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MATHEMATICS
D. P. KOSTOMAROV

ON BOUNDARY-VALUE PROBLEMS FOR
EIGENVALUES AND EIGENFUNCTIONS OF
ORDINARY DIFFERENTIAL EQUATIONS
CONTAINING A SMALL PARAMETER AT
THE HIGHEST DERIVATIVE

(Presented by Academician I. G. Petrovskii on 1 I 1957)

Let two linear differential operators of even orders be given on some interval

[a, b]:
Llu) = (=1)" Y _pi(e)u(@);  lu] = (=)™ ) g;(x)ul?(x).
=0 '
(m>0, n—m=k>0).

Consider the boundary-value problems

(2)

whose eigenvalues and normalized eigenfunctions we shall denote respectively
by A;(u),w;(w, 1) and A;,v;(x). We shall regard the parameter y as small and
positive; then, as was shown in paper (1), under certain restrictions the relations

M) = A+ OG28), (e, p) = vy () + O(u!/2%)

hold.

(We note that in paper (!) problems with more general boundary conditions
than ours were considered.) The purpose of the present note is to compute the
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eigenvalues and eigenfunctions of problem I with accuracy up to and including
terms of order p'/2F.

1. We shall assume henceforth that the functions p,(x), ¢;(x), and p(z) satisfy
the following conditions on the interval [a, b]: the functions p,;(z) (0 < i <
2n — 2) are continuous; the functions p(z) and ¢;(z) (0 <i < 2m —2) are
continuously differentiable 2k times; the functions p,,,_;(z) and g¢,,,_1(z)
are (2n — 1) times differentiable, and the functions p,,, (z) and ¢,,,(x) are
2n times differentiable; moreover py, () > 0, go,,(z) > 0. Under the
assumptions made, the following lemma is valid:

Lemma 1. For every closed domain g of the plane of the complex variable
A, for sufficiently small positive values of p (0 < p < py(g)), equation (1) has
2n linearly independent solutions {u;(z, A\, )} (1 < 4 < 2n), which, together
with their derivatives with respect to « up to order (2n — 1) inclusive, can be
represented in the form

u§s>(m, A, ) = 'UES>(373 A) + Ry (A, )

(1<i<2m, 0<s<2n-—1), (3)

®) q (l‘) s/2k c
u (x,)\,,u) _ M_S/Qk <€§k2m 2m ) h(m) + Ml/Zk@iS<x,)\,,u) exp /;;/227:

(4)

2m+1<i<2n, 0<s<2n-—1),

where {v;(z,A\)} (1 <i < 2m) are linearly independent solutions of the degener-
ate equation (2), which are analytic functions of A for A € g; {¢,} are the roots
of the equation ¢?* + (—1)* =0, and

—4)

g, =eirle (1< a<2k);

2z, =b(2m+1<i<2m+k);z;,=a (2m+Ek+1<i<2n);

2n+2m—1
4k z t t
h(z) = (pzn($)> exp/ <QQm—1( ) . Pan—i( )) dt;
q2m(‘r> a QQm(t) p2n<t)
Yis(x, A p) (1 <i<2n, 0<s<2n—1) are functions, (2n — s) times contin-
uously differentiable with respect to = on the interval [a,b] and analytic with

respect to A and p (A € g, 0 < p < py(g)), and in the indicated domains of
variation of the variables x, A\, and pu,
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|@is<mv A, U)' < o,

Yo = ¥o(g) is some constant.

2. The eigenvalues of the degenerate problem II are determined as the roots
of the equation

“(a,\)

o)
b, N

F(X\) = det =0 (1<i<2m,0<s<m-—1), (5)

v

where {v;(z, A)} is a fundamental system of solutions of equation (2). We shall
assume that these solutions are entire functions of .

Suppose that in some closed domain g one of the minors of order (2n — 1) of
determinant (5), for example the minor A()), which is obtained by deleting the

first column and the row with the quantities vgs“>(a, A) (0 < sy <m—1), has
no zeros; then the boundary-value problem

I[v] = Ap(a)os
v (a,\) =0 (0<s<m—1,s#sy), v90,A\)=0 (0<s<m—1);

b
/ p(z)v? (2, \) dx = 1

has in the given domain a solution vy(x, \) unique up to a factor +1. This solu-
tion is an analytic function of A for A € g and, by virtue of the condition A(\) #
0, is linearly independent of the solutions of equation (2) vy(x, N), ..., Vg, (2, A).
We now turn to the analogous problem for equation (1):

pL[u] + U[u] = Ap(z)u;
u® (a, \, ) =0 (0
Ta (b A ) =0 (0

b
[ per e =1

_17 S#So)a

<s<n
<s<n-—1)

