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Abstract
Full Text

E. I. KIM

ON A CERTAIN CLASS OF SINGULAR INTE-
GRAL EQUATIONS
(Presented by Academician S. L. Sobolev on 5 X 1956)

§ 1. Consider the integral equation

𝑢(𝑦, 𝑡) − 𝜆 ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝐾((𝑦 − 𝜂)2, 𝑡 − 𝜏)𝑢(𝜂, 𝜏) 𝑑𝜂 = 𝑓(𝑦, 𝑡), (1)

where

𝐾((𝑦 − 𝜂)2, 𝑡 − 𝜏) =

= 1
(𝑡 − 𝜏)3/2 ∫

∞

0
𝜌(𝑧) [1 − (𝑦 − 𝜂)2

2𝑎2(𝑧)(𝑡 − 𝜏)] exp [− (𝑦 − 𝜂)2

4𝑎2(𝑧)(𝑡 − 𝜏)] 𝑑𝑧, (2)

𝜌(𝑧) = (𝑧2 + 𝑎2
1)−3/2(𝑧2 + 𝑎2

1)−1/2, 𝑎2(𝑧) = 𝑎2
2(𝑧2 + 𝑎2

1)/(𝑧2 + 𝑎2
2), (3)

𝑓(𝑦, 𝑡) is a given function in the domain 𝑡 > 0, −∞ < 𝑦 < +∞, and 𝑢(𝑦, 𝑡) is
the unknown function. Such a singular integral equation occurs in solving the
heat-exchange problem for a system of bodies that are in thermal contact with
one another.

§ 2. For the solution of equation (1), consider the Fourier
transform of generalized functions defined by linear contin-
uous functionals of the form

(𝑇 , 𝜑) = ∫
+∞

−∞
𝑇 (𝑥)𝜑(𝑥) 𝑑𝑥. (4)

We denote by 𝑇 (Φ) the totality of all generalized functions acting in the space
Φ(𝑠, 𝑘, 𝑘𝑝, 𝑧𝑝, 𝑧𝑝

𝑝) (1). The Fourier transform of the function 𝑓(𝑥) will be denoted
briefly by ̃𝑓(𝑥).
Following Schwartz’s method (1), as the basis for defining the Fourier transform
for any generalized function we set the equality
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( ̃𝑇 , 𝜑̃) = (𝑇 (𝑥), 𝜑(−𝑥)). (5)

The functional defined by this formula acts in the space Φ̃, dual with respect to
Φ.

If the Fourier transform acts in the space Φ of basic functions 𝜑(𝑥), then on the
basis of (5) we have

(𝑇 (𝑥 + 𝜂), 𝜑(−𝑥)) = (𝑇 (𝑥), 𝜑(−𝑥 + 𝜂)) =

= ( ̃𝑇 (𝑠), 𝑒2𝜋𝑖𝜂𝑠𝜑̃(𝑠)) = (𝑒2𝜋𝑖𝜂𝑠 ̃𝑇 (𝑠), 𝜑̃(𝑠)). (6)

§ 3. Let us now consider the integral equation (1), which can be rewritten in
the following form:

𝑢(𝑦, 𝑡) − 𝜆 ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝐾(𝜂, 𝑡 − 𝜏)𝑢(𝜂 + 𝑦, 𝜏) 𝑑𝜂 = 𝑓(𝑦, 𝑡). (1’)

Multiplying (1′) by 𝜑(−𝑦) and integrating from −∞ to +∞, we obtain

(𝑢(𝑦, 𝑡), 𝜑(−𝑦))−𝜆 ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝐾(𝜂, 𝑡−𝜏)(𝑢(𝜂+𝑦, 𝜏)𝜑(−𝑦)) 𝑑𝜂 = (𝑓(𝑦, 𝑡), 𝜑(−𝑦)).

