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MATHEMATICS

P. P. RYBIN

ON THE CONVERGENCE OF SERIES OB-
TAINED IN SOLVING NONLINEAR INTE-
GRAL EQUATIONS
(Presented by Academician A. N. Kolmogorov, 5 III 1957)

Below we consider the nonlinear integral equation

𝜑(𝑥) = ∫
1

0
𝐾(𝑥, 𝑦, 𝜑(𝑦), 𝜆) 𝑑𝑦, (1)

where it is assumed that the function 𝐾(𝑥, 𝑦, 𝜑, 𝜆) is continuous in the aggre-
gate of the variables and analytic in the last two. We assume that there is a
representation

𝐾(𝑥, 𝑦, 𝜑, 𝜆) =
∞

∑
𝑖,𝑗=0

𝐴𝑖𝑗(𝑥, 𝑦)𝜑𝑖𝜆𝑗, (2)

where the functions 𝐴𝑖𝑗(𝑥, 𝑦) are continuous, with |𝐴𝑖𝑗(𝑥, 𝑦)| < 𝐵𝑖𝑗, and the
series

𝐵(𝜑, 𝜆) =
∞

∑
𝑖,𝑗=0

𝐵𝑖𝑗𝜑𝑖𝜆𝑗 (3)

converges for |𝜑| < 𝜌1, |𝜆| < 𝜌2. It is also assumed that 𝐴00(𝑥, 𝑦) ≡ 0.

One of the most widespread methods for solving equation (1) (1,2) consists in
seeking this solution 𝜑(𝑥) in the form of a series

𝜑(𝑥) = 𝜆𝜑1(𝑥) + 𝜆2𝜑2(𝑥) + ⋯ (4)

To determine the functions 𝜑𝑖(𝑥), series (4) is substituted into equation (1),
the right-hand side of this equation is expanded in a series in powers of 𝜆, and
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then the coefficients of identical powers of 𝜆 in the left- and right-hand sides are
equated. In this way one arrives at an infinite system of integral equations, from
which the functions 𝜑𝑖(𝑥) are determined successively. In order that series (4),
with the formally constructed functions 𝜑𝑖(𝑥), actually be a solution of equation
(1), it is necessary to prove the uniform convergence of this series for values of 𝜆
from some interval. The proof of this uniform convergence is the main difficulty.

In works known to the author, the uniform convergence of series (4) follows from
the existence of majorant series, i.e., of series 𝑧 = 𝜆𝑧1 + 𝜆2𝑧2 + ⋯, convergent
in some disk, with nonnegative coefficients 𝑧𝑖, such that 𝑧𝑖 ≥ |𝜑𝑖(𝑥)|. The
construction of a majorant series is usually carried out by a special device in
each particular case. Thus, for example, in the book (2) a majorant series is
constructed four times. In connection with the above, M. A. Krasnosel’skii
proposed finding general conditions that would ensure the uniform convergence
of a solution of equation (1) formally constructed in the form of series (4).
Moreover, M. A. Krasnosel’skii put forward the hypothesis that, in the case of
an integral equation of the form (1), formally constructed series always converge
uniformly for values of 𝜆 from some interval.

In the present article some general propositions are given on the convergence of
the formal solutions (4) of equation (1).

1∘. The difficulty arises only in the case (2,3) when unity is an eigenvalue of the
linear integral operator

𝐴10𝜑(𝑥) = ∫
1

0
𝐴10(𝑥, 𝑦)𝜑(𝑦) 𝑑𝑦. (5)

We assume that unity is a simple eigenvalue of the operator (5). In this case
the equations for determining the functions 𝜑𝑖(𝑥) have the form

𝜑𝑖(𝑥) = ∫
1

0
𝐴10(𝑥, 𝑦)𝜑𝑖(𝑦) 𝑑𝑦 + ∫

1

0
𝑀𝑖(𝑥, 𝑦, 𝜑1(𝑦), … , 𝜑𝑖−1(𝑦)) 𝑑𝑦, (6)

where 𝑀𝑖(𝑥, 𝑦, 𝜑1, … , 𝜑𝑖−1) is a function whose explicit form is not difficult to
indicate.

