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Abstract
Full Text

MATHEMATICS

A. A. KOZMANOVA

POTENTIAL-HARMONIC FUNCTIONS AND SOME
OF THEIR APPLICATIONS

(Presented by Academician M. A. Lavrent ev, 5 IV 1957)

The notion of a function that is potential-harmonic in a certain domain was
given in the work of A. V. Bitsadze (). In the same work A. V. Bitsadze
gave an analogue of the Cauchy formula for potential-harmonic functions in
three-dimensional space. In the present paper, on the basis of results of V. K.
Ivanov (?), an analogue of the Cauchy formula is obtained for potential-harmonic
functions in n-dimensional space. On the basis of this formula a theorem is
obtained on the relation between the supporting function of the convex hull
of the singularities of a harmonic function regular at infinity in n-dimensional
space and the growth indicatrix of the function associated with it. This theorem
makes it possible to give a method of summing series of spherical functions. The
case n = 3 was considered in (3).

1°. A vector function f(zq,...,z,) = fi(zq,...,2,)i; + - + fo(xq,...,z,)i, is

rUn rrn
called potential-harmonic in a domain 7T if in this domain the following condi-
of. Of.
ﬁ = i fork=1,...,n;j=1,...,n. The
Oz; Oz,
triple product [abc] of vectors in n-dimensional space is defined as follows:

tions are satisfied: 1) divf = 0; 2)

[abc] = —(bc)a + (ca)b — (ab)c.

Theorem 1. If f(zq,...,z,), g(zq,...,x,) are potential-harmonic functions in

a domain containing T + o, where o is the piecewise-smooth boundary of the
domain T, then

/ [fng] do = 0,

o

where n is the unit vector of the exterior mormal to o. If p is the distance
between the points My(xq,...,x,) and M(&,...,&,), w, is the surface area of
the unit sphere, then

1
— [grad

n Jo

1
P 2(EL ey gy e, X))

n(glv vgn)f(glv vfn) do =
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— f(xlv'"axn)v Ml(xla-")xn) ET,
0, M (zq,...,z,) €T,

where T” is the domain complementing T + o to the whole space.

2°. A vector p(py,...,p,), where p? + - + p2 = 0, is called isotropic. We
represent it in the following way (?): p = p’ + ip”, where p’ and p” are real
vectors, i = v/—1. We have p’ L p”, |p’| = |p”| = p. We shall assume that the
vector p’ issues from the origin O; then it will be determined if its length p and
direction are known, which can

characterized by means of ¢q,..., ¢, _;—the angles of the spherical coordinate
system. We shall assume that the vector p” also issues from the origin of
coordinates O. It must lie in the (n — 1)-dimensional space Véf{l’“"w"*l),

orthogonal to the vector p’(p, ¢4, ..., ¢,_1), and will be completely determined

by the angles 1y, ...,1,_5 of the spherical coordinate system in Véfll""“p"*l).

Thus, the vector p is uniquely determined by specifying the quantities
P, 9471’ sery (pnfh wl’ 71/}n72‘
Let the function w(zy,...,x,) be regular harmonic outside a certain domain

D containing the origin of coordinates; let ¢ be a piecewise-smooth surface
enclosing all the singularities of u(zq,...,x,,).

Consider the function F(p), defined as follows:

pF(p) = ~ / lgradu(zy, ..., ) n(zy, .., z,) pe®] do, @)
w

n Jo

where n is the unit vector of the exterior normal to o; p = pyi; + -+ + p,i, is
an isotropic vector; r = z;i; + -+ 4+ ,i,,.

The functions u(zq,...,z,) and F(p) will be called associated. The function
F(p) is a function of exponential type; we define its growth indicatrix as follows:

—In |F(p) )
h(@h "'agonflawl)"' 71/)77,72) = lim ‘ |a where p= |p | = |p
pP—00 P

” | .
The support function of the domain D is the function

K(goh u~,§0n71) =

=  max {x;c08p; + Tysinp; cospy + -+ + x, sing; --sing, },
(zy,...,x, )ED

where 0 <, <mforj=1,...,n—2,0<¢p, ; <27
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Theorem 2. The support function of the convex hull of the singularities of a
function u(zq, ..., x, ), harmonic and regular at infinity, is related to the growth
indicatriz of the associated function F(p) by the relation:

Koy, s n ) = . sup  A(Q1, s Pt W15 s Yra)-

Indeed, the function u(xq,...,x, 1) outside a hypersphere with center at the
origin and radius R, lying wholly in the domain of its regularity, can be repre-
sented by an absolutely and uniformly convergent series of spherical functions
TﬁpH(mkv +; 5)7 ripH(mka ) f) (4)

w(xy, ..., x,) = (3)

1 1 = (R\ _
N (n — 2)6&) rn—2 ZO (?) Z[Cmo,,,,,mn72H<mk7 +; £)+Cm0w~:mn—2H(mk’ B £>]’
n p=

where the inner sum is taken over all integers m, such that

p=myg=>myg > my > 2m, o> 0.

The expansion (3) may be replaced by the expansion

1 00 opP 1
w(xy, ..., ,) = m Z ( Z b iy 1,0 Qi - Onrx, |12 +

" p=0 \ij+-+i, 1=p

i1yensino151 §iy Xy On 1T, 4 8xn 72

)7 7.2:1‘%_}'_..._’_1'72,”

(3)

7;1 +"'+in—1:p71

whose coefficients are uniquely determined by the expansion (3).

