥, 𝐴𝜇𝑥), 0 ≤ 𝜈, 𝜇 ≤ 𝑛. (2)

Applying the lemma, taking in it as 𝐹(𝜆) and Φ(𝜆) polynomials of degree not
exceeding 𝑛, differing by a linear factor, we shall obtain intervals containing
some eigenvalues of the operator 𝐴.

Theorem 1. Let

𝜀 = ∥(𝑎0 + 𝑎1𝜆 + ⋯ + 𝑎𝑛−1𝜆𝑛−1)(𝜆 − 𝛼)∥
‖𝑎0 + 𝑎1𝜆 + ⋯ + 𝑎𝑛−1𝜆𝑛−1‖ =

[
𝑛−1
∑

𝜈,𝜇=0
(𝑝𝜈+𝜇+2 − 2𝛼𝑝𝜈+𝜇+1 + 𝛼2𝑝𝜈+𝜇)𝑎𝜈𝑎𝜇]

1/2

[
𝑛−1
∑

𝜈,𝜇=0
𝑝𝜈+𝜇𝑎𝜈𝑎𝜇]

1/2 ,

where 𝑎0, 𝑎1, … , 𝑎𝑛−1 are arbitrary complex numbers; 𝛼 is an arbitrary real
number.

Then the interval [𝛼 − 𝜀, 𝛼 + 𝜀] contains one of the eigenvalues of the operator
𝐴.

If the elements 𝐴𝜈𝑥 ∈ 𝐻 are known for 0 ≤ 𝜈 ≤ 𝑛, then one can compute the
numbers 𝑝𝜈+𝜇, equal to their scalar products (𝐴𝜈𝑥, 𝐴𝜇𝑥) in the Hilbert space 𝐻;
then it is easy to compute the interval [𝛼 − 𝜀, 𝛼 + 𝜀]. Putting 𝑛 = 1 in Theorem
1, we obtain that for any real value 𝛼 the interval
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[𝛼 − √𝑝2 − 2𝛼𝑝1 + 𝛼2𝑝0
𝑝0

, 𝛼 + √𝑝2 − 2𝛼𝑝1 + 𝛼2𝑝0
𝑝0

]

contains some eigenvalue of the operator 𝐴.

For a self-adjoint differential operator 𝐴, this assertion for 𝛼 = 𝑝1/𝑝0 coincides
with the result of N. N. Bogolyubov and N. M. Krylov (1).

2°. In Theorem 1 the length 2𝜀 of the interval containing one of the eigenvalues
is the ratio of the norms of polynomials whose degrees differ by 1. Therefore, in
order to make 𝜀 as small as possible, we use polynomials of least norm. Namely,
from all polynomials of some degree 𝑚 (𝑚 ≤ 𝑛) with leading coefficient 1, choose
the polynomial 𝐷𝑚(𝜆) with the least norm ‖𝐷𝑚‖.
Let 𝐷𝑚(𝑟) = 0, so that 𝐷𝑚(𝜆) = (𝜆 − 𝑟)𝜑(𝜆). Here 𝜑(𝜆) is a polynomial of
degree 𝑚 − 1 with leading coefficient 1, and therefore ‖𝜑‖ ≥ ‖𝐷𝑚−1‖. Let in the
lemma 𝐹(𝜆) = 𝐷𝑚(𝜆) and Φ(𝜆) = 𝜑(𝜆). On the basis of the lemma there exists
an eigenvalue 𝜆 of the operator 𝐴 such that

|𝜆 − 𝑟| ≤ ‖𝐷𝑚‖
‖𝜑‖ ≤ ‖𝐷𝑚‖

‖𝐷𝑚−1‖ .

For the scalar product (1), the orthogonal polynomials of the theory of moments
(2) are the polynomials 𝐷0(𝜆), 𝐷1(𝜆), … , 𝐷𝑛(𝜆); in the theory of moments (2)
they are studied.

