Soviet-era science, translated into English

Academician of the

Academy of Sciences of

the BSSR B. 1.
STEPANOYV and P. A.
APANASEVICH

1957

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-195701.49909

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195701.49909

Abstract
Full Text

PHYSICS

Academician of the Academy of Sciences of the BSSR B. I. STEPANOV and P.
A. APANASEVICH

THE NATURAL CONTOUR OF ENERGY
LEVELS

In quantum mechanics, the broadening of spectral lines is associated with the
broadening of energy levels. The application of the uncertainty relation makes
it possible to find the mean width of the levels. The question of the contour of
levels corresponding to the contour of the natural broadening of spectral lines is
generally not considered. The usual methods of quantum electrodynamics (1~3),
based on the solution of the time equation, give the correct expression for the
contour of a spectral line, but do not touch upon the question of the broadening
of energy levels. In some cases it is assumed that the contour of a spectral line
completely repeats the contour of the excited energy level (), but the meaning
of this concept is not clarified. In the present work an expression is obtained
that can be interpreted as the natural contour of energy levels.

Let us consider an isolated system consisting of two interacting subsystems: an
atom and an electromagnetic field. The Schrédinger equation for the stationary
states of such a system has the form:

(H,+ H,+U)¥ = EV. (1)

Here H, and H|, are the Hamiltonians of the free atom and of the electromag-
netic field, respectively. The interaction operator has the form (1)

mc

where p is the momentum operator of the optical electron of the atom; A is the
vector potential of the electromagnetic field:

A= Z(leeikr +qhe ey (3)
P

In expression (3) the summation is carried out over two values of the polarization
[ and all values of the wave vector k, determined by the dimensions of the
periodicity cube V. In what follows the summation over [ and k is denoted by
a single index.
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The matrix elements of the operators ¢, and ¢ are equal to

27r02h 27rc h
(qT)mT,nz V 'r(;n —1,m,» (Qjc)m Ny

VAL 6n +1,m,
(4)

Here n, and m, are the quantum numbers of the states of the z-th oscillator;

w, is the frequency; e, is the polarization vector.

We seek the solution of (1) in the form

= }(Z)Cunz)% (ny)? )

where v); ,, ) is the product of the eigenfunction of the free atom in the i-th

state and of the eigenfunction of the field in the state (n,). The symbol (n,)
denotes the totality of all symbols n,,n,,...,n,, ..., which determine the state of
all oscillators of the field. Substituting (2) and (5) into (1) and carrying out the
well-known transformations, we obtain a system of equations for determining

Ci

i(n,):

(Ez(nl)_E)Cz(n Z pz] ) Mgy (n +0 .0 Z(pij)a:’\/ Ny Oj(nz—(smz/)
gz’ gz’
(6)

where

=E,+ Y hw,(n, +1/2), (7)

. 2mh
(pij)z = _Z@\/ VTwij<re$>ij' (8)

In (6) and (8) it has been taken into account that, within the limits of the
atom, kr < 1 (4). The notation of the indices is borrowed from (5) and has the
following meaning: (n, + d,,/) differs from (n,) only in that the oscillator 2’
is in the state n,, + 1, and not n,,. To simplify the calculations, let us assume
that the atom has only two energy levels: E; =0 and E,.

The system of equations (6) can be solved by the method of successive approx-
imations. As the zeroth approximation we take the state in which the atom is
in the excited state and there are no photons in the field, i.e. only Cy)(E) is
nonzero. The equations (6) for the first approximation have the form
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(Ey — E>02(0) - Z(pm)xfcms”/) =0,

z’

(hw,, — E)Cmsm/) - (p12):1:’02(0) =0. 9)

The system (9) describes the interaction of the excited level of the atom with
the practically continuous spectrum of possible states of the field. An analo-
gous system of equations has already been solved in the works of Rice (¢) and
Stepanov (7) on the theory of predissociation. In contrast to (9), in those works
it was assumed that the matrix elements do not depend on the energy and that
the energy spectrum is homogeneous. In our case these conditions are not ful-
filled, since the matrix elements (p;5),, and the density of energy levels of the
electromagnetic field

(.4)2

Pu = 7203 (10)
depend on w. Nevertheless, the solution obtained in (%7) is also applicable to
the present problem. Indeed, from the form of equations (9) it follows that
the interaction of the two subsystems has a resonant character; the values of
C’Q<O)(E) are large only for those energies F of the whole system which are close
to Ey, and for £ ~ FE, the change in the matrix elements and in the density
of energy levels is small and may be neglected. Therefore, according to (7),
|C’2(O)(E)|2, i.e. the probability of finding the atom on the second level if the
energy of the whole system is equal to F (F is close to E,), is given by the
expression

|P21|i'

2
w? (|p21|§/)

2

|Co) (B)? = (11)

)

+ (B, — E)?

where € is the distance between neighboring energy levels of the field, equal to

h/pwsq, and the bar over the matrix element denotes averaging over all directions

eX; :

— 2nhwye® 1 [T " 2 mhw
= T [ dp [ singdo (e )P = 3 TR Il (12)
21 % A A A x’/21 3 v 21

Introducing the notation

Tpuly 2 2w )
= c = § 3 |T21‘ ’ (13)

B
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formula (11) may be written in the form

Be 1
Copy(B)?="—= . 14
| 2(0)( >| T ﬁ2—|—(E2—E)2 ( )
Expression (14) determines the probability referred to one level of the field state.
In order to obtain the probability density, i.e., the probability referred to a unit
energy interval, it is necessary to multiply expression (14) by the number of
levels in a unit energy interval, 1/e. As a result we have

I} 1

" P (B B 1o

|02(0)(E)|129 =

Solving the problem of transitions, quantum electrodynamics (1) gives the
following expression for the contour of a spectral line:

¥ 1
IHw=I[- —F+———, 16
@) =1y T Y2+ (We —w)? (16)
where + is the half-width of the spectral line,
2 e?w3; s B
725 3 791 :ﬁ (17)

It is seen from this that the parameter 8 coincides with the half-width of the
spectral line on the energy scale. The similarity of (15) and (16) suggests that
expression (15) may be interpreted as the contour of an atomic energy level,
caused by interaction with the zero electromagnetic field.

In nature there is no absolutely isolated atom. The simplest real system is not
an isolated atom, but an atom in the zero electromagnetic field, from which one
cannot in principle abstract. Therefore the simplest atomic system is described
by the Hamiltonian H, + U, where U is the operator of interaction with the
electromagnetic field. Such a system possesses a practically continuous energy
spectrum F and eigenfunctions W(F). In its physical meaning, the quantity
|Cy0) (E)|% gives the probability of manifestation, in the total state of the system
U(E), of the properties of the atom, i.e., of the state ¥,. According to (15),
different energy levels E of the complete system correspond to different degrees
of manifestation of the properties of the atom. The dependence of the quantities
|C’2(0>(E)|2E on E gives the natural contour of the energy levels of the atom,
which appears under the most varied experimental conditions, in particular in
the contour of spectral absorption and emission lines.
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