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Abstract
Full Text
MATHEMATICS

T. A. GERMOGENOVA

ON BOUNDED SOLUTIONS, ON A SEMI-
INFINITE INTERVAL, OF AN INHOMOGE-
NEOUS INTEGRAL EQUATION WITH A
KERNEL DEPENDING ON THE DIFFER-
ENCE OF THE ARGUMENTS
(Presented by Academician M. V. Keldysh, January 7, 1957)

The solution of the equation

𝑓(𝑥) = ∫
∞

0
𝑘(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦 + 𝑔(𝑥) (1)

in the case when 𝑔(𝑥) and 𝑘(𝑥)𝑒𝜆|𝑥| are absolutely integrable for all 𝜆 < 1 and
have bounded variation was investigated by V. A. Fock (1). He considered only
solutions tending to zero at infinity. In the presence of zero or purely imaginary
roots of the characteristic equation of the problem

1 − 𝜘(𝑢) = 0, (2)

where

𝜘(𝑢) = ∫
∞

−∞
𝑘(𝑥)𝑒−𝑢𝑥 𝑑𝑥,

for the existence of such solutions it proves necessary that the orthogonality
conditions

∫
∞

0
𝑔(𝑥)𝑓𝑟(𝑥) 𝑑𝑥 = 0; (3)

be satisfied. Here 𝑓𝑟(𝑥) are solutions of the homogeneous equation that, as
𝑥 → ∞, grow more slowly than exponentially. For certain equations whose
free terms do not satisfy relations (3), but whose kernels 𝑘(𝑥) obey special
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conditions, Hopf (2) found solutions that are bounded, rather than tending to
zero, as 𝑥 → ∞.

In the present note the question of the existence of a solution is considered in the
general case, when the functions 𝑔(𝑥) and 𝑘(𝑥)𝑒𝜆|𝑥| satisfy only the condition
of square integrability on the infinite interval (the kernel 𝑘(𝑥) is assumed sym-
metric). Such an extension of the class of equations under investigation makes
it possible, in constructing the solution by the Wiener–Hopf method (3) (or by
Fock’s equivalent method), to use more convenient estimates and to simplify
the reasoning. The expression obtained for the solution in the form of a complex
integral makes it possible to investigate the behavior of the solution at infinity.

Theorem*. A solution of equation (1) bounded at infinity exists and can be
constructed by the Wiener–Hopf method if the kernel 𝑘(𝑥) and the free term 𝑔(𝑥)
of the equation satisfy the following conditions:

* The existence of solutions satisfying the condition 𝑓(𝑥)𝑒−𝑦𝑥 ∈ 𝐿2(0, ∞) (𝑦 >
𝛼 > 0) was shown by I. M. Rapoport (4), who formulated and investigated
the corresponding Riemann boundary-value problem. We give a proof of the
theorem by the Wiener–Hopf method, since the expression for the solution ob-
tained in the proof is used below to investigate the asymptotic properties of the
solution.

1) 𝑔(𝑥)𝑒−𝜀𝑥 and 𝑘(𝑥)𝑒𝜆|𝑥|, for all 𝜆 < 1 and for at least one 𝜀 < 0, are square-
integrable on the interval (0, ∞); 2) 𝑘(𝑥) = 𝑘(−𝑥); 3) the multiplicity of
the roots of the characteristic equation (2) lying on the imaginary axis
does not exceed two.

In the proof it is more convenient first to construct the solution, assuming the
existence of the solution 𝑓(𝑥) itself and of its Laplace transform

Φ(𝑢) = ∫
∞

0
𝑓(𝑥)𝑒−𝑢𝑥 𝑑𝑥,

and then to show that the constructed solution satisfies equation (1).

