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FINITE SETS AND THE SCALAR PRODUCT
(Presented by Academician M. V. Keldysh, 8 V 1957)

The scalar product is usually introduced as the sum of the products of the
components of vectors with the same names

(𝑥, 𝑥′) = 𝑥1𝑥′
1 + ⋯ + 𝑥𝑠𝑥′

𝑠.

The purpose of the present note is to show that the scalar product can be ob-
tained by a simple limiting transition, starting from finite sets. More precisely,
it will be shown that for subsets of finite sets one can introduce a notion of close-
ness that passes into the notion of scalar product when the number of elements
entering the finite set is increased. In order to formulate precise assertions, it is
necessary to introduce several definitions.

Definition 1. A partition of a finite set into nonintersecting subsets

𝑀 = 𝑚1 + 𝑚2 + ⋯ + 𝑚𝑠

is called a component.

The subsets 𝑚1, 𝑚2, … , 𝑚𝑠 are called the elements of the component.

The case of a large number of components is usually of interest, since here
limiting relations arise.

Definition 2. A grain is the intersection of several elements of different com-
ponents

𝑝 = 𝑚(1)
𝑖1

𝑚(2)
𝑖2

⋯ 𝑚(𝑁)
𝑖𝑁

.

Definition 3. Two components of a given system of components (“structure”
) are called equivalent if they consist of the same number of sets and the
corresponding grains contain the same number of elements.

For example, if the first and second components are equivalent, then the grains

𝑝 = 𝑚(1)
𝑖1

𝑚(2)
𝑖2

⋯ 𝑚(𝑁)
𝑖𝑁

and ̃𝑝 = 𝑚(1)
𝑖2

𝑚(2)
𝑖1

⋯ 𝑚(𝑁)
𝑖𝑁

,
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obtained from one another by the permutation of 𝑖1 and 𝑖2, must contain the
same number of elements for all 𝑖1, 𝑖2, … , 𝑖𝑁 .

Definition 4. The superposition (“mixture”) of two grains

𝑝 = 𝑚(1)
𝑖1

𝑚(2)
𝑖2

⋯ 𝑚(𝑁)
𝑖𝑁

and 𝑞 = 𝑚(1)
𝑘1

𝑚(2)
𝑘2

⋯ 𝑚(𝑁)
𝑘𝑁

is the grain

𝑟 = 𝑚(1)
𝑙1

𝑚(2)
𝑙2

⋯ 𝑚(𝑁)
𝑙𝑁

,

in which each of the sets 𝑚(1)
𝑙1

, 𝑚(2)
𝑙2

, … , 𝑚(𝑁)
𝑙𝑁

coincides with the corresponding
set of either the grain 𝑝 or the grain 𝑞.

One may, of course, speak of the superposition not only of two grains, but also
of a larger number of grains.

Definition 5. The measure of closeness (“scalar product”) of two grains 𝑝
and 𝑞 is the number of coinciding multipliers

(𝑝, 𝑞) = 𝛿𝑖1𝑘1
+ 𝛿𝑖2𝑘2

+ ⋯ + 𝛿𝑖𝑁𝑘𝑁
.

Let us note that the measure of closeness of two grains never exceeds 𝑁 , and if
it is equal to 𝑁 , then the grains are identical.

For convenience, in what follows we shall use the additive notation for a
grain 𝑚𝑖1

𝑃1 + 𝑚𝑖2
𝑃2 + ⋯ + 𝑚𝑖𝑁

𝑃𝑁 (instead of the multiplicative notation
𝑚(1)

𝑖1
𝑚(2)

𝑖2
⋯ 𝑚(𝑁)

𝑖𝑁
), introducing“projection operators”𝑃1, 𝑃2, … , 𝑃𝑁 . Everywhere

in this note it is assumed that all 𝑁 components are equivalent, and that the
number of elements in each component 𝑠 is fixed, while the number of compo-
nents 𝑁 increases without bound. Since the components are equivalent, the
additive notation can be simplified by collecting“like”terms for identical (more
precisely, equivalent) sets 𝑚: 𝑝 = 𝑚𝑖1

𝑝1 + 𝑚𝑖2
𝑝2 + ⋯ + 𝑚𝑖𝑁

𝑝𝑁 = ∑𝑚 𝑚𝑃(𝑚).
Thus a grain is written as an operator-valued function on the elements
of a component 𝑃(𝑚). The measure of closeness of two grains 𝑝 and
𝑞 is conveniently expressed in terms of the functions 𝑃(𝑚) and 𝑄(𝑚):
(𝑝, 𝑞) = ∑𝑚 Sp[𝑃 (𝑚)𝑄(𝑚)]. The superposition of two or several grains is writ-
ten, as is easy to verify, by means of projection operators 𝐴1, 𝐴2, … , 𝐴𝑙 (whose
sum is equal to the identity): 𝑃(𝑚) = 𝐴1𝑃1(𝑚) + 𝐴2𝑃2(𝑚) + ⋯ + 𝐴𝑙𝑃𝑙(𝑚).
In order to obtain (in the limit, of course) the usual scalar product in a lin-
ear vector space, let us consider the sets obtained by taking the union of all
grains equivalent to one another (with respect to permutation of components).
For brevity we shall call these sets symmetric grains. It is clear that each
symmetric grain is determined by a numerical function 𝑛(𝑚) = Sp 𝑃(𝑚), since
a permutation of components is the same as a permutation of the operators
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𝑃𝑖. Symmetric grains consist, generally speaking, of a number of grains that
increases with 𝑁 . If one takes at random, from two symmetric grains, one rep-
resentative from each and finds the measure of their closeness, then its value
will, of course, depend on which representatives were taken. However, for suffi-
ciently large 𝑁 , in the overwhelming majority of cases the results obtained are
very close. Moreover, if one symmetric grain is given by the function 𝑛(𝑚), and
another by the function 𝑛′(𝑚), then the measure of closeness of their represen-
tatives in the overwhelming majority of cases differs little from the number

1
𝑁 [𝑛(𝑚1)𝑛′(𝑚1) + 𝑛(𝑚2)𝑛′(𝑚2) + ⋯ + 𝑛(𝑚𝑠)𝑛′(𝑚𝑠)].