Applying formulas (5) and (6), we have:

(𝑢̃(𝑠, 𝑡), 𝜑̃(𝑠)) − 𝜆 ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝐾(𝜂, 𝑡 − 𝜏)(𝑒2𝜋𝑖𝑠𝜂𝑢̃(𝑠, 𝜏), 𝜑̃(𝑠)) 𝑑𝜂 = ( ̃𝑓(𝑠, 𝑡), 𝜑̃(𝑠))

or

(𝑢̃(𝑠, 𝑡) − 𝜆 ∫
𝑡

0
{∫

+∞

−∞
𝐾(𝜂, 𝑡 − 𝜏)𝑒2𝜋𝑖𝑠𝜂 𝑑𝜂} 𝑢̃(𝑠, 𝜏) 𝑑𝜏 − ̃𝑓(𝑠, 𝑡), 𝜑̃(𝑠)) = 0.

Thus, in the space 𝑇 (Φ̃) the following equation acts:

𝑢̃(𝑠, 𝑡) − 𝜆 ∫
𝑡

0
𝐾0(𝑠, 𝑡 − 𝜏)𝑢̃(𝑠, 𝜏) 𝑑𝜏 = ̃𝑓(𝑠, 𝑡), (7)
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where

𝐾0(𝑠, 𝑡 − 𝜏) = ∫
+∞

−∞
𝐾(𝜂, 𝑡 − 𝜏)𝑒2𝜋𝑖𝑠𝜂 𝑑𝜂 =

= 16𝜋3/2𝑠2 ∫
∞

0
𝜌(𝑧)𝑎3(𝑧)𝑒−4𝜋2𝑠2𝑎2(𝑧)(𝑡−𝜏) 𝑑𝑧. (8)

The problem of uniqueness of the solution of equation (1) and of equation (7)
is equivalent by virtue of the isomorphism between the spaces 𝑇 (Φ) and 𝑇 (Φ̃).
Let us consider equation (7) first from the classical point of view. Applying the
operational method, we find the solution in closed form:

𝑢̃(𝑠, 𝑡) = ̃𝑓(𝑠, 𝑡) + 𝜆 ∫
𝑡

0
Γ(𝑠, 𝑡 − 𝜏) ̃𝑓(𝑠, 𝜏) 𝑑𝜏, (9)

where

Γ(𝑠, 𝑡 − 𝜏) = 8𝜋7/2(|𝜈| − 𝜈)
(𝜈2 − 1)(𝑎2

1𝜈2 − 𝑎2
2) 𝑠2 exp[−4𝜋2𝑑0𝑠2(𝑡 − 𝜏)]+

+16𝑎3
2𝜋5/2(𝜈 + 1)2 ∫

∞

0

𝑧2𝑠2 exp[−4𝜋2𝑎2(𝑧)𝑠2(𝑡 − 𝜏)]
(𝑧2 + 𝑎2

2)2(𝜈2𝑧2 + 𝑎2
2) 𝑑𝑧 ∗; (10)

𝑑0 = (𝑎2
1𝜈2 − 𝑎2

2)/(𝜈2 − 1), 𝜈 = (𝑎2
1 − 𝑎2

2)/2𝜋3/2𝜆 − 1. (11)

*

• This formula has meaning if 𝜈 ≠ ±1, 𝜈 ≠ ±𝑎2/𝑎1. If 𝜈 =
1; 𝑎2/𝑎1; −𝑎2/𝑎1, then the existing formulas can be obtained by a
limiting passage. If, however, 𝜈 = −1, then 𝜆 = ∞. Therefore the last
case is excluded.

For the existence of the integral (9) we require that the function 𝑡𝜎 ̃𝑓(𝑠, 𝑡), for
0 ≤ 𝜎 < 1, be bounded for fixed 𝑠.
It is easily verified that the resolvent (10) satisfies the equations

Γ(𝑠, 𝑡 − 𝜏) = 𝐾0(𝑠, 𝑡 − 𝜏) + 𝜆 ∫
𝑡

𝜏
Γ(𝑠, 𝑡 − 𝑡1)𝐾0(𝑠, 𝑡1 − 𝜏) 𝑑𝑡1, (12)

Γ(𝑠, 𝑡 − 𝜏) = 𝐾0(𝑠, 𝑡 − 𝜏) + 𝜆 ∫
𝑡

𝜏
𝐾0(𝑠, 𝑡 − 𝑡1)Γ(𝑠, 𝑡1 − 𝜏) 𝑑𝑡1. (13)

sovietrxiv.org/items/ru-195701.54757 Machine Translation

https://sovietrxiv.org/items/ru-195701.54757


From (8) and (10) we see that 𝐾0(𝑠, 𝑡 − 𝜏) and Γ(𝑠, 𝑡 − 𝜏) are entire functions
with respect to 𝑠, and the order of their growth is equal to 2. Therefore the
functions 𝐾0(𝑠, 𝑡 − 𝜏) and Γ(𝑠, 𝑡 − 𝜏) are multipliers in the space 𝑍𝑟

𝑟 for 𝑟 > 2
[1].

