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ENTROPY OF STOCHASTIC PROCESSES

(Presented by Academician A. N. Kolmogorov, 20 VII 1956)

1. Entropy of fields. Let there be a certain space with measure (2, £, pu);
with the aid of the density p(z) (z € 2) with respect to y, a field of probabilities
A is defined. By means of a simple and reasonable axiomatics one can show that
the measure of uncertainty created by the field A is defined uniquely as

H@D=—LM@bw@MM@

(we shall assume that this integral exists). This entropy has all the elementary
properties of the entropy of a finite field (*3). In the notation of (*3) the
following theorem holds.

Theorem 1. If H(A) and H(AB) exist and are finite, then H 4,(B) also exists
and is finite, and moreover H(AB) = H(A) + H 4(B).

If P() < 1, then we have an incomplete field; its entropy is defined by means
of the same integral. This entropy possesses a number of elementary properties
very close to the properties of the entropy of complete fields. If

HAB—AH@HW@MML

then Theorem 1 remains valid. Below we shall consider only complete fields.

2. Entropy of processes. Let spaces with measures (2, <,, ;) be given
(t € I, T = {t} is the set of all integers). Let there be a stochastic process
A with states z, € 2,. Suppose that the process is specified by the densities
of the chains 2" = (x,, .. 2, 1) (t € I, n = 1,2,...) with respect to
the measure plt* "1 = 11, x - x p, .3 let these be wltt+n=1(gltt+n=1l) "and
denote by Al**+7=1 the field of these chains. Let © = (..., %y, ..., %1 1, ...) and

f[t,tJr’nfl](x) = _n! log7T[t,t+n71](x[t,t+n71]).

Definition. The entropy of the process A at the moment ¢ is the quantity
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H,(A) = lim Mfttn=1(z) = lim n~ ' H (A1)

n—oo n—oo
(if this limit exists).

Theorem 2. For the existence of H,(A) it is necessary and sufficient that the
sequence of conditional entropies H(A,,,, | ALy be Cesdro C(1)-summable,
and H,(A) is the limit of these sums (convergence is understood in the sense of
tending to a finite number or to +£00). There always exists the (finite or infinite)
limit

H™(A) = lim H(ABtm=1l | glbmtinly (e [om > 1).

n—o0

* M is mathematical expectation, D is variance.

Let

)\YH)(A) — lim n-lH (A[t,t+m71] | A[t+m,t+n])

n—0o0
(if this limit exists).

Theorem 3. If one of the quantities H,(A), H,,,(A) exists and is finite, then,
in order that the second quantity also exist, be finite, and H,(A) = H,,,(A),
it is necessary and sufficient that )\im)(A) = 0. For this it is sufficient that
‘Ht(m)(A)‘ < oo*.

In what follows we shall exclude those processes for which ﬁém (A) = +oo for
at least one t and one m**.

Theorem 4. For processes with discrete sets of states***, the entropy, if it
exists, does not depend on time, i.e. H,(A) = H(A) = const (¢t € I).

3. Properties &,(A), £(A).

Definition. If f{t*+"~1(z) converges in probability to H,(A), we shall say that
the property £,(A) holds. If this property holds for all ¢ € I, we shall say that
the property £(A) holds.

Let

g[t’t+n](x) — —log {ﬂ_[t,t+n] (x[t,t+ﬂ])/ﬂ.[t,t+’ﬂ71] (x[t,t+n71])} (t el, n> 1>.

Theorem 5. In order that the process A have the property &£,(A), it is necessary
and sufficient that the sequence of random variables gl“**"(z) (n = 1,2,...) obey
the law of large numbers. For this it is sufficient that
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lim Dftt7=1(z) = 0.

n—oo

Suppose there is a Markov chain A with ergodicity coefficients® Qi1

Theorem 6. Sufficient conditions for the Markov process A to have the prop-
erty £,(A) are:

a)

n—1
im nf—2 [tt+K] () = if o, <i
nh_)rgon kZ:(:)Dg (r) =0, ifa;,; 1 >0(1<i<o0),

My = max (1—a;;.), 1—n/>=0mn") (0<8<1);

1<i<n—1
b)
n—1
: —1 [tttk (o) — 0 s
Jhr&n Z Dg () =0 in all cases.
k=0
Let
©, mn(x) —_n1 log {Tr[t,tJrnfl](x[t,tJrnfl])/ﬂ[t+m,t+n71] (I[ter,tJrnfl])} )

Theorem 7. If the process A has one of the two properties £,(A), &,,,,(A)
(m > 1), then, in order that it also have the other property, it is necessary

and sufficient that the sequence ¢, ., ,,(x) converge in probability to )\l(fm>(A) as
n — 0o.

Theorem 8. In order that the process A have the property £(A), it is necessary
and sufficient that it have the property &, (A) for some ¢, and that the sequence
®4.m () converge in probability to )\im)(A) forallt € I, m >0 (n — c0).

Let L(P) be the space of all real functions f(z) of the variable z € X such that
M| f(2)| < oo.

* This condition is fulfilled for all ¢ € I, m > 0, if the sets X_ (7 € I) are finite
and pu (xz,) =1, . € X,.. Consequently, in this case either H,(4) = H(A)
(teI), or H(A) does not exist for any ¢ € I.

