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Abstract
Full Text

THEORY OF ELASTICITY

D. 1. SHERMAN

ON A PROBLEM IN THE THEORY OF ELAS-
TICITY WITH MIXED HOMOGENEOUS
CONDITIONS

(Presented by Academician L. I. Sedov on 26 XII 1956)

§ 1. Suppose that an elastic, isotropic, and homogeneous medium fills a fi-
nite simply connected domain S, situated in the plane of the complex variable
z = x + 1y, bounded by a sufficiently smooth closed contour L. As the origin
of coordinates we take a point belonging to the domain S. The contour is tra-
versed, as usual, counterclockwise. Assume that on the boundary L the normal
component of the displacement vector v,, and the tangential component of the
stress vector T are prescribed, and it is required to find the components of the
stress tensor and of the displacement vector which arise in the medium. We
have already considered this problem earlier for the general case of a multiply
connected domain (!); for it a uniquely solvable system of Fredholm integral
equations was obtained. Unfortunately, the kernels of this system were found
in the form of certain quadratures and, generally speaking, cannot be expressed
through elementary or known tabulated functions; this circumstance, naturally,
complicates the practical use of the named Fredholm system. In the present arti-
cle, restricting ourselves for simplicity to the case of a simply connected domain
S, we reduce the problem under consideration to a new, much more convenient,
system of Fredholm equations; its kernels, as we shall see below, are expressed
directly through elementary functions. With the aid of the resources of mod-
ern computational technique it is comparatively easy to carry out a numerical
interpretation of such a system of integral equations.

The prescribed boundary values of the quantities v, and T, in turn, are ex-
pressed in the known way through two functions ¢(z) and ¥(z) of the complex
variable z, regular in the domain S (?); the solution of the problem reduces to
determining them from two real boundary conditions. It seems expedient to
change somewhat the form of the second limiting equality, which relates the
value T to the indicated functions. Namely, the first limiting equality, express-
ing v,, through the same functions (z) and ¥(z), we differentiate with respect
to the arc s, measured from some fixed origin on L, and, multiplying by twice
the modulus of shear u, add term by term to the second equality. Then we
put in them ¢(z) = u(z,y) + iv(x,y), ¥(z) = p(x,y) + iq(z,y), where u, v and
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p, q are, respectively, harmonically conjugate functions. After this the limiting
equalities will take the form:

51(5) 3¢ + 8a(8) ¢ + Xl — ) + i + g = £,(), 1)
0 (5) 5 +72(5) g + Xl — €0 + i+ g = (). &)

Here the meaning of the notation introduced is as follows: ¢ = & 4 in is the affix
of a point lying on the curve L; x is an elastic constant; one or two dots placed
above the coordinates denote single or double differentiation with respect to the
arc s; moreover, the coefficients 4y, ..., 7, and the free terms f;(s) and f5(s) are
known functions of the arc, equal to

() === 1), A =2, als) =2 A T,

We shall seek the functions ¢(z) and 9(z) in the form

2 2
o(z) = Z/LVJ(S)GJ'(t’Z) dt, Z/ L(t, 2) dt, (4)

J=

where v.(s) (j = 1,2) are real densities to be determined, and

Gy(t,2) = —HG,(t,2),  Gy(t,2) = ﬁ {71 +In (1 - %)} :

Hl(t,z):ﬁ{[ﬁf+(%—l)i]( ! —%>+%ifln(1—§>}, ()

t—z

Hylt2) = w(%l— ) {ili2-3) (-0}

where the branch of the logarithm occurring here vanishes at the origin of coor-
dinates. Note that, by construction, (0) = 0. It will become clear from what
follows that any two functions regular in some (finite) simply connected domain
are in fact representable (one of them up to an additive constant) in the form
of the integrals (4), distributed over the contour bounding the domain.
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In the functions (4), and in the derivative of the first of them, we pass to
the limit as z tends to the point t, = &, + in, of the contour L; the limiting
values of these functions found according to the Sokhotski-Plemelj formulas are
substituted into the boundary conditions (1) and (2). Then, after somewhat
lengthy but sufficiently obvious transformations, we obtain, for determining the
unknown densities, a system of Fredholm integral equations

