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Below we give theorems generalizing the well-known propositions of Nevanlinna
(}) and Grunsky (?) that any holomorphic univalent function z = f(w), f(0) = 0,
f7(0) = 1, in the disk W : |w| < 1 (the totality of such functions is called
the class S) maps the disk with center at w = 0 and radius not exceeding
R, =2— v/3 onto a convex domain, and the disk with the same center and
radius not exceeding R, = th 7 onto a domain starlike with respect to 2 = 0, as
well as theorems refining and supplementing results obtained by G. M. Goluzin
(34) for bounds of generalized starlikeness.

Theorem 1. The disk with center at the point w € W and radius p < R,

Rk:2—\/3+|W|2,

is mapped by any function z = f(w) of the class S onto a convex domain. The
number R;, cannot be increased without additional restrictions on f(w).

The proof is based on the known fact: the range of values of the expression

(w —w)f"(w)
frw)y 7

where w and w are fixed points of W, and f(w) € S, is the interior of the disk
of radius

=

4w — w|
1 —fw]?

with center at the point

2(w — w)|w|?
w(l — |w]?)
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In the proof of the remaining theorems we use the following lemma, obtained
by the variational method.

Lemma. The range of values of the expression

(w —w)f(w)
f(w) = f(C)

(w,w,( € W and fixed) in the class S is the interior of the disk of radius

I=1In

1~ Gl + fw— (]
11— Cu| — fw—(|’

equal to the non-Euclidean distance between the points ¢ and w, with center at
the point

(1= g2 w—w)
(1= w))(w—0)

Theorem 2. Every non-Euclidean disk with non-Euclidean center at the point
¢ € W, whose non-Euclidean radius is not greater than /2, is mapped by any
function of the class S onto a domain starlike with respect to f({). The estimate
is sharp.

In

Following G. M. Goluzin, we shall call a domain of the form D,,(a) (n = 1,2, ...)
any closed domain all of whose points can be joined to the point a by a polygonal
line lying entirely in it and consisting of no more than n straight-line segments.

Theorem 3. FEvery non-FEuclidean disk with non-Fuclidean center at the point
¢ € W, whose non-Euclidean radius is not greater than nw/2, is mapped by any
function f(w) € S onto a domain of the form D, (f(()). The estimate is sharp.

In particular, every disk of radius not greater than

nm

R,, =th
ns 4

with center at the point w = 0 is mapped by every function of the class S onto
a domain of the form D,,(0).

Let us note that the proof of Theorems 2 and 3 can be carried out without using
the lemma.

Theorem 4. FEvery disk which contains the point w = 0 on its boundary and
has radius not greater than 1/4 is mapped by any function of the class S onto a
domain starlike with respect to z = 0. The indicated bound is sharp.

Theorem 5. Every disk with center at the point ae'®, a < 1/4, 0 < a < 2,
containing the point w = 0 in its interior, is mapped by any function of the
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class S onto a domain starlike with respect to z = 0, if the radius of the disk r
satisfies the inequality

1—a+r(sinz — cosx) < ¢ r+acosw (1)
arctg ———,

In - -
1l—a—r(sinz + cosx) asinx

where x, 0 < © < w, is determined from the relation

rsinx

Vr2 —2acosz + a? = (2)

l—a—rcosz’
The estimate is sharp.

Denote by R(a,0) the upper bound of the radii of disks satisfying (1), (2). It
can be shown that the value R(a,0) is not smaller than the value of the larger
root of the equation

l1+a+p
n——~-"1TF
l—a—p

a
— arccos —.

1

Theorem 6. FEvery disk with center at the point w = 0 is mapped by any
function of the class S onto a domain starlike with respect to the image of the
point ¢ belonging to it, |(| = a, if the radius of the disk r satisfies the inequality

V1 —=2arcosz + a2r2 + /12 — 2arcosz + a2 <

In
V1—2arcosz + a2r2 — /12 —2arcosx + a2 ~

r(1+4a?) —a(l+7r?)cosx
a(l —r?)sinz

< arctg

b

where x, 0 < x < w, is determined from the relation

a(l—r?)[r(1 +a?®) cosz —a(l +r?)] _ 2ar sinx

[r(1 4 a2) —a(1 +r2)cosz|? + a2(1 —r2)2sin’z /(1 — 2arcosx + a2r2)(r2 — 2arcosx + a2)

The estimate is sharp.

For the upper bound of the radii R(0,a) of the disks named in the theorem, one
can indicate a sufficiently precise value from below. It is equal to the larger root
of the equation

1 1 1—p?
lni( +a)1 +p) = arccos o )

I—a)(1—p) pl—a?)
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Theorem 7. Every disk with center at the point ( = ae’® € W, whose radius
satisfies the inequality

2

(1 —a)(sinz + coszx) — 1—a®—arcosz

r
< arctg

1
. 1—a)(sinz —cosz) +r arsinz

b

where x, 0 < z < 7, is determined from the relation

1—a)si
\/(1 —a?)?2 —2ar(1—a?)cosx + ar? = m’

is mapped by every function of the class S onto a domain star-shaped with
respect to the image of the center. The estimate is sharp.
The root of the equation

1—a)(1l+a+p) ap

1 =
n(1+a)(1—a—p) arccos —

gives a sufficiently accurate lower value for the upper bound R(a,a) of the radii
of these disks.
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