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Abstract
Full Text

MATHEMATICS
Yu. I. LYUBICH

SOME TAUBERIAN THEOREMS FOR GEN-
ERALIZED FOURIER TRANSFORMS
(Presented by Academician S. N. Bernstein, 5 X 1956)

Let 𝑉𝑛 (𝑛 ≥ 0) denote the class of complex-valued functions 𝛼(𝜆) of bounded
variation on every finite interval, satisfying the condition

𝛼∗
𝑛(𝜆) ≡ lim

|𝑎|→∞
|𝑎|−𝑛

𝑎+𝜆
Var

𝑎
{𝛼(𝜇)} < ∞. (1)

Every function 𝛼(𝜆) ∈ 𝑉𝑛 has a Bochner–Stieltjes transform of order ∗[𝑛 + 2]

𝐸[𝑛+2](𝑥; 𝛼) = ∫
−∞

∞
(𝑖𝜆)−[𝑛+2]

⎧{
⎨{⎩

𝑒𝑖𝜆𝑥 − 𝜒−1,1(𝜆)
[𝑛+1]
∑
𝜈=0

(𝑖𝜆𝑥)𝜈

𝜈!
⎫}
⎬}⎭

𝑑𝛼(𝜆),

where 𝜒𝑎,𝑏(𝜆) is the characteristic function of the interval [𝑎, 𝑏].
The differential properties of the function 𝐸[𝑛+2](𝑥; 𝛼) are evidently determined
by the behavior of the function 𝛼(𝜆) for large |𝜆|. For example, if as |𝜆| → ∞ one
has 𝛼(𝜆) = 𝜆𝑛+1 + 𝑂(|𝜆|𝑛−1−𝜀) (𝜀 > 0), then the function 𝐸[𝑛+2](𝑥; 𝛼) possesses
an absolutely continuous derivative of any order ∗∗ less than [𝑛 + 1] − 𝑛.
More difficult is the question of what additional conclusions (in comparison with
(1)) about the behavior of the function 𝛼(𝜆) as |𝜆| → ∞ can be drawn if it is
known that the function 𝐸[𝑛+2](𝑥; 𝛼) possesses certain differential properties on
the whole axis or on some finite interval. This question, in connection with the
investigation of the asymptotic properties of spectral functions of differential
operators, was considered in a number of works by B. M. Levitan (1−3) and V.
A. Marchenko (4). The present note is also devoted to it.

The study of the function 𝛼(𝜆) as |𝜆| → ∞, in essence, consists in the study of
the integral

∫
∞

−∞
𝑑𝛼(𝜆). (2)
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Since the integral (2), generally speaking, is divergent, one has to apply to it
one or another summation method, i.e., instead of (2) investigate, as 𝑁 → 0,
the asymptotics of the convergent integral

∫
∞

−∞
𝑇 (𝑁, 𝜆) 𝑑𝛼(𝜆) (𝑁 > 0), (3)

∗ [𝑥] is the integer part of the number 𝑥.
∗∗ Concerning the definition of derivatives of fractional orders, see, for example,
(5), pp. 221–223.
formed by means of some kernel 𝑇 (𝑁, 𝜆). The kernel may be taken, for example,
to be (1 − 𝑁2𝜆2)𝑘𝜒−𝑀,𝑀(𝜆) (𝑘 ⩾ 0; 𝑀 = 𝑁−1).
If in some interval (−ℎ, ℎ) the function 𝐸[𝑛+2](𝑥; 𝛼) is a polynomial of degree
not higher than [𝑛 + 1], then, as B. M. Levitan showed (3), as 𝑁 → 0,

∫
𝑀

−𝑀
(1 − 𝑁2𝜆2)𝑘 𝑑𝛼(𝜆) = 𝑂(𝑁𝑘−𝑛). (4)

Consequently, for 𝑘 > 𝑛 there exists a limit∗ of the integral (4), which, generally
speaking, is not true for 𝑘 < 𝑛. In this sense the value 𝑘 = 𝑛 is critical. The
critical value singles out, from the scale of one-type summability methods, the
method most precisely corresponding to the given rate of divergence of the
integral (2).

The question arises whether, for kernels 𝑇 (𝑁, 𝜆) of general form, one cannot
introduce a parameter with respect to which it would make sense to speak of a
critical value.