Putting 𝑓(𝑥) = 0 and

𝑔(𝑥) = − ∫
∞

0
𝑘(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦

for 𝑥 < 0, and introducing the functions

𝛾1(𝑢) = ∫
∞

0
𝑔(𝑥)𝑒−𝑢𝑥 𝑑𝑥, 𝛾2(𝑢) = ∫

0

−∞
𝑔(𝑥)𝑒−𝑢𝑥 𝑑𝑥,

we obtain for Φ(𝑢) the equation

Φ(𝑢)[1 − 𝜒(𝑢)] = 𝛾1(𝑢) + 𝛾2(𝑢). (4)
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The function 1 − 𝜒(𝑢) is regular in the strip |Re𝑢| < 1; in every inner strip
|Re𝑢| ≤ 𝛽 < 1 it has a finite number 2𝑛 of zeros 𝑢𝜈, and can be represented by
the expression

1 − 𝜒(𝑢) = 𝜎+(𝑢)
𝜎−(𝑢)

𝑛
∏
𝜈=1

(𝑢2 − 𝑢2
𝜈),

where
𝜎+(𝑢) = 𝜏+(𝑢)(𝑢 + 1)−𝑛, 𝜎−(𝑢) = 𝜏−(𝑢)(𝑢 − 1)𝑛,

ln 𝜏−(𝑢) = − 1
2𝜋𝑖 ∫

𝛽+𝑖∞

𝛽−𝑖∞

ln 𝜏(𝑣)
𝑣 − 𝑢 𝑑𝑣, ln 𝜏+(𝑢) = − 1

2𝜋𝑖 ∫
−𝛽+𝑖∞

−𝛽−𝑖∞

ln 𝜏(𝑣)
𝑣 − 𝑢 𝑑𝑣,

𝜏(𝑢) = [1 − 𝜒(𝑢)] (𝑢2 − 1)𝑛

∏𝑛
1 (𝑢2 − 𝑢2𝜈) = 𝜏+(𝑢)

𝜏−(𝑢) .

The function 𝜎+(𝑢) is regular and has no zeros in the half-plane Re𝑢 ≥ −𝛽,
and 𝜎−(𝑢) in the half-plane Re𝑢 ≤ 𝛽; the quantities |𝜎+(𝑢)𝑢𝑛| and |𝜎−(𝑢)𝑢−𝑛|
are bounded for large |𝑢| in the corresponding half-planes (3). The function
𝛾1(𝑢) is regular in the half-plane Re𝑢 > 𝜀, and 𝛾2(𝑢), as is easy to show, in the
half-plane Re𝑢 < 1.
As functions of 𝑡, 𝑡 = Im𝑢, 𝛾1(𝑢) and 𝛾2(𝑢) are square-integrable on the infinite
interval in the corresponding domains (Plancherel’s theorem). Therefore, using
Cauchy’s integral formula, the quantity 𝛾1(𝑢)𝜏−(𝑢) can be represented as the
sum 𝐺1(𝑢) + 𝐺2(𝑢), where the functions

𝐺1(𝑢) = − 1
2𝜋𝑖 ∫

𝜀+𝑖∞

𝜀−𝑖∞
𝛾1(𝑣)𝜏−(𝑣) 𝑑𝑣

𝑣 − 𝑢, 𝐺2(𝑢) = 1
2𝜋𝑖 ∫

𝛽+𝑖∞

𝛽−𝑖∞
𝛾1(𝑣)𝜏−(𝑣) 𝑑𝑣

𝑣 − 𝑢

are, respectively, regular in the half-planes Re𝑢 > 𝜀 and Re𝑢 < 𝛽 and square-
integrable in 𝑡 (1 > 𝛽 > 𝜀 > 0).
The function Φ(𝑢) in the half-plane Re𝑢 > 0 must be regular and square-
integrable in 𝑡. If (4) is rewritten in the form

𝜎+(𝑢)Φ(𝑢)
𝑛

∏
1

(𝑢2 − 𝑢2
𝜈) − 𝐺1(𝑢)(𝑢 − 1)𝑛 =

= 𝐺2(𝑢)(𝑢 − 1)𝑛 + 𝛾2(𝑢)𝜎−(𝑢), (5)

it is easy to see that the left- and right-hand sides are regular, respectively, in the
half-planes Re𝑢 > 0 and Re𝑢 < 𝛽, which have the common strip 𝜀 < Re𝑢 < 𝛽.
As |𝑢| → ∞ in the corresponding half-planes, both sides grow no faster than
|𝑢|𝑛, and, consequently, relation (5) determines a certain polynomial of degree
𝑛 − 1. The assumption of a higher degree 𝑛 contradicts the square integrability
with respect to 𝑡 of the functions 𝐺1(𝑢) and Φ(𝑢).
For Φ(𝑢) from (5) we obtain the expression
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Φ(𝑢) = 𝑃𝑛−1(𝑢) + 𝐺1(𝑢)(𝑢 − 1)𝑛