We have the formulas

𝐷𝑚(𝜆) =

∣
∣
∣
∣
∣

𝑝0 ⋯ 𝑝𝑚−1 1
⋅ ⋅ ⋅
⋅ ⋅ ⋅
⋅ ⋅ ⋅

𝑝𝑚 ⋯ 𝑝2𝑚−1 𝜆𝑚

∣
∣
∣
∣
∣

∣
∣
∣
∣

𝑝0 ⋯ 𝑝𝑚−1
⋅ ⋅
⋅ ⋅

𝑝𝑚−1 ⋯ 𝑝2𝑚−2

∣
∣
∣
∣

; ‖𝐷𝑚‖2 =

∣
∣
∣
∣
∣

𝑝0 ⋯ 𝑝𝑚
⋅ ⋅
⋅ ⋅
⋅ ⋅

𝑝𝑚 ⋯ 𝑝2𝑚

∣
∣
∣
∣
∣

∣
∣
∣
∣

𝑝0 ⋯ 𝑝𝑚−1
⋅ ⋅
⋅ ⋅

𝑝𝑚−1 ⋯ 𝑝2𝑚−2

∣
∣
∣
∣

. (3)

The computation of the polynomials 𝐷𝑚(𝜆) and the numbers ‖𝐷𝑚‖ is much
easier to carry out not by formulas (3), but by using the orthogonality property.
For example, we have the recurrence formulas (3)

‖𝐷𝑚−1‖2 = (𝜆𝑚−1, 𝐷𝑚−1), 𝑎𝑚 = (𝜆𝑚, 𝐷𝑚−1)
‖𝐷𝑚−1‖2 ,
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𝐷𝑚(𝜆) = 𝜆𝐷𝑚−1(𝜆) + (𝑎𝑚−1 − 𝑎𝑚)𝐷𝑚−1(𝜆) − ‖𝐷𝑚−1‖2

‖𝐷𝑚−2‖2 𝐷𝑚−2(𝜆).

The polynomial 𝐷𝑚(𝜆) has 𝑚 distinct real roots (2). From what has been said
it follows:

Theorem 2. Let 𝑟1, … , 𝑟𝑚 be the 𝑚 distinct real roots of the polynomial 𝐷𝑚(𝜆),
defined by formula (3).

There exist eigenvalues 𝜆(1), … , 𝜆(𝑚) of the operator 𝐴 such that

|𝜆(𝑘) − 𝑟𝑘| ≤ ‖𝐷𝑚‖
‖𝐷𝑚(𝜆)/(𝜆 − 𝑟𝑘)‖ ≤ ‖𝐷𝑚‖

‖𝐷𝑚−1‖ , 𝑘 = 1, … , 𝑚.

3∘. It is useful to be able to choose the initial element 𝑥 close to an eigenfunc-
tion of the operator 𝐴 or to a linear combination of eigenfunctions. Then the
intervals obtained in 1∘ and 2∘ will give narrower bounds for the corresponding
eigenvalues.

We can always choose the initial element close to a linear combination of eigen-
functions corresponding to the largest eigenvalues of the operator 𝐴, taking the
iterated element 𝐴𝑡𝑥 instead of 𝑥.
Let, as the initial element, instead of 𝑥, the element 𝑦 = 𝐴𝑡𝑥 be taken, where
𝑡 ≥ 0 is an integer. Then the norm ‖𝐹‖, the scalar product (𝐹 , 𝐺), the numbers
𝑝𝑘, and the polynomials 𝐷𝑚(𝜆) are replaced, respectively, by the norm ‖𝐹‖𝑡,
the scalar product (𝐹 , 𝐺)𝑡, the numbers 𝑞𝑘, and the polynomials 𝐷𝑚,𝑡(𝜆). It is
easy to see that 𝑞𝑘 = 𝑝𝑘+2𝑡.

If 𝐴 is a bounded operator, then for any 𝑛 ≥ 0, 𝐴𝑛𝑥 ∈ 𝐻, and the numbers
𝑞𝑚 = 𝑝𝑚+2𝑡 and the polynomials 𝐷𝑚,𝑡(𝜆) are defined by us for all 𝑡, 𝑚 ≥ 0.
Theorem 3. Suppose that for some 𝑚

𝛾 = sup
𝑗>𝑚

|𝜆𝑗| < min
𝑖=1,…,𝑚

|𝜆𝑖|.

Then the roots 𝑟1,𝑡, … , 𝑟𝑚,𝑡 of the polynomial 𝐷𝑚,𝑡(𝜆) converge, as 𝑡 → ∞, to
the eigenvalues 𝜆1, … , 𝜆𝑚 of the operator 𝐴. Moreover,

|𝑟𝑖,𝑡 − 𝜆𝑖| ≤ 𝐶 ( 𝛾
𝜆𝑖

)
2𝑡

(𝑖 = 1, … , 𝑚),

where 𝐶 does not depend on 𝑡.
Received
5 VII 1956
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Note: Figure translations are in progress. See original paper for figures.
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