Lemma 2. For sufficiently small values of p (0 < o < py(g)), problem Ia has
in the domain g a solution uy(x, A, p), unique up to a factor +1. This solution
depends analytically on A and p (A € g, 0 < o < pg(g)) and can be represented
in the form

g (@, A, 1) = (X, m){vg (@, X) + PRV (2, A) 4+ p BV (2, A, )

6
+/Lm/2k(W1(1‘7)\”u)+W2(x, /\7/L>>} ( )
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Here vy (z, A) is the solution of problem Ila;

B Pan(@) \ " A (2, )
w" m»( <w> AOY

Vo(z, A) = Ay,

Pan(®) )2 Ay, N)
0.0 (22265 A@)}

where A;(x,\) and A,(z, A) are determinants obtained from the determinant
A(M): the first by replacing the row with the quantities v(m 1>(a7 A), the second

—the row with the quantities v\ (b, ), by the functions v;(z, \) (2 < i < 2m);
in the case sy =m —1, A (z,A) =0,

k
7r k+1
A, = cosf(a—7>,
2 o gl

V(z, A\, p) is a function 2n times continuously differentiable with respect to 2 on
the interval [a, b] and analytic with respect to A and u (A € g, 0 < u < po(g)),
and in the indicated domains of variation of the variables x, A, u,

VO (2, ) <C (0<s<2n—1),

C = C(g) is some constant;

(0)\ ™2 0 (5,2 u2m+1(i A1) Uy (25 A, 11)
DPon, em em
Wi(x, A "
A <q2m(b>> h(b>51 - ) -
E7ll EZ
m/2k  (m) u2m+k+1J(:fa A ) u2n(;v+)1\ S 1)
Wy (2, A\, p) = — <p2n(a) > M Epit em
dom(a) h(a)d, - -
€p1 en-

{u;(z, A\, )} (2m + 1 < i < 2n) are solutions of equation (1), representable in
the form (4)

)

m m
€1 &g €kt1 €2k
51 — .. ee s 62 — . 5
n—1 n—1 n—1 n—1
& &g €r+1 7 E2k
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b
) = 1= % [ p(ouy(a, Vi (z,X) da

3. With the aid of Lemma 2 one can prove the following theorems.

Theorem 1. Suppose that in some open bounded domain G equation (5) has
only simple roots. Then, for sufficiently small values of p (0 < p < py(G)),
problems I and II have in this domain one and the same number of eigenvalues,
and

Aj(p) = A+ #1/%)\]'1 (), (7)

where \j; () are functions analytic and bounded for sufficiently small values of
(0 < p < o)

Remark. Theorem 1 establishes a one-to-one correspondence between the
eigenvalues of problems I and II. In paper (1) such a correspondence was es-
tablished only in one direction—from the eigenvalues of problem II to the eigen-
values of problem I.

Theorem 2. If the operator l[u] is self-adjoint, then under the assumptions of
Theorem 1 the relations (7) take the form

m m 2
M) = At e | a0l (@00 @)+ 4o 01l 0)(0) )]+ N0,

(8)

where v; (x) are the normalized eigenfunctions of problem II; )\jz(u) are functions
analytic and bounded for sufficiently small pu (0 < p < pij0);

« @ (03
¢ = E €11ey7 e gLn.

o+t =k—1
Qo0

In the case n = 2, m = 1 this formula becomes the formula obtained in paper
(2).

Remark. At each point A; which is a simple root of equation (5), at least
one minor of order (2n — 1) of determinant (5), for example the minor A(}), is
nonzero. Thus, for the normalized eigenfunction of problem I u,(x, 11), belonging
to the eigenvalue A;(1), we obtain

1) = g, (1), ) )

where ug(z, A, ) is the solution of problem Ia in a neighborhood of the point
A;j. By virtue of formula (6), for the function uy(x, A, 1) we shall have
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b
(@, ) = (1 — /2 / pla)vg(z, X)) V(. \;) dsc) (067 (2, A5 (1) + 2RV (, Ap) + O(ui/*)]

0<s<2n—1, a+d<x<b—4, 6 >0), (10)

since the functions W, (z, A, ), Wy(x, A, 1) and their derivatives with respect
to = decrease exponentially as p — 0 at any interior point of the interval [a, b].
For the eigenfunction itself and its first (m — 2) derivatives, formula (10) re-
mains valid on the entire interval [a,b]. The terms W, (x, A\, ) and Wy(x, A, p)
turn out to be significant only when calculating the higher derivatives of the
eigenfunction: the first in a neighborhood of the point = b, the second in a
neighborhood of the point z = a.
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