If ̃𝑓(𝑠, 𝑡) is a generalized function acting in the space 𝑍𝑟′
𝑟 (𝑟 > 2), then the

generalized function 𝑢̃(𝑠, 𝑡), defined by formula (9), acts in 𝑍𝑟′
𝑟 . Therefore,

carrying out the usual computations with the aid of equalities (12) and (13),
one can prove that 𝑢̃(𝑠, 𝑡) satisfies equation (7).

For the uniqueness theorem for the solution of equation (7) we can prove that
the equation

𝑢̃(𝑠, 𝑡) − 𝜆 ∫
𝑡

0
𝐾0(𝑠, 𝑡 − 𝜏)𝑢̃(𝑠, 𝜏) 𝑑𝜏 = 0, (7’)

has only the zero solution acting in 𝑍𝑟
𝑟 . If 𝑟 > 2, then the class Φ of basic func-

tions corresponding to the problem of existence and uniqueness of the solution
is dual to the class 𝑍𝑟

𝑟 , i.e. 𝑍𝑟′
𝑟′ , where 1/𝑟′ + 1/𝑟 = 1. As functionals on the

space 𝑍𝑟′
𝑟′ , in particular, all ordinary functions 𝑓(𝑥) satisfying the inequality

|𝑓(𝑥)| ≤ 𝑐1𝑒𝑐|𝑥|𝑟′−𝛿 , (14)

serve, where 𝛿 is an arbitrary positive number.

Let us note that the numbers 𝑟 and 𝑟′ can be taken arbitrarily close to the
number 2; therefore the difference 𝑟′ − 𝛿 can be denoted by 2 − 𝜀, where 𝜀 is an
arbitrarily small positive number. Thus we arrive at the following theorem.

Theorem 1. If the function 𝑓(𝑦, 𝑡) satisfies the inequality

|𝑡𝜎𝑓(𝑦, 𝑡)| ≤ 𝑐1𝑒𝑐|𝑦|2−𝜀 , 𝜀 > 0, 0 ≤ 𝜎 < 1, (15)

then the solution of equation (1) exists in the class of generalized functions
𝑢(𝑦, 𝑡) for which, for every 𝑡 > 0, the generalized function 𝑡𝜎𝑢(𝑦, 𝑡) belongs to
the space 𝑇 (𝑍 2−𝛿

2−𝛿 ), 𝛿 > 0, and this solution is unique.

If for the equation under consideration 𝜈 ≥ 0 or 𝑑0 ≥ 0, i.e. 𝜆 ≤ 𝑎1(𝑎1 +
𝑎2)/2𝜋1/2, then from (10) we see that

|Γ(𝑠, 𝑡 − 𝜏)| ≤ 𝑐1|𝑠|2𝑒𝑐|𝜇|2 ,

where 𝜇 is the imaginary part of 𝑠. In this case the integral equation (1)—(7)
will be called regular.

For such an equation (1)—(7), instead of the space 𝑍𝑟
𝑟 one can use the more

elementary space 𝑍2, where the resolvent Γ(𝑠, 𝑡 − 𝜏) and 𝐾0(𝑠, 𝑡 − 𝜏) are also
multipliers. The space dual to it will be 𝐾2. As functionals on 𝐾2 all functions
𝑓(𝑥) satisfying the inequality

|𝑓(𝑥)| ≤ 𝑐𝑒𝑐|𝑥|2
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are admitted.

Thus we arrive at the following theorem.