If the number 𝑛 is an integer, then, as follows from the work of V. A. Marchenko
(4), such a parameter is the maximal number 𝑘 of derivatives of the kernel with
respect to 𝜆, the last of which has bounded variation, and the critical value
will∗∗ still be 𝑘 = 𝑛. Therefore, in passing to nonintegral 𝑛, it is natural to
introduce into consideration derivatives of fractional order of the kernel. At the
same time one has to take into account derivatives of fractional order of the
function 𝐸[𝑛+2](𝑥; 𝛼).
The results obtained by the author are a generalization of Theorems 4.1, 4.2
(4) to the case of nonintegral 𝑛, 𝑘. The difficulties arising here are due to the
nonlocal character of the operation of differentiation of nonintegral order and
to its asymmetry with respect to the change of sign of the argument.

For simplicity of formulation we shall restrict ourselves to kernels of the form

𝑇 (𝑁, 𝜆) = 𝑇 (𝑁𝜆), (5)
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where 𝑇 (𝜆) is a finite function. For definiteness let 𝑇 (𝜆) = 0 for |𝜆| ⩾ 1.
We shall say that a function 𝑓(𝑥), summable on a finite interval [𝑎, 𝑏], belongs
to the class 𝐷𝑠(𝑎, 𝑏) (𝑠 ⩾ 0), if for 𝑠 ⩾ 1 the function 𝑓(𝑥) has on [𝑎, 𝑏] an
absolutely continuous derivative of order [𝑠 − 1] and if the function

𝐼(𝑥; 𝑓) = 1
Γ([𝑠 + 1] − 𝑠) ∫

𝑥

−∞
(𝑥 − 𝑡)[𝑠]−𝑠𝜒𝑎,𝑏(𝑡)𝑓 ([𝑠])(𝑡) 𝑑𝑡

is absolutely continuous. In this case the summable function 𝑓 (𝑠)(𝑥) = 𝐼′(𝑥; 𝑓)
will be called the derivative of order 𝑠 of 𝑓(𝑥).
Assume that:

A. 𝑇 (𝜆) is a function of bounded variation, belonging, together with the function
𝑇 (−𝜆), to some class 𝐷𝑘(−𝜆0, 0) (𝜆0 > 1), and is continuous for 𝑘 > 0.
B. 𝑇 (𝑘)(𝜆), {𝑇 (−𝜆)}(𝑘) are functions of bounded variation (𝜆 ⩽ 0).
C. The function 𝑇 (𝜆) is continuous and [𝑘] times differentiable at the point
𝜆 = 0.
Theorem 1. Let the function 𝐸[𝑛+2](𝑥; 𝛼) belong to some class 𝐷𝑝(−ℎ, ℎ)
([𝑛 + 2] − 𝑛 ⩽ 𝑝 ⩽ [𝑛 + 2]). Put

𝑚 = [𝑛 + 2] − 𝑝, 𝐺(𝑥) = 𝐸(𝑝)
[𝑛+2](𝑥; 𝛼)𝜒−ℎ,ℎ(𝑥).

∗ The equality of this limit to zero is immaterial here.
∗∗ At least for kernels of the form (5).

Then

lim
𝑁→0

𝑁 𝑛−𝑘 ∣∫
∞

−∞
𝑇 (𝑁𝜆) 𝑑𝛼(𝜆) − 1

2𝜋 ∫
∞

−∞
𝑇 (𝑁𝜆)(𝑖𝜆)𝑚𝐸𝐺(𝜆) 𝑑𝜆∣ ≤

≤ 𝐶(1 + 𝑘)5𝑣𝑛,𝑘ℎ−𝑘𝛼∗
𝑛( 1

ℎ) , (6)

where 𝐸𝐺(𝜆) is the Fourier transform of the function 𝐺(𝑥); 𝐶 is an absolute
constant;

𝑣𝑛,𝑘 = ∫
0

−∞
|𝜆|𝑛 (|𝑑𝑇 (𝑘)(𝜆)| + ∣𝑑𝜆{𝑇 (−𝜆)}(𝑘)∣) .

The following propositions make it possible to give estimate (6) a simpler form.

Theorem 2. If 𝑚 + 𝑘 + 1 > 𝑛 and
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∫
ℎ

−ℎ
|𝑥|−(𝑚+𝑘+1−𝑛)|𝐺(𝑥)| 𝑑𝑥 < ∞,

then, as 𝑁 → 0,

𝑍(𝑁) = 1
2𝜋 ∫

∞

−∞
𝑇 (𝑁𝜆)(𝑖𝜆)𝑚𝐸𝐺(𝜆) 𝑑𝜆 =

=
[𝑘−𝑛]
∑
𝜈=0

𝑇 (𝜈)(0)(−𝑖𝑁)𝜈

𝜈! Γ(−𝑚 − 𝜈) ∫
0

−ℎ

𝐺(𝑥) 𝑑𝑥
|𝑥|𝑚+𝜈+1 + 𝑜(𝑁𝑘−𝑛) ∗ .

