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Abstract
Full Text

Geophysics
P. S. Lineikin

On Steady Wind Currents and the Distribution
of Density in the Deep Sea
(Presented by Academician V. V. Shuleikin on 20 V 1957)

The treatment of the question of wind-driven marine currents proposed in works
(1,2), based on taking into account the process of turbulent diffusion of masses in
an inhomogeneous deep sea, imposed certain restrictions both on the character
of the stratification of the waters and on the form of the wind field over the
sea. Here both of these restrictions are removed. We shall assume only that
the distribution of density 𝜌 in steady currents differs little from some stable
distribution characterized by the function 𝜌∗(𝑧), i.e., that

𝜌 = 𝜌0[𝜌∗(𝑧) + 𝛿(𝑥, 𝑦, 𝑧)], (1)

where 𝜌0 is a characteristic value of the density of seawater (𝜌0 ∼ 1 g/cm3); 𝛿
is a small unknown perturbation of the density. Let

𝑑𝜌∗
𝑑𝑧 = 𝑏Φ(𝑧), (2)

where 𝑏 = max(𝑑𝜌∗/𝑑𝑧) and, consequently, Φ(𝑧) ≤ 1.

We take the linearized equations determining the velocity projections (𝑢, 𝑣, 𝑤)
and the density of fluid particles (𝜌) in the form (2):

−2𝜔𝑧𝜌0𝑣 = 𝜇𝑥Δ𝑢 + 𝜕
𝜕𝑧 (𝜇𝑧

𝜕𝑢
𝜕𝑧 ) − 𝜕𝑝

𝜕𝑥,

2𝜔𝑧𝜌0𝑢 = 𝜇𝑥Δ𝑣 + 𝜕
𝜕𝑧 (𝜇𝑧

𝜕𝑣
𝜕𝑧 ) − 𝜕𝑝

𝜕𝑦 ,

0 = 𝑔𝜌 − 𝜕𝑝
𝜕𝑧 , (3)

𝜕𝑢
𝜕𝑥 + 𝜕𝑣

𝜕𝑦 + 𝜕𝑤
𝜕𝑧 = 0,
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𝜌2
0𝑤𝑑𝜌∗

𝑑𝑧 = 𝜇𝑥Δ𝜌 + 𝜀 𝜕
𝜕𝑧 (𝜇𝑧

𝜕𝜌
𝜕𝑧 ) .

In contrast to what was adopted earlier (2), the continuity equation is taken
here in the form customary for an incompressible fluid.

Let, on the free surface of the sea at 𝑧 = 𝜁,

𝜇𝑧
𝜕𝑢
𝜕𝑧 = −𝑇𝑥, 𝜇𝑧

𝜕𝑣
𝜕𝑧 = −𝑇𝑦, 𝜕𝛿

𝜕𝑧 = 0, 𝑤 = 0, 𝑝 = 0. (4)

At great depth, as 𝑧 → ∞,

𝑢, 𝑣, 𝛿 → 0. (5)

Far from the bounded region of action of the wind, as √𝑥2 + 𝑦2 → ∞,

𝑢, 𝑣, 𝛿 → 0. (6)

In this case all boundary conditions (4), except the last one, may, with a suffi-
cient degree of accuracy, be transferred to the undisturbed sea surface.

Using the equation of hydrostatics, we eliminate 𝜌 from system (3). From the
same equation there follows the expression for the sea level

𝜁 = ∫
∞

0
𝛿 𝑑𝑧. (7)

We put

𝑥 = 𝐿 ̄𝑥, 𝑦 = 𝐿 ̄𝑦, 𝑧 = ℎ ̄𝑧, 𝜇𝑧 = 𝜇0 ̄𝜇, (8)

where 𝐿 and ℎ are characteristic scales, respectively, of the wind field and of
the thickness of the friction layer (for example, 𝐷 according to Ekman), while

