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Abstract
Full Text
MATHEMATICS

A. V. BITSADZE

ON ELLIPTIC SYSTEMS OF SECOND-
ORDER PARTIAL DIFFERENTIAL EQUA-
TIONS
(Presented by Academician M. A. Lavrent’ev on 24 IX 1956)

Let there be given an elliptic system of linear partial differential equations

𝐴𝑢𝑥𝑥 + 2𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐴1𝑢𝑥 + 𝐵1𝑢𝑦 + 𝐶1𝑢 = 0, (1)

where 𝐴, 𝐵, 𝐶, 𝐴1, 𝐵1, 𝐶1 are given continuous real square matrices of order 𝑛
in some domain 𝐷1 of the variables 𝑥, 𝑦, and 𝑢 = (𝑢1, 𝑢2, … , 𝑢𝑛) is the vector
sought.

If the coefficients of the principal part of system (1) in the domain 𝐷1 sat-
isfy the condition of positive definiteness of the quadratic form—the Somigliana
condition (1):

𝜂𝐴𝜂 + 𝜂𝐵𝜉 + 𝜉𝐵𝜂 + 𝜉𝐶𝜉 ≥ 0 ∗, (2)

where 𝜂 = (𝜂1, 𝜂2, … , 𝜂𝑛), 𝜉 = (𝜉1, 𝜉2, … , 𝜉𝑛), then for the Dirichlet problem—to
find, in a finite simply connected domain 𝐷 ⊂ 𝐷1, a solution 𝑢(𝑥, 𝑦) of system
(1), taking prescribed continuous values 𝑓 on the boundary Γ—in the case of
sufficient smoothness of Γ and of the coefficients of this system, the following
Fredholm alternative holds.

Fredholm alternative. The nonhomogeneous problem is always solvable if the
corresponding homogeneous problem has only the trivial solution (2,4)∗∗.

This alternative indicates the importance of conditions sufficient for the homo-
geneous Dirichlet problem to have only the trivial solution.

For a system of the form

𝐿𝑢 = (𝐴𝑢𝑥 + 𝐵𝑢𝑦)𝑥 + (𝐵𝑢𝑥 + 𝐶𝑢𝑦)𝑦 + 𝐴1𝑢𝑥 + 𝐵1𝑢𝑦 + 𝐶1𝑢 = 0 (3)

in the case when 𝐴1 and 𝐵1 are symmetric and (2) is satisfied, one such condition
is easily established.
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Indeed, applying Green–Ostrogradsky’s formula (it is assumed that the con-
tour Γ, the coefficients of system (3), and the vector sought 𝑢(𝑥, 𝑦) satisfy the
conditions ensuring the applicability of this formula), and taking into account
that 𝑢 is a solution of the homogeneous problem, from the identity

(𝑢𝐴𝑢𝑥 + 𝑢𝐵𝑢𝑦 + 1
2 𝑢𝐴1𝑢)𝑥 + (𝑢𝐵𝑢𝑥 + 𝑢𝐶𝑢𝑦 + 1

2 𝑢𝐵1𝑢)𝑦 =

= 𝑢𝐿𝑢 + 𝑢𝑥𝐴𝑢𝑥 + 𝑢𝑥𝐵𝑢𝑦 + 𝑢𝑦𝐵𝑢𝑥 + 𝑢𝑦𝐶𝑢𝑦 + 1
2 𝑢(𝐴1𝑥 + 𝐵1𝑦 − 2𝐶1)𝑢

∗ The scalar product of two vectors 𝑢(𝑢1, 𝑢2, … , 𝑢𝑛), 𝑣 = (𝑣1, 𝑣2, … , 𝑣𝑛)

is understood to be the sum

𝑛
∑
𝑖=1

𝑢𝑖𝑣𝑖.

∗ ∗ In (2) this alternative is established under the assumption that 𝐴 = 𝐶 = 𝐸

is the identity diagonal matrix, 𝐵 = 0, and the remaining coefficients are ana-
lytic functions of their arguments (see also (3)).
we shall have

∬
𝐷

[𝑢𝑥𝐴𝑢𝑥 + 𝑢𝑥𝐵𝑢𝑦 + 𝑢𝑦𝐵𝑢𝑥 + 𝑢𝑦𝐶𝑢𝑦+

+1
2𝑢 (𝐴1𝑥 + 𝐵1𝑦 − 2𝐶1) 𝑢] 𝑑𝑥 𝑑𝑦 = 0. (4)

Assuming now that the condition

𝜂(𝐴1𝑥 + 𝐵1𝑦 − 2𝐶1)𝜂 ⩾ 0, (𝑥, 𝑦) ∈ 𝐷 (5)

is satisfied,* we obtain, by virtue of (2) and (4), 𝑢(𝑥, 𝑦) = 0.
In the case when 𝐴1 = 𝐵1 = 0, condition Pini (5) follows from (5). We note
that condition (5) is directly generalized to systems of the form (3) in the case
of many independent variables.

