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Abstract

Full Text
MATHEMATICS

Corresponding Member of the Academy of Sciences of the USSR A. I. MAL’
TSEV

ON CLASSES OF MODELS WITH A GENER-
ATION OPERATION

In the theory of algebras the concept of generating elements plays an essential
role. Transferring this concept to the theory of models, it is natural to say that
a set of elements S of some model M of a given class K generates in M its
K-submodel N, if N is the intersection of all K-submodels of the model M
that contain the elements S (for the terminology see (12)). Since the concept of
generation will also be used in another sense, we shall agree to call the indicated
generations natural. Correspondingly, we shall call a class of models K a class
with natural generations if the intersection of any system of K-submodels
of an arbitrary K-model M is either empty or is a K-submodel of the model M.
Below we study certain properties of classes of models with natural generations,
and also consider another kind of generation, which arises naturally in the study
of algebras with partial operations.

All the classes of models under consideration will be assumed to be abstract.
The number of basic predicates and individual symbols in these classes may be
infinite, but each predicate is assumed to depend on a finite number of argu-
ments. We shall agree to call a class of models K pseudoaxiomatizable if it
has the following two properties: 1) if every finite part of some system of axioms
of the first-order predicate calculus, written with the aid of the predicate and
individual symbols of the class K, is satisfied in a suitable K-model, then the
whole system is satisfied in a suitable K-model; 2) for every cardinal number
m there exists a cardinal number n(m) such that in every K-model contain-
ing some system of elements S of cardinality m, there exists a K-submodel of
cardinality n(m) containing the elements S. According to the local theorem of
the first-order predicate calculus, all axiomatizable classes of models are pseu-
doaxiomatizable. The classes considered by Tarski (?), consisting of models of
axiomatizable classes on which part of the predicates is discarded (PCs-classes
in Tarski’s notation), are also pseudoaxiomatizable. In both named cases m = n
for sufficiently large m. The totality of all ordered sets of limit cardinalities may
serve as an example of a pseudoaxiomatizable class that does not admit axiom-
atization and is not a PCs-class.

No. 1. Let K be a pseudoaxiomatizable class of models with natural
generations; let A be an arbitrary K-model with natural generators
ay, o € I';, and let ay, A € TI'y, be the remaining elements of A. De-

a?
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note by D(a,,...,a,; ay,..,a,) the diagram (*) of the submodel C' formed
in A by the elements a,,...,a,,ay,...,a,, i.e. the set of formulas of the form
P.(a;,...,a;) or ~ P(a,,...,a;) that are true in C, where P, are the basic

predicate symbols of the class K. To each element a,, A € I'y, we assign
individual constants z,, y,, not belonging to the set of basic constants of the
class K, and consider the system of axioms

T={D(ay,.-; T5,-), D(@y; -5 Yns-e)s Ye F Ty}
where € is arbitrary—

free fixed index ranges over I'y, and p ranges over I'y. If every finite part of the
system ¥ were realized on a suitable K-model, then there would be a K-model
M in which all axioms of ¥ were realized. But then in M there would be two
minimal K-models containing the elements a,,, which is impossible. Therefore
there are finite sets o, ..., @, and A, ..., A, for which in K we shall have

/ 4
Deag, s @ 1@y 5o, T3 )&De(ag oo Qg s Yn o5 Yn,) =

= Ye =T\ Vo VY =Ty, (1)

where D is a suitable finite subdiagram D(aa1 sy gy Q) s s a/\t). In formula
(1) the constants a;, x;,y, are not contained in the set of basic constants of the
class K. Therefore expression (1) may be understood as a universal axiom with
universal quantifiers over a,, T, Y;.

Theorem 1. Let, in the pseudoaziomatizable class of models K with natural
generations, the K-model A be generated by the elements a,,. If G is the group
of automorphisms of A leaving fixed every element A, then for any a € A the
set aG is finite.

Let in the diagram D(A) we have a = a,. In A the expression Dé(aa1 ey ey Gy s @y ey Gy )
is true. Therefore the expression Di(aq ;- s- 304 s @y G550y, g) I8 also true
for any g € G. By virtue of (1), for fixed A, ..., A\, for any g € G we have

ag =ay V--Vag=a,,

Le. aG C{ay ,...,ay }.

In the class of all algebras of fixed type there holds the stronger equality aG = a.
However, for models the case aG # a is also possible.

It occurs, for example, for the class of all partially ordered sets in which each
element has two and only two immediate successors.

No. 2. Let K be a pseudoaxiomatizable class of models; let {a,, } be some set of
symbols distinct from the individual symbols of the class K. Consider a mapping
a, — a2 of this set into some K-model A, such that the a? are generators of 4.
Let D, be the diagram of the model A4,, and let D, (a, ;- g s Uy, s oe s Uy )

q
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be all its finite subdiagrams, where a,,a, are elements from the submodel cor-
responding to D,,,. In A_ the axioms

(311)...(3%) D, (a a, ,xl,...,xq), (2)

(O TR

hold; we shall denote them briefly by E,, (ag ;- aq )-

Lemma. If in an arbitrary model M (not necessarily from the class K) all
azioms (1), considered as universal ones, are satisfied, and for the set {a,} of
individual symbols the azioms (2) are satisfied, then M contains a submodel
canonically isomorphic to the model A,.

