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Abstract
Full Text
MATHEMATICS
V. M. Borok

REDUCTION OF AN EVOLUTIONARY SYS-
TEM OF LINEAR PARTIAL DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFI-
CIENTS TO ONE EQUATION
(Presented by Academician S. L. Sobolev on 17 XII 1956)

A system of differential equations in partial derivatives with constant coefficients
of the form

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡 = 𝑃 (𝑖 𝜕

𝜕𝑥) 𝑢(𝑥, 𝑡); (1)

is considered; here 𝑢(𝑥, 𝑡) = {𝑢1(𝑥, 𝑡), … , 𝑢𝑁(𝑥, 𝑡)}, 𝑥 = {𝑥1, … , 𝑥𝑛}; 𝑃 (𝑖 𝜕
𝜕𝑥 ) is

a square matrix of order 𝑁 , whose elements are“polynomials”in the“variables”
𝑖 𝜕

𝜕𝑥1
, … , 𝑖 𝜕

𝜕𝑥𝑛
with constant coefficients.

Theorem 1. A system of differential equations in partial derivatives of the form
(1) is equivalent to one partial differential equation with constant coefficients of
the form

𝜕𝑁𝑢(𝑥, 𝑡)
𝜕𝑡𝑁 =

𝑁
∑
𝑚=1

𝑃𝑚 (𝑖 𝜕
𝜕𝑥) 𝜕𝑁−𝑚𝑢(𝑥, 𝑡)

𝜕𝑡𝑁−𝑚 (2)

(or to a system of several equations of the form (2), each of which is integrated
independently of the others).

Proof. Let 𝐸1(𝜆), … , 𝐸𝑁(𝜆) be the invariant factors1 of the matrix 𝑃(𝑠)
(𝑠 = {𝑠1, … , 𝑠𝑛}), which is obtained from the matrix 𝑃 (𝑖 𝜕

𝜕𝑥 ) by replacing the
“variable”𝑖 𝜕

𝜕𝑥𝑘
by 𝑠𝑘 (𝑘 = 1, … , 𝑛), and let

𝐸𝑗(𝜆) = 𝜆𝑘𝑗 − 𝑃1𝑗(𝑠)𝜆𝑘𝑗−1 − ⋯ − 𝑃𝑘𝑗𝑗(𝑠) (𝑗 = 1, … , 𝑁;
𝑁

∑
1

𝑘𝑗 = 𝑁),

𝑃𝑚𝑗(𝑠) (𝑚 = 1, … , 𝑘𝑗) being a polynomial in 𝑠1, … , 𝑠𝑛.

Suppose that 𝐸1(𝜆) = ⋯ = 𝐸𝑗(𝜆) = 1, 𝐸𝑗+1(𝜆) ≠ 1, and construct the quasi-
diagonal matrix

sovietrxiv.org/items/ru-195701.50142 Machine Translation

https://sovietrxiv.org/items/ru-195701.50142


𝑄(𝑠) =
∥
∥
∥
∥
∥

𝐸1
𝐸2

⋅
⋅

𝐸𝑁−𝑗

∥
∥
∥
∥
∥

; (3)

here in the off-diagonal blocks all elements are equal to zero, while the diagonal
block 𝐸𝑝 is constructed according to the rule

𝐸𝑝(𝑠) =
∥
∥
∥
∥

0 1 ⋯ ⋯ 0 0
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
0 0 ⋯ ⋯ 0 1

𝑃𝑘𝑗+𝑝,𝑗+𝑝(𝑠) 𝑃𝑘𝑗+𝑝−1,𝑗+𝑝(𝑠) ⋯ 𝑃2,𝑗+𝑝(𝑠) 𝑃1,𝑗+𝑝(𝑠)

∥
∥
∥
∥

. (4)

As is known (1), the matrices 𝑃(𝑠) and 𝑄(𝑠) have the same invariant factors and
therefore are similar. Consequently, there exists a matrix 𝑇1(𝑠) (det𝑇1(𝑠) ≠ 0)
such that 𝑄(𝑠) = 𝑇1(𝑠)𝑃 (𝑠)𝑇 −1

1 (𝑠). Moreover, the matrix 𝑇1(𝑠) can be chosen
so that its elements are polynomials in 𝑠1, … , 𝑠𝑛.