̄𝜇 = 1 at 𝑧 = 0, and introduce the parameters

𝜏 = 𝜇𝑥
𝜇0

ℎ2

𝐿2 , 𝛼2 = 𝜇2
0

4𝜔2𝑧𝜌2
0ℎ4 , 𝛽2 = 𝑔𝑏ℎ2

4𝜔2𝑧𝐿2 , (9)

as well as the operators

𝑀 = 𝑑
𝑑 ̄𝑧 ̄𝜇 𝑑

𝑑 ̄𝑧 + 𝜏Δ, 𝑁 = 𝜀 𝑑
𝑑 ̄𝑧 ̄𝜇 𝑑

𝑑 ̄𝑧 + 𝜏Δ. (10)
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It is not difficult to show, using system (3), that the auxiliary unknown function

𝜔( ̄𝑥, ̄𝑦, ̄𝑧) = ∫
̄𝑧

∞
𝛿( ̄𝑥, ̄𝑦, ̄𝑧) 𝑑 ̄𝑧 (11)

satisfies the differential equation

[1 + 𝛼2𝑀2] 𝑑
𝑑 ̄𝑧

𝑁(𝜕𝜔/𝜕 ̄𝑧)
Φ( ̄𝑧) + 𝛽2𝑀Δ𝜔 = 0. (12)

Let us represent the prescribed components of the tangential wind stress on the
sea surface, 𝑇𝑥, 𝑇𝑦, by means of definite integrals

𝑇𝑥 = 𝑇0 ∫
∞

−∞
∫

∞

−∞
𝑋̃(𝑘, 𝑙) exp[−𝑖(𝑘 ̄𝑥 + 𝑙 ̄𝑦)] 𝑑𝑘 𝑑𝑙,

𝑇𝑦 = 𝑇0 ∫
∞

−∞
∫

∞

−∞
̃𝑌 (𝑘, 𝑙) exp[−𝑖(𝑘 ̄𝑥 + 𝑙 ̄𝑦)] 𝑑𝑘 𝑑𝑙, (13)

where 𝑇0 is a characteristic magnitude of the wind stress. Correspondingly, we
shall represent the unknowns of the problem in the form of sums of integrals

𝜔( ̄𝑥, ̄𝑦, ̄𝑧) = ∑
𝑚

∫
∞

−∞
∫

∞

−∞
𝐶𝑚(𝑘, 𝑙)𝑓𝑚( ̄𝑧) exp[−𝑖(𝑘 ̄𝑥 + 𝑙 ̄𝑦)] 𝑑𝑘 𝑑𝑙,

𝑢( ̄𝑥, ̄𝑦, ̄𝑧) = ∑
𝑚

∫
∞

−∞
∫

∞

−∞
𝑈𝑚(𝑘, 𝑙, ̄𝑧) exp[−𝑖(𝑘 ̄𝑥 + 𝑙 ̄𝑦)] 𝑑𝑘 𝑑𝑙, (14)

𝑣( ̄𝑥, ̄𝑦, ̄𝑧) = ∑
𝑚

∫
∞

−∞
∫

∞

−∞
𝑉𝑚(𝑘, 𝑙, ̄𝑧) exp[−𝑖(𝑘 ̄𝑥 + 𝑙 ̄𝑦)] 𝑑𝑘 𝑑𝑙.

Similar expressions can also be constructed for 𝑤 and 𝜁. In this case, according
to (13) and (12), 𝑓𝑚( ̄𝑧) is one of the four solutions of the equation

[1 + 𝛼2𝑀2
1 ] 𝑑

𝑑𝑧
𝑁1(𝑓 ′( ̄𝑧))

Φ(𝑧) − 𝛽2𝜉𝑀1(𝑓( ̄𝑧)) = 0, (15)

satisfying the condition of decay as 𝑧 → ∞. The operators 𝑀1, 𝑁1 are obtained
from 𝑀, 𝑁 in (10) by replacing Δ by −𝜉 = −(𝑘2 + 𝑙2). The summation in (14)
is extended to the values of the index 𝑚 = 1, 3, 5, 7.