In [5] it is proved that, if the matrix −𝐶1 is positive definite, then the length
𝑅 = (𝑢2

1 + 𝑢2
2 + ⋯ + 𝑢2

𝑛)1/2 of a vector 𝑢, regular in the domain 𝐷, which is a
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solution of the system (3) for 𝐴 = 𝐶 = 𝐸, 𝐵 = 𝐴1 = 𝐵1 = 0, cannot have
a maximum in the interior of the domain 𝐷. This assertion is easily found,
under positive definiteness of −𝐶1, also in the case when 𝐴 = 𝛼(𝑥, 𝑦)𝐸, 𝐵 =
0, 𝐶 = 𝛽(𝑥, 𝑦)𝐸, 𝐴1 = 𝛼1(𝑥, 𝑦)𝐸, 𝐵1 = 𝛽1(𝑥, 𝑦)𝐸, where 𝛼, 𝛽, 𝛼1, 𝛽1 are given
functions (scalar quantities), with 𝛼 > 0, 𝛽 > 0.
Indeed, suppose that 𝑅(𝑥, 𝑦) has a maximum at an interior point (𝑥, 𝑦) of the
domain 𝐷. On the one hand, at this point we must have

𝑅𝑥 = 𝑅𝑦 = 0, (6)

𝛼𝑅𝑥𝑥 + 𝛽𝑅𝑦𝑦 ⩽ 0. (7)

But, on the other hand, by virtue of (3), (6), and the positive definiteness of
the matrix −𝐶1, the inequality

𝛼𝑅𝑥𝑥 + 𝛽𝑅𝑦𝑦 = (−𝑢𝐶1𝑢 + 𝛼𝑢2
𝑥 + 𝛽𝑢2

𝑦)/𝑅 > 0

holds, which contradicts condition (7). This fact, obviously, also holds in the
case of many independent variables for the corresponding equation.

A simple example of an elliptic system

𝑢1𝑥𝑥 − 𝑢1𝑦𝑦 − 2𝑢2𝑦𝑦 = 0, 2𝑢1𝑥𝑥 + 𝑢2𝑥𝑥 − 𝑢2𝑦𝑦 = 0

shows that, although condition (2) (or, as it is also called, the condition of
strong ellipticity) is not satisfied, nevertheless the Dirichlet problem always has
a solution, and moreover a unique one.

On the other hand, for the elliptic system considered in [6]

𝑢1𝑥𝑥 − 𝑢1𝑦𝑦 − 2𝑢2𝑥𝑦 = 0, 2𝑢1𝑥𝑦 + 𝑢2𝑥𝑥 − 𝑢2𝑦𝑦 = 0,

which is also not strongly elliptic, the Dirichlet problem is, in general, impossible.
Indeed, let 𝐷 be the circular domain |𝑧| < 1 of the plane

* Condition (5) in the case when 𝐴 = 𝐶 = 𝐸, 𝐵 = 0, appears in our paper [7].
In the same paper it is shown that conditions (5) and

𝜂(𝐺𝑠 − 2𝐻 + 𝐴1 cos(𝑁, 𝑥) + 𝐵1 cos(𝑁, 𝑦))𝜂 ⩾ 0, (𝑥, 𝑦) ∈ Γ

are sufficient for the uniqueness of the solution of the more general problem with
boundary condition
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𝑑𝑢
𝑑𝑁 + 𝐺𝑑𝑢

𝑑𝑠 + 𝐻𝑢 = 𝑓,

where 𝑁 is the inward normal, and 𝐺 and 𝐻 are prescribed continuous matrices,
with 𝐺 diagonal.

of the complex variable 𝑧 = 𝑥 + 𝑖𝑦, on whose boundary Γ the values 𝑢1 =
𝑓1, 𝑢2 = 𝑓2 are prescribed. Since all regular solutions of this system are rep-
resented in the form 𝑢1 + 𝑖𝑢2 = 𝑧𝜑(𝑧) + 𝜓( ̄𝑧), where 𝜑 and 𝜓 are arbitrary
holomorphic functions of the variable 𝑧, and ̄𝑧 = 𝑥−𝑖𝑦, it is clear from this that,
for the solvability of the Dirichlet problem, it is necessary that 𝑡𝑓 = (𝑓1 + 𝑖𝑓2)𝑡
be the boundary value of a function holomorphic inside the domain 𝐷. If this
condition is satisfied, then the solution of the problem will have the form

𝑢1 + 𝑖𝑢2 = (1 − 𝑧 ̄𝑧)𝜓( ̄𝑧) + ̄𝑧
2𝜋𝑖 ∫

Γ

𝑡𝑓(𝑡) 𝑑𝑡
𝑡 − 𝑧 ,

where 𝜓 is an arbitrary holomorphic function.