Now put 𝑣(𝑥, 𝑡) = 𝑇1(𝑖 𝜕
𝜕𝑥 ) 𝑢(𝑥, 𝑡), where the matrix 𝑇1(𝑖 𝜕

𝜕𝑥 ) is obtained from
the matrix 𝑇1(𝑠) by replacing each 𝑠𝑗 by 𝑖 𝜕

𝜕𝑥𝑗
(𝑗 = 1, … , 𝑛). If the vector-

function 𝑢(𝑥, 𝑡) was a solution of system (1), then the vector-function 𝑣(𝑥, 𝑡)
will be a solution of the system

𝜕𝑣(𝑥, 𝑡)
𝜕𝑡 = 𝑄(𝑖 𝜕

𝜕𝑥) 𝑣(𝑥, 𝑡). (5)

Thus, applying the differential operator 𝑇1(𝑖 𝜕
𝜕𝑥 ) to a solution 𝑢(𝑥, 𝑡) of system

(1), we obtain a solution 𝑣(𝑥, 𝑡) of system (5).

Let 𝑣0(𝑥, 𝑡) be some solution of system (5). Find a solution 𝑢(𝑥, 𝑡) of the system
𝑇1(𝑖 𝜕

𝜕𝑥 ) 𝑢 = 𝑣0(𝑥, 𝑡); such a solution always exists (in generalized functions) (2).
Then 𝑢(𝑥, 𝑡) will be a solution of system (1). Thus, each solution of system
(5) is obtained as a result of applying the differential operator 𝑇1(𝑖 𝜕

𝜕𝑥 ) to some
solution of system (1).

In an analogous way, representing the matrix 𝑄(𝑠) in the form 𝑄 = 𝑇 −1
2 𝑃𝑇2,

where the elements of the matrix 𝑇2(𝑠) are polynomials in 𝑠1, … , 𝑠𝑛, we are
convinced of the validity of the converse assertion: applying to a solution 𝑣(𝑥, 𝑡)
of system (5) the operator 𝑇2(𝑖 𝜕

𝜕𝑥 ) (the matrix 𝑇2(𝑖 𝜕
𝜕𝑥 ) is obtained from the

matrix 𝑇2(𝑠) by replacing each 𝑠𝑗 by 𝑖 𝜕
𝜕𝑥𝑗

(𝑗 = 1, … , 𝑛)), we obtain a solution
𝑢(𝑥, 𝑡) of system (1), and each solution 𝑢(𝑥, 𝑡) of system (1) is obtained by
applying the operator 𝑇2(𝑖 𝜕

𝜕𝑥 ) to some solution 𝑣(𝑥, 𝑡) of system (5). Thus,
system (1) is equivalent to system (5) (in the class of generalized functions). In
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view of the form of the matrix 𝑄(𝑠), from (3) and (4) we obtain that system
(5) decomposes into 𝑁 − 𝑗 systems, each of which is integrated independently
of the others and has the form

𝜕𝑣(𝑝)(𝑥, 𝑡)
𝜕𝑡 = 𝐸𝑝(𝑖 𝜕

𝜕𝑥) 𝑣(𝑝)(𝑥, 𝑡), (6)

where
𝑣(𝑝)(𝑥, 𝑡) = {𝑣𝑘𝑗+1+⋯+𝑘𝑗+𝑝−1+1(𝑥, 𝑡), … , 𝑣𝑘𝑗+1+⋯+𝑘𝑗+𝑝

(𝑥, 𝑡)}.

