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1. Let an equation of the form be given

Y’ 4+ c2p(n)Y =0, c> 1, (1)

where the function p(n) has n poles of first order and zeros at the points 7.
Suppose, further, that it is possible to choose a “standard” ! equation

y" + P(p)y =0, (2)

whose independent solutions y; () and y,(¢) are known, and such that the poles
and zeros ¢, of the coefficient P(y) can be put into a one-to-one and monotone
correspondence with 7, so that poles correspond to poles, and zeros to zeros of
the same order. Then the asymptotic representation of the general solution of
equation (1) has the form (B; and B, are arbitrary constants)

Y() = | W{Blyl (o) + Bawalo(m)]}, (3)

where the relation between the independent variables ¢ = () is defined by

/:\/sto=6/:\/@dn (4)

and by the additional conditions

Pi M4
VP(p)dp=c vVp(n)dn (i=12,...,k—1,k+1,..n). (5)
Mk

Pk
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The function ¢ = ¢(n) transforms the corresponding 7, and ¢, into one another,
with ¢’(n) # 0, ¢’(n) # oco. Conditions (5) can be satisfied if the coefficient
P(¢) contains n — 1 free parameters (cf. 12).

. . . . 1
2. The function Y'(n), connected with the angular spheroidal function Si l)(c, )
3 by the relation

Y(n) = v1- 250 (e,n), (6)

2

where x is connected with the separation constant A, introduced in 3, by the
formula

A=—c?y—2. (8)

The function Y (n) is finite in the interval (—1,1) and vanishes at its endpoints.

Since equation (1) and the boundary conditions are symmetric with respect to
n = 0, the eigenfunctions of the equation are even or odd, and one may restrict
consideration to the interval (0, 1) with the boundary conditions (cf. (1))

Y(1) =0, Y’(0) =0 (for evenY), )
Y(1) =0, Y(0)=0 (for odd V).

The function (7) has a pole of first order at = 1 and a zero at the point
m = ++v1+ [, real for § > —1. For 5 < 0 the zero 7, lies inside the interval
(0,1), for 8 > 0 outside this interval, and for 5 = 0 it merges with the pole, and
the function p(n) becomes a constant.

3. As the comparison equation we take equation (2) with coefficient, for y,

P(p)=1+ E, (10)

¥
which takes into account all the singularities of the function p(n). The solutions
of this equation are degenerate hypergeometric functions with indices k = —i %,
m = % and argument 2ip (see, for example, (4), Chap. 16). The relation
v = p(n) is specified by

[ VPGde=c [ VP an (1)
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under the additional condition (5), which puts the poles of the functions p(n)
and P(¢p) into correspondence and makes it possible to relate the parameters b

and = —(1—n?).
The boundary condition at n = 1 is satisfied by the solution

Y(n) =By —=M_;»

o Mgy 200) (12)

Using the asymptotic representation by the method of B. W. K.,

M .

(2ip) = (13)

b 1
2,32

:% bhﬂzl/}éQ (/ \/70{()0_+bln<_g>—arcr<1+lg)>7

valid for large ¢, but arbitrary b, we obtain from the boundary condition at
n = 0 formulas for determining the eigenvalues j:

\/ dn*(lJr )——arcx (b) (b<0, -1<p<0),

/Fdn—<l+3)——arcx(b) (b>0,0<B<o00).  (14)

Here the functions x~ (b) and x*(b) are defined as the ratio of the asymptotic
representation of I' (1 +42) for b < 0 and b > 0, respectively, to I' (1 4 i2) itself
(cf. (5), pp. 568-569).

V—mbexp{¥ +i[5In(-%) -2 7]}
I(1+i5)

X (b)) =

Vbexp {~% +i[3In§ — 5+ 7]}
I‘(1+12)

X" (b) = (b > 0). (15)

As f— 0 (b — 0), both relations (14) pass into the exact formula

—(+15  (B=0), (16)

and the function (12) into the exact solution of equation (1) for 8 = 0. As
b— —oo (B <0)and as b — oo (8 > 0), relations (14) take the form
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c‘ém\/Mdnz(l—f—;)g (b = —o0, B <0); (17)

c/olx/mdnz(l—l-g)g (b — o0, 5>0). (18)

The first expression can be obtained by taking into account, with the aid of the
Airy equation,

Yy — oy =0 (19)

only the root n; for n; < 1, and the second with the aid of the equation

V=0 y=VBLE/P) (20)
Table 1
Values of kK, =3, +1 — %
c
c= c= c=
3: by 5: by 7: by
Airy Airy Airy
func- func- func-
tions tions tions
(above (above (above
the the the
line) line) line)
and and and
by by by
Bessel Bessel Bessel
func- func- func-
c= c= tions c= c= tions c= c= tions
3: 3: by (be- 5:  5: by (be- 7: T: by (be-
exact for- low exact for- low exact for- low
val- mula the val- mula the val- mula the

l ues  (14)  line) ues  (14)  line) ues  (14) line)

0,1672 0,166 0,097 0,1340 0,1331 0,115 0,1084 0,1079 0,099
0,8395 0,8397 0,977 0,5057 0,5054 0,471 0,3759 0,3757 0,363
1,5820 1,584 1,581 0,8559 0,8560 0,771 0,6232 0,6231 0,602
2,4808 2,493 2,508 1,2169 12171 1,251 0,8549 0,8550 0,810
3,6060 3,610 3,568 1,6263 1,6268 1,626 1,0857 1,0858 1,102
49413 4,947 4,945 2,069 2,1076 2,116 1,3356 1,3358 1,347

Tk W N~ O
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Cc = Cc = Cc =

3: by 5: by 7: by

Airy Airy Airy

func- func- func-

tions tions tions

(above (above (above

the the the

line) line) line)

and and and

by by by

Bessel Bessel Bessel

func- func- func-

c= c= tions c= c= tions c= c= tions
3: 3: by (be- 5. 5: by (be- 7: T: by (be-
exact for- low exact for- low exact for- low
val- mula the val- mula the val- mula the

o~

ues  (14)  line) ues  (14)  line) ues  (14)  line)

6 6,4978 6,504 6,454 2,6659 2,6670 2,655 1,6194 1,6196 1,618
7 82762 8,284 8,276 3,3049 3,3062 3,319 1,9430 1,9433 1,948
8 10,2766 10,285 10,230 4,0240 4,0257 4,010 2,3078 2,3082 2,303
9 48234 4,8252 4,825 27140 2,7146 2,717
10 3,1614 3,1621 3,155
11 3,6500 3,6507 3,652
12 4,1796 4,1805 4,173
13 4,7507 4,7513 4,7511

(Jy is the Bessel function), taking into account for n; > 1 only the pole of the
function p(n), if the zeros of the functions v(y), v’'(v), J;1(¢), J1(¢) are replaced
by their approximate values®.

As 8 — 0, formulas (17) and (18) cease to be valid, i.e., representations by means
of Airy and Bessel functions are valid only when the root 7, is sufficiently far
from the pole n = 1.

The eigenvalues »,(c) in Table 1 were computed: 1) by the exact formulas; 2) by
approximate relations with the aid of the expressed hypergeometric functions
(14); 3) by Airy functions (17); 4) by Bessel functions. In the last case the roots
of J;(¢) and J{(yp) were not replaced by their approximate values, which gives
better results. For Airy functions, formula (17) is better than the formula with
exact roots v(y) and v’ (y).

I take this opportunity to thank V. A. Fock and L. A. Weinstein for valuable
advice.
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