The expressions (14) for 𝑢, 𝑣 satisfy the equations of motion (3), if one sets
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𝑈𝑚 = 𝐴𝑘𝜓1𝑚( ̄𝑧) + 𝐵𝑙𝜓2𝑚( ̄𝑧) + 𝐷𝑙𝐶𝑚𝑓𝑚( ̄𝑧),

𝑉𝑚 = 𝐴𝑙𝜓1𝑚( ̄𝑧) − 𝐵𝑘𝜓2𝑚( ̄𝑧) − 𝐷𝑘𝐶𝑚𝑓𝑚( ̄𝑧), (16)

where

𝜓1𝑚 = 𝐶𝑚
𝑑
𝑑𝑧

𝑁1(𝑓 ′)
Φ , 𝜓2𝑚 = 𝑀1(𝜓1𝑚); (17)

𝐴 = − 𝑖𝜇0𝐿
𝜌0𝑏ℎ3𝜉 , 𝐵 = − 𝑖𝜇2

0𝐿
2𝜔𝑧𝜌2𝑏ℎ5𝜉 , 𝐷 = 𝑖𝑔ℎ

2𝜔𝑧𝐿. (18)

To determine 𝑓𝑚( ̄𝑧) from (15) we shall apply approximate methods. In seeking
slowly varying solutions it is natural to neglect the results of applying the op-
erator 𝑑

𝑑𝑧 ̄𝜇 𝑑
𝑑𝑧 (and, all the more so, 𝜀 𝑑

𝑑𝑧 ̄𝜇 𝑑
𝑑𝑧 , bearing in mind that 𝜀 ∼ 0.1) in

comparison with 𝜏𝜉. Thus, equation (15) reduces to the equation

𝑑
𝑑𝑧 ( 1

Φ
𝑑𝑓1
𝑑𝑧 ) − 𝜆𝑓1 = 0, 𝜆 = 𝛽2𝜉

1 + 𝛼2𝜏2𝜉2 . (19)

A particular solution of this equation under the boundary conditions 𝑓 ′
1(0) =

𝑎Φ(0), 𝑓1( ̄𝑧) → 0 ( ̄𝑧 → ∞), can be found by the method of successive ap-
proximations. Restricting ourselves to the first approximation (according to an
approximate estimate, 𝜆 ≪ 1 for 𝜉 ⩽ 10), we have:

𝑓1( ̄𝑧) = 𝑎 ∫
̄𝑧

∞
Φ(𝑧) 𝑑𝑧 = 𝑎

𝑏ℎ(𝜌∗ − 𝜌𝑧=∞). (20)

In seeking solutions of equation (15) that vary rapidly with increasing ̄𝑧, one
may take Φ′(𝑧) ≪ 𝑓″(𝑧), and therefore take Φ(𝑧) ∼ Φ(0) for the surface layer
of the sea, assuming that the density jump layer (if it exists) is located no
higher than the friction layer. One may also allow several additional special
simplifications in (15). In the estimates we proceed from the following values of
the basic parameters: 𝐿 = 100 km, 𝜔𝑧 = 5 ⋅ 10−5 sec−1, 𝑏 = 5 ⋅ 10−6 cm−1, 𝜇0 =
102 g/cm ⋅ sec, 𝜇𝑥 = 108 g/cm ⋅ sec. Hence (for ℎ = 𝐷 = 45 m) 𝛼2 ∼ 2.5 ⋅ 10−3,
𝛽2 ∼ 0.1, 𝜏 ∼ 0.2.

Equation (15) is now reduced to the equation:

[1 + 𝛼2 ( 𝑑
𝑑𝑧 ̄𝜇 𝑑

𝑑𝑧 − 𝜏𝜉)
2
] 𝑑2

𝑑𝑧2 [𝜏𝜉 − 𝜀𝜇 𝑑2

𝑑𝑧2 ] 𝑓 = 0. (21)
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Assuming, for simplicity, ̄𝜇 = 1, we find from this

𝑓3 = exp [√𝜏𝜉
𝜀 ̄𝑧] , 𝑓5 = exp [−√𝜉𝜏𝑎 + 𝑖

𝑎 ̄𝑧] ,

𝑓7 = exp [−√𝜉𝜏𝑎 − 𝑖
𝑎 ̄𝑧] . (22)