System (6) with respect to the vector-function 𝑣(𝑝)(𝑥, 𝑡) is, obviously, equivalent
to one equation with respect to the function 𝑤𝑝(𝑥, 𝑡) = 𝑣𝑘𝑗+1+⋯+𝑘𝑗+𝑝−1+1(𝑥, 𝑡):

𝜕𝑘𝑗+𝑝𝑤𝑝(𝑥, 𝑡)
𝜕𝑡𝑘𝑗+𝑝 =

𝑘𝑗+𝑝

∑
𝑚=1

𝑃𝑚,𝑗+𝑝(𝑖 𝜕
𝜕𝑥) 𝜕𝑘𝑗+𝑝−𝑚𝑤𝑝(𝑥, 𝑡)

𝜕𝑡𝑘𝑗+𝑝−𝑚 ,

which completes the proof of the theorem.

The system (1) is called hyperbolic (3) if the characteristic roots
𝜆1(𝑠1, … , 𝑠𝑛), … , 𝜆𝑁(𝑠1, … , 𝑠𝑛) (𝑠𝑘 = 𝜎𝑘 + 𝑖𝜏𝑘, 𝑘 = 1, … , 𝑛) of the ma-
trix 𝑃(𝑠) satisfy the conditions

max
1≤𝑗≤𝑁

Re𝜆𝑗(𝑠1, … , 𝑠𝑛) ≤ 𝐴1|𝑠| for |𝑠| = (
𝑛

∑
𝑗=1

|𝑠𝑗|2)
1/2

≥ 1,

max
1≤𝑗≤𝑁

Re𝜆𝑗(𝜎1, … , 𝜎𝑛) ≤ 𝐴2. (7)

Theorem 2. If the system (1) is hyperbolic, then the Cauchy problem for it
can be reduced to the Cauchy problem for a first-order system.

The proof of Theorem 2 is based on the following lemma:

Lemma. Let
𝑅(𝜆) = 𝜆𝑁 − 𝑅1(𝑠)𝜆𝑁−1 − ⋯ − 𝑅𝑁(𝑠)

be a polynomial in 𝜆, whose coefficients 𝑅𝑗(𝑠) = 𝑅𝑗(𝑠1, … , 𝑠𝑛) (𝑗 = 1, … , 𝑁) are
polynomials in the complex variables 𝑠𝑘 = 𝜎𝑘 + 𝑖𝜏𝑘 (𝑘 = 1, … , 𝑛); let 𝜆𝑗(𝑠) =
𝜆𝑗(𝑠1, … , 𝑠𝑛) (𝑗 = 1, … , 𝑁) be its roots.

Then, if for |𝑠| = (|𝑠1|2 + ⋯ + |𝑠𝑛|2)1/2 ≥ 1

max
1≤𝑗≤𝑁

Re𝜆𝑗(𝑠) ≤ 𝐶1|𝑠|𝑘, (8)

then for |𝑠| ≥ 1
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max
1≤𝑗≤𝑁

|𝜆𝑗(𝑠)| ≤ 𝐶2|𝑠|𝑘. (8’)

Proof of Theorem 2. The Cauchy problem for the system (1) with initial
condition 𝑢(𝑥, 0) = 𝑢0(𝑥), as follows from Theorem 1, can be reduced to the
Cauchy problem for a system of equations of the form

𝜕𝑛𝑘𝑣𝑘(𝑥, 𝑡)
𝜕𝑡𝑛𝑘

=
𝑛𝑘

∑
𝑚=1

𝑃𝑚𝑘 (𝑖 𝜕
𝜕𝑥) 𝜕𝑛𝑘−𝑚𝑣𝑘(𝑥, 𝑡)

