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MATHEMATICS
E. A. TROITSKAYA

APPLICATION OF THE GENERAL THEORY
OF APPROXIMATE METHODS TO THE
STUDY OF THE PROBLEM OF DETERMIN-
ING EIGENVALUES AND EIGENVECTORS

(Presented by Academician V. I. Smirnov, 5 XI 1956)

We consider two completely continuous operators: A in a linear normed space
X and A in a complete linear normed space X, connected in the following way.
In the space X there exists a subspace X , isomorphic to X. The isomorphism
is carried out by means of a linear operation ¢, which has an inverse ¢y ' and
admits an extension ¢ to the whole space X.

The following conditions are satisfied:

L. For every 7 € X, -
lpAZ — ApZ| < e|Z].

IT. For every x € X one can find 7 € X such that
Az — 2 < &, z].

In the work of L. V. Kantorovich (!) the operators K = A — Al and K =
A — Al are considered, and conditions are given whose fulfillment guarantees
the existence of the operator K1, if K~ ! exists, and a set of estimates.

Let a simple eigenvalue A\, and an eigenvector z, of the operator A be known,
as well as an eigenvector f, of the adjoint operator A*. We shall assume that
fo(xy) = 1; consequently, the pair Ay, z, is a solution of the system

Ar — Az =0,
folz)—1=0.

If we introduce the space U, whose elements are pairs

u= (f\) (r € X; X is a complex number; |ul? = |z|? + |\?),
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then this system can be written in the form of a single nonlinear functional

equation in the space U:
x Ax — Az
P = =0. 1
()= (i ) .

We normalize the eigenvector of the operator A in the following way:

foleg'z) =1.

Then to equation (1) one can put in correspondence the following equation in
the space U of elements

= (i) (z € X; ) is a complex number) :

o)) e

The space U contains the subspace

~—

isomorphic to U. The isomorphism is carried out by means of the operation
x px
(b =
()= (3)

having the inverse

()= = ()= (%)

is an extension of @ to the whole space U.

Thus, the determination of the eigenvalue \, and eigenvector z, of the operator
A is reduced to solving a nonlinear equation. In solving it one may use the
analogue, proposed by L. V. Kantorovich, of Newton’ s method for solving
functional equations [1], for which the most essential requirement is the existence
of an operation inverse to the derivative operation R—io, computed for the initial
approximation of Newton’ s method. Taking the element

all the conditions for its applicability are fulfilled.
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The derivatives of the operators I_DWO’ x, and Py - have the form:

B T\ (AT —X\T — Aoz
wrodo \ )\ ] T fo (@alj) ’
P (m) _ (Aac — AT — )\x())’

070 RA fo(@)

and it is easy to show that the latter operator has the inverse

)" () = (i) emmn)”

Here the following notation has been adopted: R is the resolvent operator R =
(A —XoI)7t, defined and bounded on the set of those = for which fy(z) = 0,
and equal to zero on the eigensubspace.

2
<IRI? + ol + 1 foll*.

The operators I_DW s and P oA are connected by conditions analogous to
070
conditions I and II:

I
’ 5 D’ 'i
H(DPI07)‘O <)\> a PSDZO’AO(D()\)

H ((pr - )\Ogox — /\gpx0> _ (/Lpf — AT — )\apzo) ‘
(Z) fo (g %)
—loaz — g < st << (7))
II. Tt is necessary to approximate, by elements of the space ﬁ, the elements
T T Ax — \x
P’ A = 0.
()= () =G )

Find #, so that |Az — Z,|| < &1|z|, and &, so that |Az, — ;| < &1|zg]- Then
for

Fo and A= —fy(z) — A\,

=
Il

I3
-
|

2| >

we have:
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A

)\J]O — )\ifl:o
0

()

<

|G 5,) - G)

A A
TOAI'O — )\701'0

= |Az — Azy — T|| < ||Az — 74| +‘

”%”2)
<eg (1 +
' [Aol?

1/2

<o\l + H

If the quantity

I?

E
qz{em L 5 (= 191 = 0T+ 15alP + ol )
0

x |25 \/HRII2 + 1£ol? + o[ < 1,

then, according to the theorems of the general theory of approximate methods
(1)C71 from the existence of (P;m)\o)’l there follows the existence of (P;xo,/\o)’l,
an

x4 2 _
(14 1+ B jo1 1051 TRP+ TR + Tl

|’(P§’Dw07/\0)*1|’ < 1— q - BO'

Let us estimate P(“i\?):

p(%’%) _ (ASD% - )‘0%’370) _ ( Asﬂﬂfo — pAx )
Ao folwgtery) —1 folwgtey) — folzo)

One can find &, € X such that

Denote % = %; Izl < (1 + |€>\1> ol
0 0

Zo

_)\0

ol

Azy Iy llzoll
)‘0

T )\0 )\O .

S &

|Apzy — @Az = |Apzy — A — Api) + ATy — AT — pAxy|

ol

Sals, (lA] + oAl + €]Z

[zl

< [e1 (1Al + oAl + &) +€lX]
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Further,

ol

| o pro—ao | < llvg ' pro—po pTol+To—aoll < (lpo P+ DIFo—oll < &1 (1+leg el |
0

Hence

2
5 [ PTo
P
PC)
The second derivative P, is bounded everywhere,

1271 < v/3/2.

It remains necessary that the condition hy = /3/2 BZn, < 1/2 be fulfilled, and
then application of the theorems of Newton’ s method (1) gives the following
result:

o]

<
Ao

- 2
{Ter(e + 1Agl + oAl + elrol]” + 201 + g el 1fol? } = 3.

Theorem 1. Let A\, be a simple eigenvalue of the operator A; x its eigenvector;
fo an eigenvector of the adjoint operator, with fy(xy) = 1.

If conditions I and II are satisfied,

ol ,
q{e+51 L 5 (2 1201 = XTI+ 1fol? + ol ) 15 ILRIZ + LA + leol? < 1

Ao (1—q)?

_ 9 1/2
x { ol + &1 (= + 1Al + o AD)]” + 20+ e )21} <

2
zo|? _
\/g 1 (e 1+ B ) 1100 PURE + 1foll + Lo )
o=1\5
2

1
2 )
then in the domain

‘< 1—/1—2h,

ho Mo

T\ (e
A Ao
the operator A has a unique eigenvalue ;\0 and a corresponding unique eigenvec-

tor T, such that fy(pglzy) = 1.
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The closeness of the solutions can be estimated in the form

(757 - Co)

Quite analogously, the second result is obtained:

[zl

Moot + e (1+ [ @5 [2]) pwlk

1—/1—2h,
< Y
< e

Theorem 2. Let )\, be a simple eigenvalue of the operator A; T, its eigen-
element; f; an eigen-element of the adjoint operator. If conditions I and II are

satisfied,
€ _ , p— = — - p— = —
r= i (198 IR s IV 1Tl + 012 + 22005 IR + 17, + 7ol ) <1,
0
1 9 — — 2
3 (196" Pros) 1@+ 7 (L4 106219, IIRE + ol + 17l ) | .
ho=\5 T x[ey + (e + er el s
then the operator A has, in the domain
717
x Yo T 1—+/1—2h, _ i
1) - (57| s =G e+ e+ alebies sl ol
0 0

a unique eigen-pair (g, Ag)-
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