** Under these conditions, if H,(A), H,,,,(A) exist and are finite, then H,(A) <
H, .(A) (m=1,2..).

E oy (x)=1, z, €X,_, Tl
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Theorem 9. The sequence of functions f*+"=1(z) (n = 1,2,...) cannot con-
verge in the mean (in L(P)) to any constant except H,(A). If the process A
does not have finite entropy, then the sequence of functions flt-#+7—1] (z) cannot
converge in the mean to any function from L(P).

Example. Let there be a Markov chain with two states, such that if pg? is
the probability of transition during the time (k — 1, k) from state i to state j,

then p(ll? = pé’;) =1—-ay; p(llg = pg? = q;, with klirn ap, =20 (0 < a<l).
—00

From Theorems 2 and 3 one can obtain that H,(A) = H(A) = —aloga — (1 —
«)log(l — a). From Theorems 6-8, bearing in mind that § = 0, it follows that
&,(A) and even £(A) exist.

4. Estimate of the volume (number) of standard chains; application
to coding theory. Let A (0 < A < 1) be some given constant number, and let
Nt#n=1(X) be some part of

tit+n—1] _
2l P=20, x o x A1,

such that: 1) P[NE7=1(\)] > \; 2) pltttn=U[NEA=1](\)] has the smallest
value subject to the first condition. The existence of NHH47=1()) is easy to
prove.

Theorem 10. If the process A has the property £,(A), then there exists a limit
independent of A (0 < A < 1)

lim n-1 logu[t,t+n—1] [N[t,t+n—1]()\)] _ Ht(A)

n—00

Suppose that there is a certain text, which is a sequence of symbols (letters)
belonging to some group (alphabet) with r elements. We shall regard this text
as a certain (nonstationary or stationary) stochastic process with finite entropy
H,(A) and with the property &£,(A4). Let the question be posed of coding the
given text in the same alphabet, so that decoding is possible. Each n-term chain
zlttn=1 of the given text has a certain probability; let olbt+7—1(gltt+7=1]) be
the length of the chain of the coded text into which the chain z!©*+"~1 passes
after coding. Let

p = lim sup nflMo_[t,tJrnfl](:L.[t,tJrnfl])

n—oo

be the compression coefficient of the given text at the moment ¢ by the coding.

Theorem 11. If the incoming text has the statistical structure of a (nonsta-
tionary or stationary) process A with r states, possessing the property &£,(A),
then the lower bound of the compression coefficient p(*) of the given text over
all codes is equal to H(A)/logr for all .
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5. Stationary processes.

Theorem 12. For stationary processes the entropy H(A) (finite or infinite)
always exists.

= XA x Ay x Ay x .y
€ I). Let also 2071 =
)

Let T be the shift operator, i.e. if x €
(
1,0 = gn(;[;)7 f[ovn_l](x> =

then ¢/ = Tax € A, and 2, = .,
m(n); 7.‘.[O,n—l](x[o,n—l]) _ 7T(n)<x(n)); [
Fol@); plon=t = pm; NOnU(N) = N“”()\)-

(x

Theorem 13. In order that the stationary process A possess the property £(A),
it is necessary and sufficient that the sequence of random variables g% (z) =
9,(T"x) (n=0,1,2,...) obey the law of large numbers.

Consequently, ergodicity is not necessary for £(A).

Theorem 14. Let there be a stationary process with an arbitrary set of states,
such that: a) g, (x) € L(P); b) there exists some function g(z) € L(P) such
that the sequence g, (z) as n — oo converges in the mean (in L(P)) to g(z).
Then the sequence

[ (x) converges in mean to some invariant function h(x). In the case of ergod-

icity, property £(A)* holds.

Theorem 15. Let there be a stationary, ergodic process for which conditions a),
b) of Theorem 14 are satisfied. Then the sequence of random variables g,,(T"x)
(n=0,1,2,...) obeys the law of large numbers.

Let A be a stationary simple Markov chain with a set of states 20 (where a
o-algebra § and a measure p are given on 21), stationary density p(z) (with
respect to p), and density (with respect to p) of transition probabilities ¢(z,y).

Theorem 16. If A is a stationary, simple, uniformly ergodic® Markov chain
and, for some § > 0, M|logq(x,y)|**® < oo, and the entropy is finite, then the
distribution of the random variable n~/2[log 7™ (2(™) 4 nH(A)] converges to
the normal distribution with parameters (0, 0?), where o2 is determined by the
probabilities (unconditional and transition) of the chain A.

Let u, be determined from

'U.)\ 1
A= (271')_1/2/ exp (—§x2> dx.

Theorem 17. Under the conditions of Theorem 16,

log u™ [N (X)] = nH(A) + v/ ouy +o(v/) ™

The author expresses deep gratitude to A. N. Kolmogorov for his assistance in
carrying out this work.
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* If the set of states is finite, then in (® it is proved that H(A) exists, is finite,
and that conditions a), b) are satisfied.

** Under the assumption that the set of states is finite, Theorems 16 and 17 are

proved in (7).
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