𝜕𝑡𝑛𝑘−𝑚

(𝑘 = 1, … , 𝑙;
𝑙

∑
𝑘=1

𝑛𝑘 = 𝑁) (9)

with initial condition

𝜕𝑝𝑣𝑘(𝑥, 𝑡)
𝜕𝑡𝑝 ∣

𝑡=0
= 𝑣𝑘𝑝(𝑥) (𝑝 = 0, … , 𝑛𝑘 − 1; 𝑘 = 1, … , 𝑙),

where the function 𝑣0(𝑥) must be a solution of the system

𝑇2 (𝑖 𝜕
𝜕𝑥) 𝑣0 = 𝑢0,

where

𝑣0(𝑥) = {𝑣1,0(𝑥), … , 𝑣1,𝑛1−1(𝑥), … , 𝑣𝑙,𝑛𝑙−1(𝑥)}; 𝑢0(𝑥) = {𝑢1,0(𝑥), … , 𝑢𝑁,0(𝑥)}.

We shall show that each of the equations (9) is an equation of Kowalevsky type,
i.e., the degree of the polynomial 𝑃𝑚𝑘(𝑠) does not exceed the number 𝑚.

Let, as in the proof of Theorem 1,

𝐸𝑗(𝜆) = 𝜆𝑘𝑗 − 𝑃1𝑗(𝑠)𝜆𝑘𝑗−1 ⋯ − 𝑃𝑘𝑗𝑗(𝑠) = (𝜆 − 𝜆1(𝑠))𝑙𝑗1 ⋯ (𝜆 − 𝜆𝑡𝑗
(𝑠))𝑙𝑗𝑡𝑗 ;

here 𝑗 = 1, … , 𝑁 ;

1 ≤ 𝑡𝑗 ≤ 𝑁; 𝑘𝑗 =
𝑡𝑗

∑
𝑖=1

𝑙𝑗𝑖;
𝑁

∑
𝑗=1

𝑘𝑗 = 𝑁;

𝜆𝑟(𝑠) (𝑟 = 1, … , 𝑁) are the characteristic roots of the matrix 𝑃(𝑠) (among them
there may be equal ones). Then

𝑃𝑚𝑗(𝑠) = (−1)𝑚−1 ∑
1≤𝑗𝑟≤𝑡𝑗 (1≤𝑟≤𝑚),

𝑗𝑖≠𝑗𝑙 (𝑖≠𝑙)

𝜆𝑗1
(𝑠) ⋯ 𝜆𝑗𝑚

(𝑠). (10)
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By virtue of the hyperbolicity of the system (1) and the lemma, for |𝑠| ≥ 1 the
estimate holds

max
1≤𝑗≤𝑁

|𝜆𝑗(𝑠)| ≤ 𝐴3|𝑠|. (11)

Then from (10) and (11) it follows that, for |𝑠| ⩾ 1, |𝑃𝑚𝑗(𝑠)| ⩽ 𝐴4|𝑠|𝑚. Hence
the degree of the polynomial 𝑃𝑚𝑗(𝑠) in the aggregate of variables 𝑠1, … , 𝑠𝑛 is
not greater than 𝑚, and, consequently, the order of the differential operator

𝑃𝑚𝑗 (𝑖 𝜕
𝜕𝑥) = 𝑃𝑚𝑗 (𝑖 𝜕

𝜕𝑥1
, … , 𝑖 𝜕

𝜕𝑥𝑛
)

also does not exceed 𝑚. Thus each equation of the system (9) is an equation of
Kovalevskaya type, and for the latter the assertion of the theorem is valid (4).

Proof of the lemma. Since 𝜆𝑗(𝑠) (𝑗 = 1, … , 𝑁) are the roots of the polynomial
𝑅(𝜆), we have

𝑅1(𝑠) =
𝑁

∑
𝑗=1

𝜆𝑗(𝑠), … , 𝑅𝑁(𝑠) =
𝑁

∏
𝑗=1

𝜆𝑗(𝑠).