2
o)+ / v () K s (s,50) ds = fy(s0) (7= 1,2). (6)

In it the kernels, as is clear from formula (7) given below, are continuous func-
tions of the arguments s and s,; for clarity we split each of them into a sum of
three terms

Olnry
on

Olnrg

Kej(‘svs()) :Pej<5750) Os

+ Q. (8, 80) + R.;(s, 80),

ro = /(€ — &) + (—mo)?,

where n is the normal to L directed outward from .5, and the following notation
has been introduced (Q,,;(s,s9) = 0 for s = sy; the lower zero subscript is
assigned to functions depending on the arc s;):

1, .. . . 1
Py = ;(ffo +1mo) + (£ — 1&) Qa1 Ry, = m(%R(111> + Rﬁ))a

1 . . . 1
Qu = (o = &) = € =P, Ruy = s (eByy + RS,

1 . . . 1
Py = —(&& +imo) + (€1 = 1)@, By = 5

Qua = 2 1€l — ) — (&g — &) — G —78) (P — 7).

Ry, = (%R(212) + Ré22)>7

_
m(n—1)

Q= = o€ = &) ~dotn— )]

sovietrxiv.org/items/ru-195701.42628 Machine Translation


https://sovietrxiv.org/items/ru-195701.42628

1

Pyy=—-
A7 n(n—1)

[0 — &)+ —m0)]

Py, = % {1 + % [go(f —&o) +ilp(n — 770)] } J
1 s
Q=0 [110(€ — &) — & (1 —9)] »
R = { (i = ) + 268 + i) (snctg T2 —anceg ) |

R9=@w¢@+m@+%m@mwj%—mmﬁ,
§—¢& I3

Ry = {(ém — &itg) — 2(Eoé + ) (arctg 170 —arctg ’7) }
3 ¢

1Y = = { @~ i) + 26 + i) (aret T2 — ancrg 7 ) |
R = = {0 = 1)(Gn = i) + G — i) oals) — iup()]}.
R = 2 {0 = 1) — ) + (én = 16) Eoals) — ob(s)]}
R = = lob(s) +igalo). RE =~ fEob(s) +pals)],

a(s) = (€ —n?)e+2tm,  b(s)= (& —n?)n—26n, p= \/W( |
7

It is not hard to notice that system (6) remains Fredholm if, in the second of
formulas (4), the terms containing the logarithmic factor are omitted from under
the integral sign. The point, however, is that their presence makes it possible
to study the properties of system (6) very simply. Conversely, the absence of
such terms apparently has an unfavorable effect on the internal structure of the
system, and its investigation becomes rather difficult; at least, we were unable
to carry it out in the latter case. The additional terms mentioned were chosen
chiefly with the aim of obtaining a Fredholm system that is readily amenable
to investigation and solvable.*

Meanwhile, as is evident from (7), they also introduce a simplification into the
kernels of the system, from which the terms with logarithmic singularities then
drop out. If, however, the named terms are removed from expression (4) for
¥(z), then, in addition to the essential difficulties noted, terms containing a
logarithm will appear in the kernels of the system, which will to a known extent
complicate numerical calculations.

§ 2. We shall now turn to the proof of solvability of system (6). Suppose that
the homogeneous system (f; = f, = 0) has some nontrivial solution 1/§0)(s)
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and Z/£0><S); the functions (4) corresponding to it will be denoted by ¢©)(2)
and (%) (z). By the uniqueness theorem, everywhere in the domain S we have
©O(2) = ikz + C, 9 (2) = 0, where k is real and C' = C, + iC, is a complex
constant. Writing down for this case the condition that the normal component
of the displacement vector vanish on L, and integrating it along the arc s, we
arrive at the equality k(&2 +n?) +2Cy¢ —2C,n = C,y, where Cj, is a real constant.
Suppose for the moment that the contour L is not a circle; then from the last

equality and then from the first formula (4) (putting z = 0 in it) we successively
find

k= Cy=Cy=Cy=0, / O (s)if — v(s)] dt = 0. (8)
L

Taking into account the last of conditions (8) and carrying out obvious trans-
formations, we shall have on the contour L