Then from (1), (2) we obtain the following representation for the function F(p):

F(p) = Z(*l)p ( Z bil,...,in,l,opfll "'Piffer

p=0 L O e 4

+ Z bil,...,in,l,lp? '“Pibn—llpn> . (4)

iyt =p—1
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We shall prove that the relation

1 dv
e = F —(pr) 5
U(l’l, xn) 2"727'[‘71521_‘ <n52) _/V;(kP%w--w%’nl) (p)e P) 9 ( )

,,,,,

coincides with the
space OX; ... X, 4, and the vector p” has components p’ = {z,..., 2, 1,0},
where (27)? + -+ + (2],_)? = p?. On the basis of (5) and (6),

(o)
/ e_(pr>ﬂ — / .../le_pxne_i(xll‘rl+"'+w/rz,—1wn—l> dx/l “.d‘r’/rl—l =
V(’O ..... 0) 1% 0o 1%

2”_27T7L§2F n—2
- r”_2( 2 >, n > 3.

Performing a rotation, we obtain that in the general case

2n72 ﬁr n—2
/< )e*<Pf>7dV _ T L) n>3. (6)
AV 7% 1 Pn—1

p rn—2 ’

Using (3), (4), (6), we obtain (5).

From formulas (2) and (5), the theorem formulated follows by arguments anal-
ogous to those carried out in the proof of Pélya’ s theorem from the theory of
entire functions (°).

Corollary.  Suppose that all the singularities of a harmonic function
u(zyq,...,z,) regular at infinity lie in the space z, < a (¢ > 0). Denote by
H the distance from the plane z,, = a to the convex hull of the set of these
singularities. The equality

H=a— sup h(0,...,0,91,...,0, o),
Yoo

holds; h is the growth indicatrix of the function F(p) associated with
w(xy, ..., x,).

3°. Making in formula (5) the transformation of reciprocal radius-vectors, we
obtain:

1 Ty To z
Flay, . x,) = Al (ﬁ’ PORRRE 7;) -
o0
= er Z [amo’...,mn zH(mk7 +a£) + (_Lmo ,,,,, My, 2H<mk’ ’g):l -
p=0  p=mg>my>->m, >0
1 1 \dV
= F e*(PTz)f =22 4 a2,
2n—27rn52F (%) rn=2 /V(w%’"wnl) (p) P 7 ' !
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The function f(zq,...,,) is regular, harmonic in a neighborhood of the origin;
the series in (7) converges inside the hypersphere with center at the ori-

the coordinate origin O, passing through the singular point of the function
f(xy,...,x,) nearest to O.

We shall call a point M (r,¢q,...,,_1) a point of summability of the se-
ries in (7) by the method (J’) if the integral in (7) converges at this point.
The domain of summability T of the series in (7) by the method (J’) can be
constructed analogously to the way in which the interior domain of the Borel
polygon is constructed in summation by the Borel method (B’) for series of
functions of one complex variable. Namely, let 9t be the set of all singular
points P of the function f(zq,...,, ). Then the domain of summability 7" is
the set of all points M lying on one and the same side (with the coordinate
origin O) of each hyperplane @ p passing through P perpendicular to the ray
OP.

If the boundary of the domain T is o, and T” is the domain complementing
T + o to the whole space, then the following proposition holds: the series (7) is
not summable by the method (J') at any point of the domain T'.

What has been stated follows from the fact that the domain T is obtained from
the domain 7™, bounded by the surface with equation r = K(py,...,¢,_1),
where K (¢4, ..., ¥,_1) is the support function of the convex hull of the singular-
ities of the function u(x4, ..., x,,), by applying to the latter the transformation of
reciprocal radius-vectors. The domain 7™, however, may be regarded as the set-
theoretic sum of hyperspheres constructed as follows: each singular point M of
the function u(zq, ..., x,,) is joined to the coordinate origin O, and a hypersphere
with diameter OM is constructed.

On the basis of (2) and (3), for n = 3 one can transform (7) into the form

f2,y,2) = Zrn Z anmp‘ml(cos Q)eimgp =
n=0

m=—n

— 1 > —t S n,.n - (_1)771 - Sl <3 n—m
_?/ e {/O Zt r Zm(wb@—kzsmﬁsmw) X

0

X [y €™ ™2 (i cos 1h — i sin 6 — cos O sin )™+

iy, €39 (f cos Y + i sin 0 + cos Osin )™ | dip} dt; () = G-

(8)
4°. Starting from formula (1), it is easy to carry over to n-dimensional space all
the main propositions developed in the work of A. V. Bitsadze (1), on the basis
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of which, as A. V. Bitsadze does, one can, for example, obtain the solution of
the integral equation:

/ // — fnnC)dyg)dnf(gC_Z)Q = f(z,y, ).

The required function p(x,y, z) is

Af 52f 32]” 82f
Af=21, 91, 9]
P(@y,2 /// s oy ey oy raups AN Al TR MR T

Here we assume that the functions p(z,y,z) and f(x,y,z) are such that the
improper integrals exist.
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