Introduce the notation (𝑗 = 1, … , 𝑁):

Re𝑅𝑗(𝑠) = 𝐿𝑗(𝑠) = 𝐿𝑗(𝜎1, … , 𝜎𝑛, 𝜏1, … , 𝜏𝑛);

Im𝑅𝑗(𝑠) = 𝑇𝑗(𝑠) = 𝑇𝑗(𝜎1, … , 𝜎𝑛, 𝜏1, … , 𝜏𝑛);
Re𝜆𝑗(𝑠) = 𝜇𝑗(𝑠) = 𝜇𝑗(𝑠1, … , 𝑠𝑛), Im𝜆𝑗(𝑠) = 𝜈𝑗(𝑠) = 𝜈𝑗(𝑠1, … , 𝑠𝑛).

Let
𝑀(𝑆) = max

1⩽𝑗⩽𝑁
𝜈𝑗(𝑠) for max

1⩽𝑗⩽𝑛
|𝑠𝑗| ⩽ 𝑆.

The formula (5)*
𝑀(𝑆) = 𝑎𝑆𝑘1(1 + 𝑜(1)), (12)

holds, where either 𝑎 = 0, or 𝑎 ≠ 0 is a real number, 𝑘1 is a rational number,
and 𝑜(1) → 0 as 𝑆 → ∞.

Suppose 𝑘1 > 𝑘 and choose 𝑘2 so that

𝑘1 > 𝑘2 > 𝑘 + (𝑁 − 1)𝑘1
𝑁 > 𝑘.

In view of (12), among the functions 𝜈𝑗(𝑠) (𝑗 = 1, … , 𝑁) there will be several
functions 𝜈𝑗1

(𝑠), … , 𝜈𝑗𝑞
(𝑠) which, on some sequence of points

𝑠𝑝 = (𝑠1𝑝, … , 𝑠𝑛𝑝) (|𝑠𝑝| −−−→
𝑝→∞

∞)
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satisfy the estimate

|𝜈𝑗𝑟
(𝑠𝑝)| > 𝑝|𝑠𝑝|𝑘2 (𝑟 = 1, … , 𝑞). (13)

Suppose that 𝑞 < 𝑁 and is even. Then from (8), (12), and (13) one can conclude
that the polynomials 𝐿𝑞(𝑠) and 𝑇𝑞(𝑠) have different degrees: the degree of 𝐿𝑞(𝑠)
is not less than 𝑞𝑘2, while the degree of 𝑇𝑞(𝑠) is not greater than

𝑘 + (𝑞 − 1)𝑘1 < 𝑞𝑘2.

The polynomials 𝐿𝑞(𝑠) and 𝑇𝑞(𝑠), as the real and imaginary parts of one and
the same polynomial 𝑅𝑞(𝑠), must have the same degree. Therefore there exists
a function 𝜈𝑗𝑞+1

(𝑠) satisfying the estimate (13). Thus all functions 𝜈𝑗(𝑠) (𝑗 =
1, … , 𝑁) satisfy (13). Then 𝐿𝑁(𝑠) has degree not less than 𝑁𝑘2, while the
degree of 𝑇𝑁(𝑠) does not exceed

𝑘 + (𝑁 − 1)𝑘1 < 𝑁𝑘2.

Since the polynomials

𝐿𝑁(𝑠) = 𝐿𝑁(𝜎1, … , 𝜏𝑛) and 𝑇𝑁(𝑠) = 𝑇𝑁(𝜎1, … , 𝜏𝑛)

must have the same degree, a contradiction is obtained, proving that 𝑘1 ⩽ 𝑘.
(The reasoning has been given for even 𝑁 ; for odd 𝑁 the polynomials 𝐿𝑁(𝑠) and
𝑇𝑁(𝑠) should be interchanged.) Now (8) and (12) imply (8′), as was required.
The author takes this opportunity to express his deep gratitude to Prof. G. E.
Shilov for his scientific guidance.
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* In (5), formula (12) is proved for

𝑀1(𝑆) = max
1⩽𝑗⩽𝑁

𝜇𝑗(𝑠) for max
1⩽𝑗⩽𝑁

|𝑠𝑗| ⩽ 𝑆;

in our case the proof is analogous.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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