By hypothesis, M contains elements denoted by the symbols a,, and for each &
in M there are elements mi ,mf for which the formula

Dé(aal,... a m%, ,mf)

Yoy

is true. With each element u, of the model A, we associate a new symbol v,
and consider the auxiliary system 91, formed by the axioms

Dau(aa17 (AL aasav)\lv 71})\)
for all possible v, and also by the axioms
U§=m§v~--\/v§:mf

and the diagram of the model M, the elements a,, in the system 91 being replaced
by the corresponding elements of the model M. From the validity in M of axioms

(1), (2)
it follows that every finite part of the system R is consistent. Therefore the

system fR is consistent as well, asserting that M contains a submodel isomorphic
to A,.

The lemma is proved. With the aid of this lemma the following main theorem
can be proved.

Theorem 2. FEvery pseudo-axiomatizable class K of models with natural gen-
erations is axiomatizable, and moreover axiomatizable by means only of axioms
of Skolem form.

Let & be the totality of all axioms of the form
(1) ... (2,,) Fyq) ... (3y,,)B, true on all models of the class K.

It is necessary to prove that every model A on which all axioms of the system &
are true belongs to K. Denote by a, (o € I") all elements of A, and with each
a,, associate a new symbol c,. Consider all possible mappings ¢, — ¢J of the
totality {c,} into K-models M, of cardinality n(m), where m is the cardinality
of A. Let D, be the diagram of the submodel A _, generated within M by the
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elements ¢Z. Under any mapping ¢, — b, of the elements ¢, into an arbitrary
K-model B, in B the axiom is satisfied

Voo By (CopsonsCa)) =&V By (CopsonsCa ), (3)
and therefore in K each of the axioms
VoE,, (Cays-ns€q ) holds, where v, is an arbitrary function carrying out a
choice of one term from each member of the first disjunction. In view of the
pseudo-axiomatizability of K, it follows from this that there exists a finite set
{01, ..., 04} for which the axiom
E, , (c)V..VE, , (c)istruein K, and hence the axiom (c¢,) ... (¢,,,)(E, ,, (c)V
..V E; , (c)), which has Skolem form, is also true. But all Skolem axioms that
hold in K belong to & and therefore are true on A. Consequently, axiom (3) is
true on A, and therefore for some o the axiom &, E,,(c, .-, c%) must hold
on A. Axioms (1) hold on K and have Skolem form. Therefore (1) are true on
A. According to the lemma it follows hence that the model A has a submodel
containing the elements a,, and isomorphic to the K-model A,. But the elements
a,, exhaust the whole model A, which thus proves to be isomorphic to A,.

Corollary. If in the models of an axiomatizable class K nonempty intersections
of K-submodels are K -submodels, then every model M, any finite set of elements
of which is contained in a suitable K-submodel, is a K-model.

This follows immediately from the fact that K can be characterized by axioms
of Skolem form (cf. (4)).

No. 3. Theorem 2 does not contain an explicit description of the axioms by
means of which one can specify classes with natural generations, and only such
classes. The simplest sufficient condition can be formulated as follows. An
axiom of explicitly functional type shall mean the conjunction of the following
two expressions:

(1) - (2,,) Y1) - (FYp) (@1, ooy T Y15 o5 Y )

ATy ey Ty Yps oo s Yp) & WXy oo Xy 20y ey 2) 2= Yy = 21 &l & Y, = 2,5

where 2((z, ) contains no quantifiers, ¢ = (4, ..., Z,,)-

Theorem 3. A class of models K, characterized by axioms of explicitly func-
tional form and universal axioms, has natural generations. An automorphism
of a K-model that leaves in place all elements of some generating system leaves
in place all elements of the model.

The proof is the same as in the case of algebras. In form, axioms that are
more general than explicitly functional ones are represented by conjunctions of
expressions
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(21)(3y1) (22) (3y2) -+ (24) Cyp )2 (215 o s Tpos Y1505 Y ) (4)

AT, ey Ty Yps e s Yp) & W(Tq, ooy Ty 21y eee s 2) —

=y =2 & - &y, =2 (5)

However, as is easy to verify, every such conjunction is equivalent to an explicitly
functional axiom and several universal axioms. Therefore the conclusion of
Theorem 3 also holds for classes characterized by pairs of axioms of the form

(4), (5).

No. 4. Generations considered in topological algebras and in algebras with
partial operations are not always natural. In connection with this we introduce
the following definitions. Suppose models are considered whose basic predicates
are numbered by elements of a set II, and let 7 be some part of II. We shall call
a submodel N of a model M of the type under consideration m-closed in M if,
from the truth of the expression P, (24, ..., 2, _,y), fora € m, {2y, ...,2, } C N,
y € M, it follows that y € N. It is easy to see that the intersection of an arbitrary
system of m-closed submodels is either empty or is a m-closed submodel. Suppose
a class of models K is considered. In this class, a submodel N of some K-model
M will be called m-generated by the elements {a,} if N is the least -
closed K-submodel of the model M containing the elements a,. We shall call
the class K a class with m-generations if nonempty intersections of m-closed
K-submodels in K-models are K-submodels.

Theorem 4. If some model M satisfies an axiom of the form

(Qiz1)  (Quem)A(Ty, oy Ty ),

where A(xq,...,x,,) is an open positive formula in which the object variables
bound in the quantifier part by existential signs occur only in the last places of
elementary terms P, (x;, ..., ;) and only for o € m, then the indicated axiom is
also satisfied on every mw-closed submodel of the model M.

From this, in particular, it follows that every class of models admitting an
axiomatization by means of universal axioms and axioms of the form indicated
in Theorem 4 will be a class with 7-generations.
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