If for equation (1) it is possible to construct a formal solution in the form of the
series (4), this means that each of equations (6) is solvable. Therefore the second
terms on the right-hand sides of equations (6), for each 𝑖, must be orthogonal to
the eigenfunction 𝑞(𝑥) of the kernel 𝐴10(𝑦, 𝑥) corresponding to the eigenvalue
equal to unity. When the orthogonality condition is fulfilled, the 𝑖-th equation
(6) has a solution 𝜑𝑖(𝑥) of the form

𝜑𝑖(𝑥) = 𝜑0
𝑖 (𝑥) + 𝑐𝑖𝑝(𝑥), (7)
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where 𝜑0
𝑖 (𝑥) is a known function; 𝑝(𝑥) is the eigenfunction of the kernel 𝐴10(𝑥, 𝑦)

corresponding to the eigenvalue equal to unity; 𝑐𝑖 is an arbitrary constant.

If we now consider the (𝑖+1)-st equation, then the second term on its right-hand
side depends, generally speaking, on the constant 𝑐𝑖. In the principal cases the
value of the constant is determined from the condition of orthogonality of this
second term to the function 𝑞(𝑥). However, there may be cases when the second
term is orthogonal to 𝑞(𝑥) for all values of 𝑐𝑖. Then the (𝑖 + 1)-st equation
is solvable and its solution depends on a new arbitrary constant 𝑐𝑖+1. In this
case, to determine the value of 𝑐𝑖, one uses the condition of orthogonality to
𝑞(𝑥) of the second term of the (𝑖 + 2)-nd equation. It may turn out that this
orthogonality condition also holds identically with respect to 𝑐𝑖. Then one uses
the next orthogonality condition, and so on.

In works known to the author, and in the examples considered by him, the
process of determining the values of the constants 𝑐𝑖 is established in a certain
sense. In this connection we arrive at the following definition.

We shall say that the process of determining the functions 𝜑𝑖(𝑥) stabilizes if it
is possible to indicate such natural numbers 𝑚, 𝑙 that the determination of the
value of the arbitrary constant in formula (7), for 𝑖 ≥ 𝑚, is carried out from
the condition of orthogonality of the second term on the right-hand side of the
(𝑖 + 𝑙)-th equation to the function 𝑞(𝑥), i.e. from the condition

∫
1

0
∫

1

0
𝑀𝑖+𝑙[𝑥, 𝑦, 𝜑1(𝑦), … , 𝜑𝑖+𝑙−1(𝑦)]𝑞(𝑥) 𝑑𝑥 𝑑𝑦 = 0. (8)

The cases considered in (2) (pp. 37–55) and, for example, in (4), correspond
to a stabilizing process with 𝑙 = 1. For the integral equation considered in (2)
(pp. 61–63), the process of determining 𝜑𝑖 also stabilizes, but 𝑙 = 2.

Theorem 1. Let it be possible to construct formally a solution 𝜑(𝑥) of equation
(1) in the form of the series (4). Let the process of determining the functions
𝜑𝑖(𝑥) stabilize.

Then the series (4) converges uniformly with respect to 𝑥 ∈ [0, 1], |𝜆| ⩽ 𝜌, where
𝜌 is some positive number. The series (4) is a genuine solution of equation (1).

2∘. The assertion of Theorem 1 follows from the possibility of constructing
a universal majorant applicable to all stabilizing processes of determining the
functions 𝜑𝑖(𝑥).
From the condition of stabilization of the process it follows that the equation
for determining the function 𝜑𝑚+𝑙+1 has the form

𝜑𝑚+𝑙+1(𝑥) = ∫
1

0
𝐴10(𝑥, 𝑦)𝜑𝑚+𝑙−1(𝑦) 𝑑𝑦 + ∫

1

0
𝐺(𝑥, 𝑦) 𝑑𝑦+
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+ 𝑐𝑚+1 ∫
1

0
𝐻 𝑙

𝑘+1(𝑥, 𝑦, 𝜑1(𝑦), … , 𝜑𝑛0
(𝑦)) 𝑑𝑦, (9)

where 𝑐𝑚+1 is an arbitrary constant, to within which the function 𝜑𝑚+1 is deter-
mined; 𝐺(𝑥, 𝑦) is a function not depending on 𝑐𝑚+1 (this function is determined
in a sufficiently complicated way from the approximations found earlier).

