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Abstract

Full Text
PHYSICS
V. V. TOLMACHEV

ON FINDING TIME CORRELATION FUNC-
TIONS FOR STATISTICAL SYSTEMS WITH
LONG-RANGE INTERACTION AT TIMES UP
TO THE FREE-PATH TIME

(Presented by Academician N. N. Bogolyubov, 19 IX 1956)

In a recent work (1) we derived a chain of equations for determining symmetric
distribution functions:
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As the “initial” conditions we take
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The functions Fy(t21, %y, 15+ s Ty, fpm, ,+1) that enter the right-hand side of

i=mq+-tmy_+1

(2) are the usual distribution functions of N. N. Bogolyubov (?). The summation
Z(ml,...,m,) is taken over all sets of integers m, ..., m;; the summation Z(T) is
taken over all s! permutations of s symbols. In (1) and (2) we have assumed
the usual limiting transition N — oo, V' — oo, v = V/N = counst.

To find the solution of (1), (2) in the case of a plasma in statistical equilibrium in
the absence of external fields, we replace in (1) H(x;) by T(p), and ®(|g, —q|)

by vi(|q, — ql)-
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We shall seek the solution of (1), (2) in the form of a series in powers of the
specific volume v:

F,=F" 4+orM + .. (3)

in doing so, we use the expansion for the usual distribution functions obtained
in (2) for the case of a plasma in statistical equilibrium in the absence of external
fields.

It is easy to see that the solution of the zeroth approximation will be

F5<O>(x1t1,... T S) H f(p,). (4)

(1<i<s)

We shall seek the solution of the first approximation in the form

FS(l)(xltlv 7xst8> = Z ztzvl.jt] H f pl (5)

(1<i<j<s) (1<i<s)

(l#z l#])

where g(xitz,xjtj) is a symmetric function with respect to interchange of its
arguments; moreover, it is homogeneous in space and time, i.e.

g(@ty, 2oty) = g(qy — qa,ty — ta, 1, P2)- (6)
We obtain
D1
g(Qat7p17p2> =g (q - EtvphpQ) +
t
+//K(q—q’,t—t’,pl)g(—q’,—t/,pg,p/)dq’dp’dt’, (7)
o JQ
where

q =4y —dqa; t=1t — 1y, (8)
p° e Ew (lg—2 \
K(q,t,p) — 9)
(1<a<3) 0 (2mmo)?/2 9q°

g(Q7p17p2) :g(QaOaplaPZ)' (10)
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Let us perform a Fourier transform with respect to the variables ¢:

1 .
9(a,t,p1,p2) = W,/elqu(k,t,pl,pz)dk; (11)
then from (7) we obtain

.k
T<kvtapl7p2) = e_z%t9(|k|7pl7p2)+

t
+//K(k7t_t/apl)r(_kv_t/7p27p/>dp/dt/7 (12)
0 JQ

where

memz—ﬁﬁgfgﬁzmm; (13)
v(lkl) = [ e us(al) da (14)
9(|kl,p1:p2) = f(p1)d(p1 — p2) + g([k) f(P1) f(p2); (15)
a(lkl) = [ e ag(la) da (16)

From the spatial and temporal homogeneity of g(z,t;,Z5ts5),

T<k7t7p17p2) = 7"(—]6, _tap27p1)' (17)

Note that the problem of finding the solution of (12), (17) is equivalent to the
problem of finding the solution

kel
r(k,t,p1,py) =€7" ’"1 tg(|k|,p1,p2)+

t
+//K®Jfﬂmﬂwfﬁmﬁ@%ﬁ (18)
0

also satisfying condition (17). Equation (18) was obtained from (12) by replac-
ing, in the integral term, r(—k, —t’, py, p”) by r(k,t’,p’, p;). We shall now make
use of a convenient separation of the problem (18), (17), namely, we can find
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the solution of equation (18) only in the region ¢ > 0, and then use (17) to
continue the solution obtained into the region ¢ < 0. It is convenient to find the
solution of equation (18) in the region ¢ > 0 by the operational method. Let us
introduce the following notation for Laplace transforms:

R<k7z7p17p2> = / T(katapl,p2>eizt dt (Rez > 0)7 (19)
0

K(k,z,p,) = / K(k,t,py)e?t dt (Rez > 0), (20)
)

o0
. kp
F(k, 2,p1,p5) = / R (K prpy)dt (Rez>0).  (21)
0
For R(k, z,p;,py) we have

fF(ka Zaplap2) dpl
1— [ K(k, zp)dp,

R(kazaplap2) = F(kazaplaPQ) + K(kazapl) (22)

Using (13) and (15), after some calculations we obtain a rather cumbersome
expression for R(k, z,p;,py), which, for lack of space, we do not give.