Thus, if one introduces the functions normalized to unity 𝑎(𝑚) = 1
𝑁 𝑛(𝑚) and

𝑎′(𝑚) = 1
𝑁 𝑛′(𝑚), as well as the measure of closeness normalized to unity,

1
𝑁 ∑

𝑚
Sp[𝑃 (𝑚)𝑃 ′(𝑚)],

then as 𝑁 → ∞ there exists a limit of this measure, and it is equal to the usual
scalar product of the functions 𝑎(𝑚) and 𝑎′(𝑚) (which, in fact, justifies the
very name“scalar product”for the measure of closeness of grains). Analogously,
superposition in the limit becomes a linear combination with the sum of weights
equal to unity. Therefore the linear space of 𝑠-dimensional vectors (or functions
on 𝑠 points) with nonnegative coefficients whose sum is equal to unity may be
regarded as an asymptotic description of the properties of structures—finite sets
divided into a large number of equivalent components. The scalar product then
arises naturally as the asymptotics of the measure of closeness. (Let us note
in passing that the measure of closeness itself apparently has an analogue in
information theory, where the notion of closeness of two messages is introduced.
However, it is unclear whether the consideration of equivalent components and
symmetric grains corresponds to anything in information theory.)

The proof (and the precise formulation with remainder terms) of the limit the-
orems mentioned above is obtained by reduction to the theory of summatory
functions (1) and by then applying the usual probabilistic methods (characteris-
tic functions and the saddle-point method). Let us illustrate this assertion with
the example of the scalar product.

Since the scalar product is a function of a pair of grains, the basic set
that must be considered is the set of sequences of pairs of elements
𝑚(1)

𝑖1
, 𝑚(1)

𝑘1
; 𝑚(2)

𝑖2
, 𝑚(2)

𝑘2
; … ; 𝑚(𝑁)

𝑖𝑁
, 𝑚(𝑁)

𝑘𝑁
. This set is the direct product of

𝑁 sets of the form (𝑚, 𝑚′). On each of these sets we define 2𝑠 functions
as follows: 𝑓𝑘(𝑚, 𝑚′) = 𝛿𝑚𝑘𝑚 and 𝑓 ′

𝑘(𝑚, 𝑚′) = 𝛿𝑚′
𝑘𝑚′ , 𝑘 = 1, 2, … , 𝑠. We

next consider the 2𝑠 summatory functions 𝐹𝑘 = 𝑓 (1)
𝑘 + 𝑓 (2)

𝑘 + … + 𝑓 (𝑁)
𝑘

and 𝐹 ′
𝑘 = 𝑓 ′(1)

𝑘 + 𝑓 ′(2)
𝑘 + … + 𝑓 ′(𝑁)

𝑘 . The scalar product is likewise a sum-
matory function 𝐺 = 𝑔(1) + 𝑔(2) + … + 𝑔(𝑁), where in each component
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𝑔 = 𝑓1𝑓 ′
1 + 𝑓2𝑓 ′

2 + … + 𝑓𝑠𝑓 ′
𝑠. It is clear that 𝐹𝑘 are nothing other than the

“occupation numbers”of the sets 𝑚𝑘, so that fixing the values 𝐹𝑘 is equivalent
to specifying a symmetric grain.

Consequently, the asymptotics of the scalar product reduces to the well-known
problem in the theory of summatory functions:

Given the values of several (2𝑠) summatory functions 𝐹𝑘 = 𝑛(𝑚𝑘) = 𝑁𝑎(𝑚𝑘),
𝐹 ′

𝑘 = 𝑛′(𝑚𝑘) = 𝑁𝑎′(𝑚𝑘), 𝑘 = 1, 2, … , 𝑠. It is required to find the mean value
and the variance of the summatory function 𝐺 on the set determined by fixing
the values 𝐹𝑘 and 𝐹 ′

𝑘.

The principal role in solving such a problem is played, as is known (1), by the
structural function Ω𝑁(𝑎1, 𝑎2, … , 𝑎𝑠, 𝑎′

1, 𝑎′
2, … , 𝑎′

𝑠), equal to the number of ele-
ments in 𝑀 on which the functions 𝐹𝑘 and 𝐹 ′

𝑘 take the prescribed values 𝑁𝑎𝑘,
𝑁𝑎′

𝑘. An important property possessed by Ω𝑁 is that it is the convolution of the
structural functions corresponding to the individual components. This circum-
stance makes it possible, by introducing the characteristic function—the Laplace
transform of the structural function—to apply, as was done in (1), the analytic
apparatus of probability theory for proving limiting relations. However, it is
often convenient to use the saddle-point method directly. Lack of space does
not permit us to dwell in greater detail on the details of the arguments. For
the same reason we must pass over the very important question of how linear
vector spaces with real (and not only positive), and still more with complex, co-
efficients can arise as limiting formations. Here we can only point out that their
appearance is connected with a deeper study, both statistical and structural, of
finite sets divided into equivalent components.
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