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REDUCTION OF AN EVOLUTIONARY SYS-
TEM OF LINEAR PARTIAL DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFI-
CIENTS TO ONE EQUATION

(Presented by Academician S. L. Sobolev on 17 XII 1956)

A system of differential equations in partial derivatives with constant coefficients
of the form

81%? b P (z%) u(z,t); (1)
is considered; here u(z,t) = {u;(z,t), ..., un(z, )}, x = {1, ..., 2, }; P('—w) is

a square matrix of order N, whose elements are “polynomials” in the “variables”

i .. zi with constant coefficients.
Oz, ox

Theorem 1. A system of differential equations in partial derivatives of the form
(1) is equivalent to one partial differential equation with constant coefficients of
the form

ONu( N ON"y (2, t)
E)tN Z P {1 < ax> otN—m 2)

m=1

(or to a system of several equations of the form (2), each of which is integrated
independently of the others).

Proof. Let E;(\),..., Ex()\) be the invariant factors' of the matrix P(s)
(s = {81y, 8,}), Wthh is obtained from the matrix P ( ) by replacing the

“variable” ia%k by s, (k=1,...,n), and let

N
Ej(0) =M — P(s)A L — = B i(s) (G=1,..,N; Y _k;=N),
1

P, ;(s) (m=1,...,k;) being a polynomial in sy, ..., s,,.

Suppose that E;(\) = - = E;(\) =1, E;;(\) # 1, and construct the quasi-
diagonal matrix
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Q(s) = : ; (3)
Ey_;

here in the off-diagonal blocks all elements are equal to zero, while the diagonal
block E, is constructed according to the rule

0 1 0 0
Ey(s) = 0 0 0 i @
ij+p.,j+p(8> ij+p—1,j+p(3) PZ,j+p(s) P1,j+p(3>

As is known (1), the matrices P(s) and Q(s) have the same invariant factors and
therefore are similar. Consequently, there exists a matrix T (s) (det T} (s) # 0)
such that Q(s) = T} (s)P(s)T*(s). Moreover, the matrix 7} (s) can be chosen

so that its elements are polynomials in sy, ..., s,,.

Now put v(z,t) = T} (z%) u(zx,t), where the matrix T} (28%) is obtained from
the matrix T} (s) by replacing each s; by ia%j (j = 1,...,n). If the vector-
function w(z,t) was a solution of system (1), then the vector-function v(z,t)
will be a solution of the system

avgia t) _ Q(@%) v(z,t). (5)

Thus, applying the differential operator T} (ia%) to a solution wu(z,t) of system
(1), we obtain a solution v(z,t) of system (5).

Let vy (z,t) be some solution of system (5). Find a solution u(x,t) of the system
T, (zd%) u = vy(x,t); such a solution always exists (in generalized functions) (?).
Then wu(z,t) will be a solution of system (1). Thus, each solution of system
(5) is obtained as a result of applying the differential operator T; (ia%) to some
solution of system (1).

In an analogous way, representing the matrix Q(s) in the form Q = T, !PTy,
where the elements of the matrix T5(s) are polynomials in sy, ...,s,, we are
convinced of the validity of the converse assertion: applying to a solution v(z,t)
of system (5) the operator T, (ia%) (the matrix T, (i%) is obtained from the
matrix Ty(s) by replacing each s; by ia%j (j =1,...,n)), we obtain a solution
u(z,t) of system (1), and each solution w(z,t) of system (1) is obtained by
applying the operator T, (i%) to some solution v(z,t) of system (5). Thus,
system (1) is equivalent to system (5) (in the class of generalized functions). In
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view of the form of the matrix Q(s), from (3) and (4) we obtain that system
(5) decomposes into N — j systems, each of which is integrated independently
of the others and has the form

Ovy, (x,t) 9
)\ ") :
S =B (i, ) v ), (©6)
where
’U(p)(x7 t) = {Ukj+1+»»-+kj+p,1+1(xa t), .. 2 Ukt 1otk (z,t)}

System (6) with respect to the vector-function v, (,) is, obviously, equivalent
to one equation with respect to the function w,(z,t) = Uk,-+1+~~+kj+,,,1+1($’ t):

oFrtrw, (x,1) T b (0 0w ()
otks+p - Z m,j+p Zaix otkitp—m )

which completes the proof of the theorem.

The system (1) is called hyperbolic (3) if the characteristic roots
A (81 8p)y e s AN(81, ey 8y,) (8, = op + i1, k = 1,...,n) of the ma-
trix P(s) satisfy the conditions

N 1/2
max ReA;(sqy,...,s,) < Ay[s| for |[s][= (Z |sj2> >1,
=1

1<G<N

max Re\;(oy,...,0,) < A,. (7)

1<j<N
Theorem 2. If the system (1) is hyperbolic, then the Cauchy problem for it
can be reduced to the Cauchy problem for a first-order system.

The proof of Theorem 2 is based on the following lemma:

Lemma. Let
RO =AY = Ry (s)AN T — = R ()

be a polynomial in \, whose coefficients R;(s) = R;(sy,...,5s,) (j=1,...,N) are
polynomials in the complex variables s, = o + ity (k= 1,...,n); let \;(s) =

Aj(815058,) (= 1,...,N) be its roots.

