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Abstract

Full Text
HYDROMECHANICS
G. M. SHEFTER

AN ASYMPTOTIC SOLUTION OF THE
EQUATIONS OF ONE-DIMENSIONAL UN-
STEADY MOTION OF AN IDEAL GAS WITH
CYLINDRICAL SYMMETRY

(Presented by Academician L. I. Sedov, 16 IV 1957)

The first asymptotic solution of the problem of the attenuation of shock waves
was found by L. D. Landau (1); he obtained the first term of the solution
for the spherical and cylindrical cases. L. I. Sedov (2) solved this problem
in characteristic variables; he also obtained the first term. Yu. L. Yakimov
(3) developed L. I. Sedov’ s method and, in the spherical case, obtained an
asymptotic solution with terms of order of smallness higher than the first.

In the present work, by an analogous method, the solution is found in the
cylindrical case; then, with the aid of this solution, the asymptotic laws of
attenuation of shock waves are investigated; terms of order of smallness higher
than the first are found.

1. A one-dimensional unsteady flow of an ideal perfect gas with cylindrical
symmetry must be described by the system of equations

ou Oou 10p dp Opu  pu ap a p
—_ e _— = —_ _— —_— = _—— _—— = 1
6t+u8r+p8r 0, 8t+ Oor * r 0 8tp7+u3rp7 0, (1)

where r is the coordinate (radius); t is time; u is velocity; p is density; p is
pressure.

It is known that this system has three families of characteristic directions

dr = (a + u)dt, dr = (—a + u) dt, dr =wudt

(a is the speed of sound).

We shall carry out computations and arguments analogous to those carried out
in (3). In the coordinates r, ¢,
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pao(r,&1) déy = dr — (a+u) dt (2)

we shall find the wave going away from the axis of cylindrical symmetry, or the
direct wave, if p, p,u are sought in the form of series in powers of In'7/r*/? (k
varies from 1 to oo; ¢, from 0 to k — 1).

In the coordinates r, ¢,

fioo(1,&2) dEy = dr — (—a + u) dt 3)

we shall find the wave going toward the axis of cylindrical symmetry, or the
reflected wave. Then we combine these two waves by an interaction wave, which
disappears when one of the first two waves disappears.

Thus we obtain an asymptotic solution containing explicitly two arbitrary func-
tions and a countable set of arbitrary constants. Let us write out the first terms
of this solution:

p=1+[Fi(&) + fi0(&)] =t [Fao(&1) + fao(&2) + ago (&1, &) % N

N

=1+ [Wio(&1) + yo(&)) % + [0 (6) + a1 (&)

Inr
r

+[Wa0(&1) + Pa0(&2) + Bao (€15 €2)] % +o (4)

Inr

u = [D14(&) + p10(&2)] \% + [@21(&1) + 921 (&) 7"‘

1
r

+[Pog(&1) + p20(€a) + wag (€1, 62)] = + -+,

where

1

[0)) =
10 \/7}/

1 1\
Fio, Uy = ;Fm"‘c\l/m’ Hip = (1 + ;) Flo(6)Vr+14-,

¥—3 1
Fy, =0, Py =Csg,,, Yy =Cy,,s Fyy = ?F120+10\1/10F10+\ﬁ0¢>217
(5)
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_ 2
Py = 4’7\ﬁF10 4\ﬁ0\mem+C¢20,
147 )
207 T g% F120+BOW10F10+C\1/20

direct wave;

1 1
P10 = _ﬁflo’ Pyg = ;fw T+ Cyys fa1 =0, P21 = Copypyo

1 /

Pa1 = Cyy s pao(r,&2) = (1 + ;) Flo(E)Vr+ 1+, (6)
v +5 1

fa0 = f1o 1 w10f10+cf20’ a0 = 4,y\[fm 4\ﬁC\p10f10+%207
1 +7
’(/}20 = flo ‘I’loflo + Copag Cfao = _ﬁcﬂozl

reverse wave;

Hy = (1 + %) Flo(E)vVr+14-, Mo = (1 + %) FlolG)Vr + 1+,
a9 = PBro = wio =0, Qg1 = P = wy; =0,
Bao = —%wam + % (waFlO + C\I;wfm) )
Qgp = i (waFIO + C\wam) ) Wag = :Yy\_;»l Fiofr0— 4\F <C¢10F10 + Cwmfw)

(7)
interaction wave.

2. Let us apply the solution obtained to the investigation of the question of the
attenuation of shock waves. Suppose that the discontinuity moves in an undis-
turbed medium p =1, p =1, u = 0. Then the conditions at the discontinuity
can be written in the form
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2 1 Ap
ApAp + ——(vAp — Ap) =0, u? = Z“ApAp, D?=p—=. (8
771( ) p Ap (8)

Here Ap = p—1; Ap = p—1; D(r) is an as yet unknown function; u is the
velocity of motion of the front of the shock wave.

Substituting the first three terms of the solution (4) into (8), we obtain, respec-
tively,

C‘I’lo = cww = C‘I’zl = c¢21 = Cq>21 = 09021 = 0‘1’20 = cwzo = C‘I’zo = 08020 = (()

. 3

PR

f10(§2> = \};

Dwﬁﬂﬁ%@mm%%ww ()

Thus, assuming that Fjy(§;) is the prescribed shape of the incident wave, we
determine the remaining functions.

