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(Presented by Academician S. L. Sobolev on 26 X 1956)

1. Let r >0, M > 0, and r = 7+ «, where « is an integer and 0 < o < 1. We
shall say (as in [1]) that a measurable function f(6) of period 27 belongs
to the class Hg)(M) if it: a) has a square summable over the period; b)
has an absolutely continuous derivative of order (7 — 1); ¢) the derivative
of order 7, which exists by virtue of b) almost everywhere, has a square
summable over the period and satisfies, for all h, the condition

” 1/2
(/ 1F0(0 + ) — FO(0)[° d9> SMAe, if0<a<l
0

2 1/2
(/ |FT(0+ h) —2fT(0) + (0 — h)\2 d9> < Mlh|, ifa=1.
0

2. Let o be the open unit disk with center at the origin. We shall say that
a function f(zx,y), measurable on o, belongs to the class Wém)(a) if: a) it
has on o all generalized, in the sense of S. L. Sobolev [2], partial derivatives
up to order m inclusive; b) f itself and all these derivatives have squares
summable on o, i.e.

Dolf) = // a,y) dudy < o,

. 5 2
Dj[f]:// Z.ojﬁl(amaéfyﬂ> dedy <oco (j=1,2,...,m).

a+pB=j

Let us note that, in passing to polar coordinates, the classical formula for change
of variables in the integrals D;[f] remains valid also in the case of generalized
derivatives. This is easily proved by introducing the function f, (z,y), the mean
of f(z,y) in the sense of S. L. Sobolev [2].

In what follows, instead of lim, ,;_o F'(p,0) = ¢(0) almost everywhere, we shall
write F,_; = ¢.
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3. In this note the following theorems will be proved, established for m = 2
in [3].

Theorem 1. Let u(p,6) be biharmonic in o, belonging to the class Wz(m)(cr)

ou
(m>2); ul, = 9(0); 52| =v(6). Then
Pl

o HY" 2 (M), w(0) € HY™ 2 (My),

where M, M, are completely determined constants.

Theorem 2. Let

0(0) € HY" VPR (M), w(0) € HY PP (), (1)

where 0 < g, < 1/2, 0 < g5 < 1/2. If u(p,0) is a biharmonic function in o
satisfying the boundary conditions

ou
u’p:l =% 87[) - - w7

then

a) fore; >0, e, >0

u € Wz(m) (0);

2

M,y +

S LS TR
‘/51 QIE2

D, [u] < , (2)

where C|, C, are constants independent of €,,e,, M, My;

b) for ¢, = e, = 0, among functions belonging to the classes H;<m71)/2 and
H;(m—g)/z’ but not belonging to H* and Hy"", where m’ > m—1/2, m” >
m — 3/2, there exist both functions for which the corresponding integral
D, [u] < o0, and functions for which D,,[u] = cc.

4. Consider, for given €; > 0, €45 > 0, the classes of functions ¢ and v satisfy-
ing conditions (1). Denote by M, () and M, (1) the corresponding least
constants for which conditions (1) are satisfied. These classes form spaces
of type (B), respectively with metrics |p[Z = M, (¢), |V, = M., (¢)
(for m = 2, |[¢[z, = M., (¥) + [¢[,). Denote these spaces by H, and
H,_ . Then Theorem 3 follows from Theorem 2.
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Theorem 3. Let u(p, ) be a biharmonic function in o satisfying the boundary
conditions

ou
u‘pzlcheHEl7 ap =yeH,.
p=1
Then
* * 2
putu <ot BT "

where C is a positive constant independent of €, &5.

Thus, the solution of the biharmonic problem is stable in the following sense: if
o and v are arbitrarily small in norm, respectively in the metrics of H < and H, 9
then for the biharmonic function u(p, €) in o satisfying the boundary conditions

ou
u’pil =¥, aip - - ,(/17

the integral D,,[u] will be arbitrarily small.