V§0>(s)if—uéo)(s) =w'(t), W = Wy +iws, X = X1+iXa, A=A +iA,,

—ww(®) + V() [EEE+ (0 — DE] + A7 (s)t = x(t) — A, (9)

* Representation (4), at least in its essential part (we do not include in it the
terms mentioned above, entering into ¥(z)), can be obtained by directly applying

the method proposed in papers (3, 4).

where w(z) and x(z) are functions regular outside L and equal to zero at infinity;
A is a functional depending on w(10) (s) and zpéo) (s), and its value is not difficult to
write down*. We now multiply the second of equalities (9) by ¢ and separate in it
the real and imaginary parts; into the two real relations obtained we substitute
the expressions for zbéo) (s) from the first equality (9). After this we arrive
at formulas identically coinciding in form with conditions (1) and (2); in them,
instead of the functions u, v and p, g, there appear respectively w,, wy and x1, Xa,
and, moreover, 2uv,, = A;n+ Ay§ and T = 0. Thus the functions w(z) and
Xx(z) give a solution of the problem of elasticity theory for the infinite domain
exterior to .S, under the indicated special conditions on L; for them the equality
holds

1
/(’UnN +0,T)ds = — /(Aan —AY,)ds =0,
L 2p g,

where v_ is the tangential component of displacement, /N is the normal stress,
and X,,,Y,, are the components along the axes of Cartesian coordinates of the
acting external forces; their principal vector, by virtue of the uniqueness of
w(z) and x(z), is equal to zero. Hence it follows at once that the functions
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w(z) and x(z) (which, by assumption, vanish at infinity) are identically equal
to zero everywhere outside L; in turn, this entails the required equalities™*
1,D<10) = 1/1(20) = 0; from these it also follows that A; = A, = 0. Thus the
nonhomogeneous system (6) always has a unique solution.

One can construct a system of integral equations, slightly modified in compari-
son with (6) and at the same time solvable (for any right-hand side), for the case
when the contour L is a circle. To achieve this, it is sufficient to add to the left-
hand side of boundary condition (2) the elementary operator S~! Reitt Im ¢’ (0),
taking the functional ¢’(0) from (4). Indeed, the integral of the stress compo-
nent 7', taken along the circumference L, in this case expresses the principal
moment of the external forces applied to the boundary, and therefore must be
equal to zero. Consequently, any solution of the new system necessarily sends
the added operator to zero and, therefore, coincides with the solution of the
former system, subject to the additional condition Im¢’(0) = 0. In the rest,
the proof of solvability proceeds as above. Incidentally, it can be shown directly
that system (6) is also solvable for a circle L, provided only that the prescribed
tangential stress satisfies the mentioned obligatory condition™**.

Institute of Mechanics
Academy of Sciences of the USSR

Received
16 X 1956

CITED LITERATURE
1. D. I. Sherman, Prikl. matem. i mekh., 7, 413 (1943).

2. N. I. Muskhelishvili, Some Basic Problems of the Mathematical Theory
of Elasticity, Moscow—Leningrad, 1949.

3. D. I. Sherman, Izv. AN SSSR, ser. matem., 9, 357 (1945).

4. D. I. Sherman, Izv. AN SSSR, ser. matem., 9, 363 (1945).

* We find A by multiplying, term by term, both sides of the second formula (9)
by ¢! dt and integrating over the contour L.

** Of course, they remain valid also for a contour containing rectilinear portions
having conjugation with adjacent arcs; on these portions 57) — 775 = 0, and
therefore from the first formula (9) one cannot immediately extract the equality
1/}<10) (s) everywhere on L; however, it can be established from the imaginary part
of the second formula (9), previously multiplied by #.

K Without detriment to the completeness of the investigation, one may exclude
from consideration the case when the domain occupied by the medium is a disk,
since for this case there exists a fairly simple solution (in quadratures); it was
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found in due course by N. I. Muskhelishvili (?).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
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