∏𝑛
1 (𝑢2 − 𝑢2𝜈)𝜎+(𝑢) , (6)

and the solution is found by the formula

𝑓(𝑥) = 1
2𝜋𝑖 ∫

𝛽+𝑖∞

𝛽−𝑖∞
Φ(𝑢)𝑒𝑢𝑥 𝑑𝑢. (7)

The coefficients of the polynomial 𝑃𝑛−1(𝑢) are determined from the condition
that the function Φ(𝑢) have no poles of any order in the half-plane Re𝑢 > 0,
and no poles of order higher than the first on the imaginary axis. The integral
on the right-hand side of (7) exists, since the function 𝐺1(𝑢), as a function of 𝑡,
is square integrable in the strip 0 < Re𝑢 < 𝛽 < 1.
Just as in the investigation of the homogeneous equation (3), it can be shown
that the integral (7) indeed satisfies equation (1).

The requirement that the solution be bounded leads to 𝑛 conditions: the func-
tion Φ(𝑢) must have no poles in the right half-plane and must not have poles of
second order on the imaginary axis. The polynomial 𝑃𝑛−1(𝑢), and hence also
the solution, are uniquely determined by these conditions.

In the general case, the presence of an 𝑚-fold root on the imaginary axis is
connected with the existence of 𝑚 linearly independent solutions which, as 𝑥 →
∞, grow no faster than 𝑥𝑚−1. A solution tending to zero as 𝑥 → ∞ exists when
𝑚 additional orthogonality conditions are satisfied, as was shown by Fok (1).
Equation (1) has no other solutions besides those obtained in this way. This
can be proved by slightly modifying Fok’s proof given for solutions tending to
zero at infinity.

Asymptotic behavior of the solution of the nonhomogeneous equation.
Suppose that the function 𝑔(𝑥) behaves as 𝑒−𝑢∗𝑥 as 𝑥 → ∞, and 𝑢∗ > maxRe𝑢𝜈.
Then, in the integral (7), in order to extract the principal part of the solution,
the contour of integration may be shifted to the left to 𝛽 + 𝜎

𝑓(𝑥) =
𝑛

∑
𝜈=1

𝑄𝜈(𝑥)𝑒−𝑢𝜈𝑥 + 1
2𝜋𝑖 ∫

−𝜎+𝑖∞

−𝜎−𝑖∞
Φ(𝑢)𝑒𝑢𝑥 𝑑𝑢, maxRe𝑢𝜈 < 𝜎 < 𝑢∗,

(8)

where 𝑄𝜈(𝑥) is a polynomial in 𝑥 whose degree is lower than the multiplicity
of the root 𝑢𝜈, while the integral on the right-hand side is a quantity of order
𝑒−𝜎𝑥.

In those cases when the behavior of 𝑔(𝑥) as 𝑥 → ∞ turns out to be more
complicated, it is necessary to investigate the nature of the singularities of the
function 𝛾1(𝑢) in the strip −𝜎 < Re𝑢 < 𝛽.
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Hopf’s case. If 𝑘(𝑥) is represented by the integral ∫∞
0 𝑒−𝑠𝑥 𝑑𝜌(𝑠), where 𝜌(𝑠)

is an increasing function of 𝑠, then the characteristic equation (2) has only two
roots (2). Let us refine formula (8) in this case. Suppose (equation 2) has two
real roots 𝑢1 and 𝑢−1 = −𝑢1. Then

𝑃𝑛−1(𝑢) in formula (6) is a constant equal to −𝐺1(𝑢1)(𝑢1 − 1). Introducing
the new variable of integration 𝑢 = −𝑣 in the integral for 𝐺1(𝑢1), we write the
expression −𝐺1(𝑢1)(𝑢1 − 1) − 𝐺1(−𝑢1)(𝑢1 + 1) in the form