Then, i for [s| = (sy[ + -~ +]s,[)2 > 1
max Re )\j(s) < Cl\s\’“, (8)

1<j<N

then for |s| > 1
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< k. ’
max [A;(s)] < Cals| (8)

Proof of Theorem 2. The Cauchy problem for the system (1) with initial
condition u(x,0) = uy(x), as follows from Theorem 1, can be reduced to the
Cauchy problem for a system of equations of the form

0"y (z,t) O™ My (2, t)
ot Z mk ( m) otrk—m

(k::l,...,l; Zl:nkzN> (9)
k=1

with initial condition

OPuy(x,t)

5t =v,() (p=0,..,n,—1; k=1,..,1),

t=0

where the function v,(z) must be a solution of the system

.0
T, (Zé)i:v) vy = Uy,

where
vy(z) = {UI,O(x)’ ’Ul,n171($)’ ) Ul,nlfl(x)}; uy(r) = {%,0(@7 aUN,o(l")]“

We shall show that each of the equations (9) is an equation of Kowalevsky type,
i.e., the degree of the polynomial P, (s) does not exceed the number m.

Let, as in the proof of Theorem 1,

Ej(3) = A% = Py(s)A5 = Py () = (A= Ay ()51 = (0= Ay (5))17

J j ’

here j=1,...,N;

2 N
LSt <Ny k=) L Z
=1 =1
A.(s) (r=1,...,N) are the characteristic roots of the matrix P(s) (among them

there may be equal ones). Then

1<), <t; (1<r<m),

Jita (i)
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By virtue of the hyperbolicity of the system (1) and the lemma, for |s| > 1 the
estimate holds

mae |A(s)] < Ayl (11)

Then from (10) and (11) it follows that, for [s| > 1, |P,,;(s)| < A4ls|™. Hence
the degree of the polynomial P,,;(s) in the aggregate of variables sy, ...,s,, is

r n

not greater than m, and, consequently, the order of the differential operator

.0 .0 .0
Pm] (Z&) = Pm] (’Laxl, ’Zaxn>

also does not exceed m. Thus each equation of the system (9) is an equation of
Kovalevskaya type, and for the latter the assertion of the theorem is valid (4).

Proof of the lemma. Since \;(s) (j =1,..., N) are the roots of the polynomial
R()\), we have

Introduce the notation (j =1,..., N):

ReR;(s) = L;(s) = Lj(01, 00y Ty e s T);

Im Rj(s) = Tj(s) = Tj(al, ey Oy Thy oo s T )

ReA;(s) = p;(s) = pj(s1, .-, 8,), ImA;(s) =v;(s) = v(s1,.,8,).

Let
M(S) = 12‘2}5\71/3'(8) for 112&);\3j| <S.
The formula (5)*
M(S) = aS*1 (1 + o(1)), (12)

holds, where either a = 0, or a # 0 is a real number, &, is a rational number,
and o(1) — 0 as S — oc.

Suppose k; > k and choose k, so that

k+ (N —1)k
ky >ky> —"—"— >k
> ko > ~ >
In view of (12), among the functions v;(s) (j = 1,..., V) there will be several
functions v; (s), ..., qu(s) which, on some sequence of points

Sp = <51p7 "'7Snp) (‘Sp| p—>—oo> OO)
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satisfy the estimate
v, (s,)] > pls, > (r=1,....9). (13)

Suppose that ¢ < N and is even. Then from (8), (12), and (13) one can conclude
that the polynomials L, (s) and T, (s) have different degrees: the degree of L, (s)
is not less than gk,, while the degree of Tq(s) is not greater than

k+ (qg—1)ky < qky.

The polynomials L, (s) and T,(s), as the real and imaginary parts of one and
the same polynomial R, (s), must have the same degree. Therefore there exists

a function quﬂ(s) satisfying the estimate (13). Thus all functions v,(s) (j =

1,...,N) satisfy (13). Then Ly(s) has degree not less than Nk,, while the
degree of Ty (s) does not exceed

k+ (N —1)k; < Nk,.
Since the polynomials
LN(S) :LN(0-17"'7TTL) and TN(S) :TN(0—17"‘7TTL)

must have the same degree, a contradiction is obtained, proving that k; < k.
(The reasoning has been given for even N; for odd N the polynomials L (s) and
T (s) should be interchanged.) Now (8) and (12) imply (8'), as was required.
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*In (5), formula (12) is proved for

M, (S) = 11%;?](\,%(5) for 121];2)5\[|sj| < S

in our case the proof is analogous.

Note: Figure translations are in progress. See original paper for figures.
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original.

sovietrxiv.org/items/ru-195701.50142 Machine Translation


https://sovietrxiv.org/items/ru-195701.50142

	Abstract
	Full Text
	MATHEMATICS
	V. M. Borok

	REDUCTION OF AN EVOLUTIONARY SYSTEM OF LINEAR PARTIAL DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS TO ONE EQUATION
	References