From the boundary conditions (4), after some simplifications we further find
the value of the constant 𝑎 entering into (20), and then also 𝐶𝑚 (𝑚 = 1, 3, 5, 7).
For deep-water currents (𝑓3, |𝑓5|, |𝑓7| → 0 for large 𝑧), it is sufficient to give the
expression

𝐶1(𝑘, 𝑙)𝑓1( ̄𝑧) = 𝑇0𝐿(𝜌∗ − 𝜌∞)𝑖
2𝜔2𝑧𝜇𝑥ℎ

(𝑙 − 𝑘𝜉𝜏𝑎)𝑋 − (𝑘 + 𝑙𝜉𝜏𝑎)𝑌
𝜉(1 + 𝑎2𝜏2𝜉2) . (23)

Using (22), we find expressions for the projections of the velocity of the deep-
water (gradient-convection) currents

𝑢 = 𝑔𝑇0(𝜌∗ − 𝜌∞)
4𝜔2𝑧𝜇𝑥

×

× ∫
∞

−∞
∫

∞

−∞

[(𝑙 − 𝑘𝜉𝜏𝑎)𝑋 − (𝑘 + 𝑙𝜉𝜏𝑎)𝑌 ] [𝑎𝜉𝜏𝑘 + 𝑙] exp[−𝑖(𝑘 ̄𝑥 + 𝑙 ̄𝑦)] 𝑑𝑘 𝑑𝑙
𝜉(1 + 𝑎2𝜏2𝜉2)2 ,

(24)

𝑣 = −𝑔𝑇0(𝜌∗ − 𝜌∞)
4𝜔2𝑧𝜇𝑥

×

× ∫
∞

−∞
∫

∞

−∞

[(𝑙 − 𝑘𝜉𝜏𝑎)𝑋 − (𝑘 + 𝑙𝜉𝜏𝑎)𝑌 ] [𝑎𝜏𝜉𝑙 − 𝑘] exp[−𝑖(𝑘 ̄𝑥 + 𝑙 ̄𝑦)] 𝑑𝑘 𝑑𝑙
𝜉(1 + 𝑎2𝜏2𝜉2)2 .

It can be shown that the velocity of the geostrophic currents differs from the
expressions found in (23) by a quantity of order 𝛼𝜏 = 𝜇𝑥/2𝜌0𝜔2

𝑧𝐿 (∼ 0.01).
Calculation of the velocity of deep-water currents for the case when the wind
stress is confined to the square region | ̄𝑥| ≤ 1, | ̄𝑦| ≤ 1, where 𝑇𝑥 = 0, 𝑇𝑦 = 𝑇0,
leads, in particular, to the following results. At the center of the wind field
( ̄𝑥 = 0, ̄𝑦 = 0), below the friction layer, we have

sovietrxiv.org/items/ru-195701.57059 Machine Translation

https://sovietrxiv.org/items/ru-195701.57059


𝑢 = 0, 𝑣 = 𝑔𝑇0(𝜌∞ − 𝜌∗)
8𝜔2𝑧𝜇𝑥

. (25)

At the depth where 𝜌∞ − 𝜌∗ = 10−3, we find 𝑣 ∼ 1.5 cm/sec. On the 𝑂𝑋 axis,
in this case,

𝑢 = 0, 𝑣 = ±𝜋 + 2 arctg ̄𝑥2

2 (| ̄𝑥| ≶ 1), (26)

whereas on the 𝑂𝑋 axis

𝑢 = 0, 𝑣 = 𝜋 − 2 arctg ̄𝑦2

2 . (27)

Far from the region of action of the wind, along the axes 𝑂𝑋 and 𝑂𝑌 , the
quantity 𝑣 varies according to the laws 𝑣 ∼ −4/ ̄𝑥2 and, respectively, 𝑣 ∼ 4/ ̄𝑦2.

State Oceanographic Institute

Received
19 V 1957
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