1
2𝜋𝑖 ∫

𝛽∗+𝑖∞

𝛽∗−𝑖∞
𝛾1(−𝑢)𝜏−(−𝑢) 1 + 𝑢

𝑢2 − 𝑢2
1

2𝑢1 𝑑𝑢 (0 < 𝛽∗ < 𝑢∗). (9)

As shown in (2), the Laplace transform of the solution of the homogeneous
equation is Φ0(𝑢) = 𝑐0

𝑢2 − 𝑢2
1

1 + 𝑢
𝜏+(𝑢) , and since 𝜏−(−𝑢) = 1

𝜏+(𝑢) , the integral (9)

is equal to
𝑢1
𝜋𝑖 ∫

𝛽∗+𝑖∞

𝛽∗−𝑖∞

Φ0(𝑢)
𝑐0

𝛾1(−𝑢) 𝑑𝑢.

But
1

2𝜋𝑖 ∫
𝛽∗+𝑖∞

𝛽∗−𝑖∞
Φ0(𝑢)𝛾1(−𝑢) 𝑑𝑢 = ∫

∞

0
𝜑0(𝑥)𝑔(𝑥) 𝑑𝑥 ⋅ 𝑐0,

where 𝜑0(𝑥) is the solution of the homogeneous equation whose Laplace trans-
form decreases as 1/Re𝑢 as Re𝑢 → ∞. Consequently,

𝑓(𝑥) = 1
𝜎+(−𝑢1) ∫

∞

0
𝜑0(𝑥)𝑔(𝑥) 𝑑𝑥 ⋅ 𝑒−𝑢1𝑥 + 𝑂(𝑒−𝜎𝑥), 𝑢1 < 𝜎 < 𝑢∗.

When the characteristic equation (2) has a double root at the point 𝑢 = 0, then
from the condition that the function Φ(𝑢) have no pole of second order at 𝑢 = 0
we shall have:

𝑓(𝑥) = 1
𝜎+(0) ∫

∞

0
𝑔(𝑥)𝜑0(𝑥) 𝑑𝑥 + 𝑂(𝑒−𝜎𝑥).

And finally, in the case where the characteristic equation has two imaginary roots
𝑖𝜈 and −𝑖𝜈, there exist two linearly independent solutions of the inhomogeneous
equation, whose asymptotics are given by the expressions

𝑓1(𝑥) = 1
𝜎+(−𝑖𝜈) [∫

∞

0
𝑔(𝑥)𝜑0(𝑥) 𝑑𝑥] 𝑒−𝑖𝜈𝑥 + 𝑂(𝑒−𝜎𝑥),

𝑓2(𝑥) = 1
𝜎+(𝑖𝜈) [∫

∞

0
𝑔(𝑥)𝜑0(𝑥) 𝑑𝑥] 𝑒𝑖𝜈𝑥 + 𝑂(𝑒−𝜎𝑥).
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If Fock’s orthogonality condition

∫
∞

0
𝑔(𝑥)𝜑0(𝑥) 𝑑𝑥 = 0

is satisfied, then in all three cases we obtain a unique solution which, as 𝑥 → ∞,
decreases as 𝑒−𝜎𝑥, 𝜎 ∼ 𝑢∗.

The work was carried out under the supervision of Prof. E. S. Kuznetsov, to
whom the author is indebted for constant attention and valuable advice.

Received
27 XII 1956

References
1. V. A. Fock, Matem. sborn., 14, No. 1 (1944).

2. E. Hopf, Mathematical Problems of Radiative Equilibrium, Cambridge,
1934.

3. N. Wiener, E. Hopf, Sitzungsber. Berlin. Acad. Wiss., 636 (1931).

4. I. M. Rapoport, Collected Works of the Institute of Mathematics, Academy
of Sciences of the Ukrainian SSR, No. 12 (1949).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195701.52067 Machine Translation

https://sovietrxiv.org/items/ru-195701.52067

	Abstract
	Full Text
	ON BOUNDED SOLUTIONS, ON A SEMI-INFINITE INTERVAL, OF AN INHOMOGENEOUS INTEGRAL EQUATION WITH A KERNEL DEPENDING ON THE DIFFERENCE OF THE ARGUMENTS
	References