The function 𝐻 𝑙
𝑘+1 can be indicated; it has the fundamental property that

∫
1

0
∫

1

0
𝐻 𝑙

𝑘+1(𝑥, 𝑦, 𝜑1(𝑦), … , 𝜑𝑛0
(𝑦))𝑞(𝑥) 𝑑𝑥 𝑑𝑦 = 𝐿 ≠ 0. (10)

Consider the equation

𝑧 = 𝑅𝐵(𝑧, 𝜆) + 𝑞0𝑑, (11)

where 𝑅 = 1 + max |𝐾(𝑥, 𝑦)|; 𝐾(𝑥, 𝑦) is the generalized resolvent of 𝐴10(𝑥, 𝑦);
𝐵(𝑧, 𝜆) is the function (3), in which 𝐵10 = 0, 𝑞0 = max(|𝑝(𝑥)| + |𝑞(𝑥)|), 𝑑 =
𝜆𝑑1 + 𝜆2𝑑2 + ⋯.

It is not hard to see that equation (11) has a solution of the form 𝑧 = 𝜆𝑧1 +
𝜆2𝑧2 + ⋯.

The numbers 𝑧𝑖 can be determined successively from equations obtained by
comparing coefficients of like powers of 𝜆. In this process one finds an 𝑛0 ⩾ 𝑚
such that, for 𝑛 ⩾ 𝑛0, 𝑧𝑛+𝑙+1 has the form

𝑧𝑛+𝑙+1 = 𝑅 (
𝑖

∑
𝑗=1

𝐻𝑗(𝑧1, … , 𝑧𝑛0
)𝑑𝑛+𝑙+1−𝑗 + 𝑀𝑛+𝑙+1(𝑧1, … , 𝑧𝑛−1)) . (12)

Let 𝑘𝑖 ⩾ |𝜑𝑖(𝑥)| (𝑖 = 1, 2, … , 𝑛0 + 𝑙). Put 𝐻 𝑗 = 𝐻𝑗(𝑘1, … , 𝑘𝑛0
). By 𝑃(𝜆) we

denote such a polynomial of order 𝑛0 + 𝑙 that coincides with the first terms
of the expansion in powers of 𝜆 of the expression 𝑘 − 𝑅𝐵(𝑘, 𝜆), where 𝑘 =
𝜆𝑘1 + 𝜆2𝑘2 + ⋯ + 𝜆𝑛0+𝑙𝑘𝑛0+𝑙. By 𝑄(𝜆) we denote a polynomial, also of order
𝑛0 + 𝑙, coinciding with the first terms of the expansion in a series in powers of
the function 𝐵(𝑘, 𝜆).
Theorem 2. Let it be possible to construct formally a solution 𝜑(𝑥) of equation
(1) in the form of the series (4). Let the process of determining the functions
𝜑𝑖(𝑥) stabilize.

Then the functions 𝜑𝑖(𝑥) satisfy the inequalities

|𝜑𝑖(𝑥)| ⩽ 𝑧𝑖 (𝑖 = 1, 2, …), (13)
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where 𝑧 = 𝜆𝑧1 + 𝜆2𝑧2 + ⋯ is a solution of the equation

(|𝑧|𝜆𝑙 + 𝑞0
𝑖

∑
𝑗=1

𝐻𝜆𝑗) [𝑧 − 𝑅𝐵(𝑧, 𝜆) − 𝑃(𝜆)] = 𝑞2
0 [𝐵(𝑧, 𝜆) − 𝑄(𝜆)]. (14)

3∘. Let us note that the assertions of Theorems 1 and 2 also apply to those cases
in which the solution of equation (1) is sought in the form of series in fractional
powers 𝜆1/𝑛 of the parameter 𝜆. In order to verify this, it suffices to introduce
into consideration the new parameter 𝜇 = 𝜆1/𝑛.
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Note: Figure translations are in progress. See original paper for figures.
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