We investigate the asymptotic behavior of the shock wave by means of the
equality

wydéy = dr — (a4 u) dt. (12)

At the discontinuity dr/dt = D(r); therefore (12) at the discontinuity takes the
form

pydé, = [1 - “;“] dr. (13)

Substituting the expressions for 11, (a +u)/D in terms of series, and taking (9)
—(11) into account, we obtain a differential equation valid at the discontinuity

d(li’;o [( ) N diéllo } — _i (1 + %) Fm\% +o (14)

From this one can determine Fjy(r) at the discontinuity, if the derivative

d¢, /dF,, is found. The wave shape Fy(r,t,) at the initial instant is given to

us (Fig. 1, t =t,). Suppose that Fjy(ry,ty) =0, 8F10/87"|r ., # 0, and that
0,0

Fyy(r,ty) is expandable in a Taylor series in powers of r — r,.
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Taking into account that Fy, = Fj,(&;) and, consequently, § = & (F), and
knowing Fq(r,ty), we find & (F,) at the initial instant of time t = t,, dt = 0.

From (13), for t = ¢, it follows that

=1-— (1+1> O
7,tg Y 67ﬁ

96
or

Vi (15)

7,tg

Substituting into the right-hand side of (15) the expansions of 9F,/dr| .
to

\/T, ... in powers of r — r, and then replacing r — r, by the inverse expansion in
powers of F,, we obtain

§1(Fig) =&+ Fig + SugFlg + -+, (16)
where

1 ( 1
= — (14 —) N
1 8F10/8r‘royt0 ~ 0

PRo/0r],  (111/y) 1

" (oF SN N
10/8T|r0,t0> To,to

The dependence & (F},) does not change with time. Hence, at any instant of
time and for any radius,

3
dFllo = %1+%2F10+"' (17)
Then (14) takes the form
dF 1 1 1 1
dtw [(1 + 5) VT g+ g Fyg ‘*‘} =71 ( + ;) FIOW +. (18)

The solution of (18) can be sought in the form

Fio(r) = Z Z r kA ay, (i < k).

k=1 i=—00

From (18) we obtain F,(r) at the discontinuity as a function of the radius

sovietrxiv.org/items/ru-195701.49945 Machine Translation


https://sovietrxiv.org/items/ru-195701.49945

Fig. 1

Figure 1: Fig. 1

Co Co X2 1 + 10 (7,571) (19)

Pt =55 =315 15 ma

(e is an arbitrarily small positive quantity, ¢, an arbitrary constant).

Let us now find the form of the wave at any fixed instant of time ¢t. We assume
that there exists a point ry, where F|(ry,t) = 0 (Fig. 1, t), and Fiy(r,t) is
expanded in the series

Fig. 1
oF 19*F
Fip(r,t) = ;O . t( —7y) + 3 aﬂlo (r—ry)? 4. (20)
’ T2,
Substituting (20) into (18), taking into account dt = 0, we determine

(2
OFy/or| ,, 8°Fy/0r?| ... as functions of the initial data and the radius
To, To,t

OF _ 1 d*Fy _1(1+2X2+1/’7)\/7‘>2+X1
or e (A+1/7)r3+x1 o, 2 [(A+1/Nm+xal’
(21)

The asymptotic laws of decay of shock waves are obtained by substituting the
results (9), (10), (19), and (20) into formula (4), and also into these same
formulas after prior differentiation with respect to r:

10%p
(r—ry) + 3972 (r =)+,

To,t

_ Op
p(rvt) - p(?"27t) + g

To,t

similarly for p(r,t) and u(r,t). At the point ro,t, p=p=1,u=0,

dp 1

— = +0(r572),

Ol V2 [(1+1/7)y/T3 + X2 r3)

op| _10p duj _ 1 9p

or To,t B Y or T2,t’ or To,t B \/’7 or 7"27157
Ppl 2420 +3/v+ 1)+ xa(B3+2/7)r +XE L 0@

_ =),

O, 2y /75 [(1+ 1/7) /3 +xa)’

sovietrxiv.org/items/ru-195701.49945 Machine Translation


https://sovietrxiv.org/items/ru-195701.49945

1 0%

To,t

At the discontinuity we obtain

xS 1 ox G e-3/2
p(T)_1+r1/4 21_‘_1/77"5/44—0(7‘ )

Co 1 X1 Co —3/2
—1 1 o4 o (3
p<7') +'yr3/4 2714—1/77'5/4"‘ (T )7

9 1 X1 G O (7,573/2)
VAT 2 A 14 1)y /4 ’

u(r) =

¢y is determined from the initial conditions: if at » = r; (at the discontinuity)
at the instant t = ¢, p(r;) is known (Fig. 1, t = t;), then

—1
S L G

X1

L+1/v2,/r

It is noteworthy that in the cylindrical problem of the decay of a shock wave the
third approximations immediately follow the linear approximations; the terms
~ Inr/r vanish.
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