At first glance it may seem strange that, for the system just considered, the
boundary problem 𝑢1 = 𝑓1, 𝑢1𝑥 −𝑢2𝑦 = 𝑓2 is always possible, and moreover the
homogeneous problem admits the solution 𝑢1 = 0, 𝑢2 = 𝑎𝑥 + 𝑏.
Let us give another curious example of a second-order system

𝑥Δ𝑢1 + 𝑦Δ𝑢2 − 2(𝑢1𝑥 + 𝑢2𝑦) = 0, 𝑦Δ𝑢1 − 𝑥Δ𝑢2 + 2(𝑢2𝑥 − 𝑢1𝑦) = 0,

elliptic everywhere except at the point 𝑧 = 0 (at this point a degeneracy of order
takes place), and possessing the following property: in any circular domain for
which 𝑧 = 0 is not an interior point, the Dirichlet problem always has a (and,
moreover, unique) solution, while if 𝑧 = 0 is an interior point of the circle,
then although uniqueness does not hold, this problem is always solvable. For
example, in the disk |𝑧| < 1, the solution of the Dirichlet problem 𝑢1 + 𝑖𝑢2 = 𝑓
(on Γ) is given by the formula

𝑢1 + 𝑖𝑢2 = 𝛼(1 − 𝑧 ̄𝑧) + 𝑧 ̄𝑧
2𝜋𝑖 ∫

Γ

𝑓 𝑑𝑡
𝑡 − 𝑧 − 1

2𝜋𝑖 ∫
Γ

𝑓 𝑑𝑡
𝑡 − 1

2𝜋𝑖 ∫
Γ

̄𝑓 𝑑𝑡
𝑡 − 𝑧 ,

where 𝛼 is an arbitrary constant.

Suppose now that there is an elliptic system

𝐴𝑢𝑥𝑥 + 2𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 = 0 (8)
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with constant coefficients. Let 𝛼1, 𝛼2, … , 𝛼𝜇; ̄𝛼1, ̄𝛼2, … , ̄𝛼𝜇 denote the roots of
the characteristic equation det|𝐴 + 2𝐵𝜆 + 𝐶𝜆2| = 0, and 𝑘1, 𝑘2, … , 𝑘𝜇 their
multiplicities, respectively.

All regular solutions of system (8) can be represented in the form

𝑢 = Re
𝑝

∑
𝑗=1

𝑘𝑗

∑
𝑙=1

𝑙−1
∑
𝑚=0

𝐶(𝑗)
𝑙𝑚 ̄𝑧 𝑚

𝑗 𝜑(𝑚)
𝑗𝑙 (𝑧𝑗), (9)

where the 𝜑𝑗𝑙 are arbitrary holomorphic functions of the complex variables 𝑧𝑗 =
𝑥 + 𝛼𝑗𝑦, respectively; the upper index 𝑚 of the functions 𝜑𝑗𝑙 indicates the order
of differentiation with respect to 𝑧𝑗, while the 𝐶(𝑗)

𝑙𝑚 are completely determined
constant vectors, which are expressed solely through the coefficients of system
(8), and, moreover, for finding 𝐶(𝑗)

𝑙𝑚 it is necessary to solve systems of linear
algebraic equations.

Formula (9) makes it possible to reduce the investigation of any linear boundary-
value problem (Dirichlet, Poincaré, etc.) to an equivalent boundary-value prob-
lem in the theory of holomorphic functions.

It is clear from this that, for the boundary-value problems mentioned, one could
not, in general, expect alternatives of Fredholm type or of Noether type to hold.

In the case where the characteristic equation has 𝑛-fold roots 𝛼1, ̄𝛼1, the inves-
tigation of these problems is considerably simplified.

We note that, using formula (9), one can explicitly construct singular solutions of
system (8). For this it suffices to replace the functions 𝜑𝑙𝑚 by analytic functions
with the required singularity.

V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR

Received
24 IX 1956
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