5. Theorems 1 and 2 can be obtained with the aid of certain auxiliary propo-
sitions, starting from Theorems 1 and 2 of S. M. Nikol’ skii (). However,
in this case the integral D, [u] is estimated from above with another con-
stant, in which the quantities ¢; and €, appearing in the denominator of
(2) are not singled out. Theorem 1 can also be obtained by combining
the theorems of S. L. Sobolev and V. I. Kondrashov (?), if one takes into
account that a function of the class W2<m>(<7) can be extended beyond o
with preservation of the class.

6. In what follows we shall need Lemmas 1 and 2.

Lemma 1 (°). Let the function u(z, y) have sufficiently many continuous partial
derivatives in o. If 2 + iy = pe'®, then

n n (s;t) i
o™u Z Z P (0) 0u (4)

oDy~ o Sy oI 0pl06°
nl (0mu N\ (0mu®
= — (—) = (%) .

where Po(f’ﬁt)(ﬂ) are trigonometric polynomials of order o + 5 = n, independent
of u.
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Lemma 2. Let the 27-periodic function

£(0) = (720 + "y coskf + ny sin ka) e H"2) (o),
k=1

where n > 1, 0 <& < 1/2. Then: a) if € > 0, then

o TM?
ou(£) =Y K +f) < =5 (6)
k=1

b) if ¢ = 0, then among the boundary functions of the class H. éni%) there are
both functions for which o, (f) < oo, and functions for which o,,(f) = 00
(for the definition of boundary functions see (6)); ¢) if 0,,(f) < oo, then

ey (Vo (D). (7)

Proof. a) By hypothesis

1/2

27
(/ |f(n71)(9 +h)— f(n71>(0)|2 d0> < M|h|1/2+57
0

which is equivalent to the inequality

i E2(n—1) (’72 + 772) sin2 lkh < %2|h|1+25
ot ke K 27 4g ’

whence, by virtue of the inequality

2
1 21
sin” 5kh 1
o 2 dh > —
/O ( kh 2

(6) follows.
b) The functions

B cos(kf + (n —1)m/2) =~ cos N2(6)
F1(6) = kZ ey, RO =2 T

v=

where 0 < o < 1/2, N > 1 is an integer, are boundary functions in the class
1
Hén 2), and for them o, (f;) < 00, 0,,(f3) = o0.

c¢) follows from the identity
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o 1/2 oo 1/2
1
( / | F= V(0 + h) — f<n*1>(9)\2 d9> = (47r2k2("1> (V2 + n}) sin® 2kh> ,
0

k=1

7. Proof of Theorem 1. Let u be a biharmonic in ¢ function belonging to
WQ(m>(0). As shown in note (%),

2 —1ay + 2a
u(p,g): (p )40 0+

+Zpk{|:(p2 _ 1)% +ak:| COSk0+ [(p2 — 1)% +bk‘:| Sink&},
k=1
(8)

where ay, by, and oy, B are the Fourier coefficients of the functions ¢ = ul,_;
and ¥ = [, ;.

From (8) we find that

amu 2 %)
I (555) pdodo=c, DK at ) R )

which, with the aid of (5) and (7), proves Theorem 1.
Proof of Theorem 2. a) Let 0 <&, <1/2, 0 <&, <1/2. Then

> kY a4+ ) + K23 (ad + B7) < 0.

Put
(p* — D)ag + 2a,
hp=T—p *
o
—k kby,
+ Zpk { {(p2 — 1)u + ak] cos k6 + {(p2 — 1)b + bk} sink;@} .
pt 2 2

Then

ptv
Dl = u) < dy DKok +00) + K0} + 5) — 0

ptl
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uniformly with respect to v (j=0,1,...,m).

By virtue of Lemma 4 ((1), p. 260), it follows from this that u € Wém)(a). Since

Dyu] <€y (a(% + ik?’(aﬁ +b7) + k(aj + »31%)) ;

k=1

D,,[u] < Cj Z k> Y (a? +b2) + kP73 (ad + B),
k=m—2

where C, and Cjy are positive constants independent of €, €5, M, M,, it follows,
by virtue of (6), that (2) holds.

a) follows from part b) of Lemma 2.
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