Theorem 2. If 𝑓(𝑦, 𝑡) satisfies the inequality

∣𝑡𝛿𝑓(𝑦, 𝑡)∣ ≤ 𝑐1𝑒𝑐|𝑦|2 , (16)

then, for 𝜆 ≤ 𝑎1(𝑎1 + 𝑎2)/2𝜋3/2, equation (1) has a unique solution in the class
of generalized functions 𝑢(𝑦, 𝑡) for which the functions 𝑡𝛿𝑢(𝑦, 𝑡) belong to 𝑇 (𝐾2).
We shall now prove that if

𝜆 < 𝑎1(𝑎1 + 𝑎2)/2𝜋3/2, (17)

then, under additional conditions, besides (15) or (16), the solution of equation
(1) exists in the class of ordinary functions.

For this purpose let us consider the integral equation (1) when 𝑡𝛿𝑓(𝑦, 𝑡) belongs
to 𝑠 with respect to the first argument. In this case, applying the ordinary
Fourier transform to equation (1), we obtain equation (7). The solution of this
equation is expressed by formula (9). It is easy to see that under condition (17)
𝜈 ≥ 0 or 𝑑0 = 𝑏2 > 0. To find the solution of equation (1), we apply the inverse
Fourier transform to (9). In doing so, to the product Γ(𝑠, 𝑡 − 𝜏)𝐹(𝑠, 𝜏) we apply
the convolution formula. Thus we finally obtain the solution of equation (1) in
the form

𝑢(𝑦, 𝑡) = 𝜆 ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝑅(𝑦 − 𝜂, 𝑡 − 𝜏)𝑓(𝜂, 𝜏) 𝑑𝜂 + 𝑓(𝑦, 𝑡), (18)

where

𝑅(𝑦 − 𝜂, 𝑡 − 𝜏) = 𝜋
2

(|𝜈| − 𝜈)
𝑏3(𝜈 − 1)2(𝑡 − 𝜏)3/2 [1 − (𝑦 − 𝜂)2

2𝑏2(𝑡 − 𝜏)] exp [− (𝑦 − 𝜂)2

4𝑏2(𝑡 − 𝜏)]

+ (𝜈 + 1)2

(𝑡 − 𝜏)3/2 ∫
∞

0

𝑧2

(𝑧2 + 𝑎2
1)3/2(𝑧2 + 𝑎2

2)1/2(𝜈2𝑧2 + 𝑎2
2)

× [1 − (𝑦 − 𝜂)2

2𝑎2(𝑧)(𝑡 − 𝜏)] exp [− (𝑦 − 𝜂)2

4𝑎2(𝑧)(𝑡 − 𝜏)] 𝑑𝑧.
(19)

It is easy to verify that 𝑅(𝑦 − 𝜂, 𝑡 − 𝜏) satisfies the resolvent equations.

The class of functions 𝑓(𝑦, 𝑡) satisfying the inequalities

𝑡𝜎|𝑓(𝑦, 𝑡)| ≤ 𝑐1𝑒𝑐|𝑦|𝑝 , (20)
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𝑡𝜎|𝑓(𝑦1, 𝑡) − 𝑓(𝑦2, 𝑡)| ≤ 𝑐3𝑒𝑐2 ̄𝑦 𝑝 |𝑦1 − 𝑦2|𝛼 (0 < 𝛼 ≤ 1),

where ̄𝑦 = max(|𝑦1|, |𝑦2|), will be denoted by 𝐻𝑝.

It is obvious that for any function 𝑓(𝑦, 𝑡) ∈ 𝐻𝑝 with 𝑝 < 2 the integral in (19)
exists, while for 𝑝 = 2 it exists for small values of 𝑡.
By direct verification one can establish that the function 𝑢(𝑦, 𝑡) defined by for-
mula (18) satisfies the integral equation (1), if 𝑓(𝑦, 𝑡) ∈ 𝐻𝑝 (𝑝 ≤ 2).
One can give an example where, for 𝜆 ≥ 𝑎1(𝑎1 +𝑎2)/2𝜋3/2, the solution of (1) is
not an ordinary function, despite the fact that 𝑓𝑡(𝑦, 𝑡) ∈ 𝐻𝑝 (𝑝 ≤ 2). All these
results lead us to the following theorem.

Theorem 3. In order that the solution of equation (1), for 𝑓(𝑦, 𝑡) ∈ 𝐻𝑝 (𝑝 ≤ 2),
be an ordinary function, it is necessary and sufficient that 𝜆 satisfy inequality
(17).
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