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L. S. RAKOVSHCHIK

ON ONE CONDITION FOR THE UNRE-
STRICTED APPLICABILITY OF S. A. CHAP-
LYGIN’ S THEOREM ON INEQUALITIES TO
SYSTEMS OF FIRST-ORDER DIFFEREN-
TIAL EQUATIONS

(Presented by Academician S. L. Sobolev on 31 V 1957)

For a single first-order differential equation there is Chaplygin’ s theorem on
inequalities:

If a function w = u(x) is such that v’ — f(xz,u) > 0 (< 0) on the segment [y, 2]
and u(xy) = Yy, then for the solution y = y(z) of the equation y' = f(x,y),
y(xy) =y, the inequality y(x) < u(z) (y(z) > u(x)) holds on (zy,x]. (1).

This theorem does not extend directly to systems of differential equations. This
may be seen from the following example: y; —y; +y, — 22 —1=0, y5—ys+
yp—2x+1=0, y(0) =0, uy5(0)= 1. The solution of the system is y; =
22, yo = 1+ 22, As comparison functions let us take u; = % and uy = 14 3.

144
We have uj —uq +uy—2x—1 = R

24
>0, uh—ug+u; —2x+1 :3—€x>0

for z < °/4. But to the right of the point x =1/, uy —y; = (}/5 — 2)z < 0,
despite the fulfillment of the differential inequalities.

Thus, if we have a system of equations

y: :fi<x7y1ay27"'7yn) (1)

with initial conditions

Y; (o) = Yo, (2)

then, in order that from the relations u, — f;(z,uy, uy,...,u,) > 0 (< 0),
u;(zy) = y,g, it should follow that u;(z) > y,(z) (u;(z) < y;(z)), it is necessary
to impose additional conditions either on the right-hand sides of the equations

of the system (3), or on the comparison functions wuy, us, ..., u,,.
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In the present paper one of the possible conditions imposed on the comparison
functions is indicated.

First we record several auxiliary propositions. In doing so we shall suppose that
the functions f;(x, yq, ys, ---, y,,) are continuous in some domain D of variation of
their arguments and satisfy in this domain the Lipschitz condition with constant
K with respect to the arguments y;,ys, ..., ¥, In addition, we assume that for
x € |zy, z1] the values of all introduced comparison functions do not leave the
domain D.

Lemma 1. If for the functions u; = u;(x), ¥
conditions are satisfied:

=9,(z) (1 = 1,2,...,n) the

1) u;(zo) = 9i(w0) = Yio3
2) u — fi(x,81,89,...,8,) <0, ¥ — f(x,81,89,...,8,) > 0 for z € [xy, 1]

and any s; lying between u,;(z) and 9,(z),

then on the entire segment [xg,21] u; < y; < ¥, where yy,Ys,...,y, is the
solution of system (1) satisfying the initial conditions (2).

Lemma 2. Let, for the functions u, = u,;(z), i = 1,2, ..., n, the initial conditions
(2) be satisfied; let 1,,n,, ..., 7, be a solution of the system

n— Ky n, = luf = fi(zug, e u,)|, (3)
r=1

satisfying zero initial conditions. Then on [z, ;] the values of the functions
u; +1; (u; —n;) are not less than (not greater than) the corresponding values
of the functions y;, ys, ..., y,, giving a solution of system (1) for the same initial
conditions, i.e. on [z, z]

Uy =1 Y S U+
For the proof, let us note that 7,(x) > 0 on [z, 2] (this can be verified by using
the results of the work (3)). Consequently,

Uy =1 S U S U+

Consider the difference (u; +m,)" — f;(z, s, Sq, ..., S,,), where, for the given z, s,
assumes arbitrary values lying in the segment [u,.(x) — n,.(z), u,.(x) + n,(x)].

We have:
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(ui + 771')/ - fi(x’31752’ "'vsn) =
n
= u; - fi(l'7u1’u27"' ’un) + |u; - fi<$>ulau27 ’un)l +771{ —KZW—
r=1
- |u; - fi(mvulau% aun)| + fi(mvulau% aun) - fi(xaslvs% ""Sn)+

n n
+KZT]7‘ > Kz{nr_ ‘ur_sr‘} =0,
r=1 r=1
since |u, — s,.| < n,.. Similarly we prove that

(u; —n;) — fi(@, 81,89, ,8,) <0

for the same sy, sg, ..., s,,. It remains to apply Lemma 1.

Lemma 3. If

nziKan:é‘l(x)a O'Z*KZJT:€2(:L'),
r=1 r=1
o,(xy) =n;(xgy), i =1,2,...,n, and &, (x) < e4(x) on [z, x;], then on the same

interval n,(x) < o,(x).
The required conclusion is obtained by applying the result of the work (3).

Theorem. Let the functions u,, u,, ..., u,, satisfy the initial conditions (2) and
the inequalities

u; - fi(x7u1au27 vun) >0 (S O)
for x € [z, 21]. Let ¥, = u; +n; (¥; = u; —n;), where ny, 1, ..., 1, is a solution

of the system

n
77; - Kznr = |u; - fi(xvuh 7un)| )
r=1
vanishing for « = z,, and let y;,ys, ..., ¥y,, be a solution of system (1) satisfying

conditions (2). Then, if

‘79; - fi(mvﬁhﬁ% ,an)| < |u; - fi(x7u1>u27 7un)| ’

then
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on the entire segment [z, z4].

By virtue of Lemma 1, the values of the functions ¥, = u; +n, (¥; = u; — ;)
are not less than (not greater than) the values of the functions y,.

Further, if

JgiKZJT:|19;7fi(1’7191ﬂ1927"'319n)|3 O—i(xo):(]a
r=1

then the functions ¥, — o; (¥; + 0;) are not greater than (not less than) the
functions y;, i.e.

V=0, <y, (U;+o,>y).

By Lemma 3 and the hypotheses of the theorem, o, < 7;; therefore

u, <u;+n—o; =9, —0, <y, (y>u—n+o, =9, +0;,>y;).
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