Performing the inverse Laplace transform, we obtain

1 o+1i00
r(k,t,p,py) = %/ | R(k,z,py,po)e*tdz  (t>0), (23)
r(k,t,py,py) = r(—k,—t,py,py) (t <0). (24)

Fig. 1

Formulas (23), (24) give the solution in principle of the problem of finding the
first approximation.

Let us say a few words about the analytic nature of R(k,z,p;,ps). The only
singularities of the function R(k, z, p;,py) at finite points of the z-plane are poles
at the points z = —ikp,/m, z = —ikp,/m, and at the roots of the dispersion
equation

1 MG MG [ e g 25
7 o "),

In the case A > 1, |k| < 1/rp, the roots of equation (25) are written approxi-
mately in the form (cf. (3))
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3 1
2, 2 iw, <1 + 57‘%1@2) — ,/gwo 13,3 e 1/2rpk? (26)
D

. 3 1
29 =~ —iw (1 * §T2Dk2> B \/zwo 133 e 2B, (27)
D

where wy, = \/4me2/vm is the plasma frequency; r, = y/fv/4mwe? is the Debye

radius, e is the electron charge; = kT. For large |z|, the function R(k, z, pq, ps)
behaves as follows: when z tends to infinity inside the shaded region (see Fig.
1), it tends to infinity, while when z tends to infinity outside this region, it tends

tends to zero. It is of interest, using the solution (23), (24), to obtain formulas
for the function

91(q1,t1, 925 t2) ://g(xﬁpxztz)d%dp? (28)

After some calculations we have

1 .
91(q15t15 Ga,to) = W/emqﬁ(kﬁ) dk, (29)
1 o+ioco
ry(k,t) = 2—7”/ R (k,z)e* dz (t>0), (30)
T (ka t) = Tl(_k"a _t) (t < 0)7 (31)

14+ g(k e—At—0K>t? /2m 1y
(1+g(]
0

L Uk ok /°° o g
0

Ry(k,z) =

0 0

In order to obtain the asymptotic form of the integral (30) for large ¢, it is
necessary, using the known method of asymptotic estimates for such integrals,
to shift the path of integration in it to the left in such a way that the poles of
the function R, (k, z) remain to the right of this path (see Fig. 2). Then

ry(k,t) =~ res Ry (k,z)e™ + res Ry (k, z)e*. (33)

z=2 z=24

Computing the residues, we obtain
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Fig. 2

Figure 1: Fig. 2

ry(k,t) =~ (14 g(|k]))e " coswyt, (34)

where +y is the decrement of Landau damping,
m 1 2.2
_ - —1/2k%r
= w e D,
7 \/; 0 k313

To obtain the behavior of r;(k,t) for small ¢, we return directly to the equation
for r (k, t):

Fig. 2

—0k2t2/2m kQU(‘kD ! N ,—0(t—t")2k? /2m / /
ri(k,t) =e (A +g(lkl)) = — = [ t=t)e ry(k,t") dt’,
0

(35)

which is obtained from (18) by integration over the momenta p;, p,. Replacing,
for small ¢, the exponential factors in this equation by 1 and solving the resulting
equation, we shall have

ry(k,t) = (1 + g([kl)) coswyt. (36)
Comparing (36) with (34), we conclude that, evidently, formula (34) gives a
good representation of the behavior of the solution for all ¢.

It should be emphasized that, since we use the expansion (3) directly in powers
of v, formula (34) is valid for times smaller than the mean free time.

In conclusion the author takes the opportunity to express his deep gratitude to
Academician N. N. Bogoliubov for a valuable discussion of this work, carried
out under his direct guidance.
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