If, however, 𝑚 + 𝑘 + 1 ≤ 𝑛, then

𝑍(𝑁) = 𝑜(𝑁𝑘−𝑛).

Theorem 3. Suppose that in some interval [−𝜀, 𝜀] the function 𝐺(𝑥) is contin-
uous and belongs to the class 𝐷𝑘(−𝜀, 𝜀). If the Fourier series of the function
𝐺(𝑘)(𝑥) converges, together with the conjugate trigonometric series, at the point
𝑥 = 0, then, as 𝑁 → 0,

𝑍(𝑁) =
[𝑘−𝑛]
∑
𝜈=0

𝑇 (𝜈)(0)(−𝑖𝑁)𝜈

𝜈! 𝐺(𝑚+𝜈)(0) + 𝑜(𝑁𝑘−𝑛),

where 𝐺(𝑚+𝜈)(0) is ** the sum of the Fourier series of the function

− 𝑑[𝑚+𝜈+1]

𝑑𝑥[𝑚+𝜈+1]
1

Γ([𝑚 + 1] − 𝑚) ∫
𝑥

−ℎ
(𝑥 − 𝑡)[𝑚]−𝑚𝐺(𝑡) 𝑑𝑡

at the point 𝑥 = 0.
In the proofs of Theorems 1 and 2 an essential role is played by the asymptotic
expansion of the confluent hypergeometric function.

Let us give an example showing that Theorems 1–3 make it possible to detect
the critical value of the parameter 𝑘 in the case of nonintegral 𝑛.
Denote by 𝑔(𝑥) (−𝜋 < 𝑥 < 𝜋) the summable function equal to zero on the inter-
vals (−𝜋, 𝜋/4), (𝜋/2, 𝜋), and equal to ∑∞

𝜈=2 𝑒𝑖𝜈𝑥 ln−2 𝜈 on the interval (𝜋/4, 𝜋/2).
Further denote by 𝑎𝜈 the complex Fourier coefficients of the function 𝑔(𝑥), and
construct a step function 𝛼(𝜆) with jumps at the integer points 𝜆 = 𝜈, respec-
tively equal to (𝑖𝜈)𝑛𝑎𝜈, where 𝑛 is a fixed number (0 < 𝑛 < 1).
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* The sum on the right-hand side should be taken to be zero for 𝑘 < 𝑛.

** The existence of the quantities 𝐺(𝑚+𝜈)(0) is established along the way.

Obviously, 𝛼(𝜆) ∈ 𝑉𝑛, and 𝛼∗
𝑛(𝜆) ≡ 0. It is verified directly that 𝐸2(𝑥; 𝛼) ∈

𝐷2−𝑛(−𝜋, 𝜋) and that the function 𝐸(2−𝑛)
2 (𝑥; 𝛼) is infinitely differentiable in

the interval (−𝜋/4, 𝜋/4). Therefore, from Theorems 1 and 3 there follows the
existence of

lim
𝑁→0

∫
𝑀

−𝑀
(1 − 𝑁|𝜆|)𝑛 𝑑𝛼(𝜆) (𝑀 = 𝑁−1).

On the other hand, whatever 𝑘 may be (0 ≤ 𝑘 < 𝑛), the quantity

∫
𝑀

−𝑀
(1 − 𝑁|𝜆|)𝑘 𝑑𝛼(𝜆) = ∑

|𝜈|<𝑀
(1 − 𝑁|𝜈|)𝑘(𝑖𝜈)𝑛𝑎𝜈

has no limit as 𝑁 → 0. Otherwise, as 𝜈 → ∞, we would have had ((6), pp. 146,
132)

𝑖𝑛𝑎𝜈 + (−𝑖)𝑛𝑎−𝜈 = 𝑜(𝜈𝑘−𝑛),

which is impossible, since

𝑎𝜈 = {1/8 ln2 𝜈, (𝜈 = 2, 3, 4, …),
0, (𝜈 = 1, 0, −1, −2, …).

Kharkov Polytechnic Institute
named after V. I. Lenin

Received
5 X 1956
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