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Abstract
Full Text

THEORY OF ELASTICITY
D. I. SHERMAN

ON A PROBLEM IN THE THEORY OF ELAS-
TICITY WITH MIXED HOMOGENEOUS
CONDITIONS
(Presented by Academician L. I. Sedov on 26 XII 1956)

§ 1. Suppose that an elastic, isotropic, and homogeneous medium fills a fi-
nite simply connected domain 𝑆, situated in the plane of the complex variable
𝑧 = 𝑥 + 𝑖𝑦, bounded by a sufficiently smooth closed contour 𝐿. As the origin
of coordinates we take a point belonging to the domain 𝑆. The contour is tra-
versed, as usual, counterclockwise. Assume that on the boundary 𝐿 the normal
component of the displacement vector 𝑣𝑛 and the tangential component of the
stress vector 𝑇 are prescribed, and it is required to find the components of the
stress tensor and of the displacement vector which arise in the medium. We
have already considered this problem earlier for the general case of a multiply
connected domain (1); for it a uniquely solvable system of Fredholm integral
equations was obtained. Unfortunately, the kernels of this system were found
in the form of certain quadratures and, generally speaking, cannot be expressed
through elementary or known tabulated functions; this circumstance, naturally,
complicates the practical use of the named Fredholm system. In the present arti-
cle, restricting ourselves for simplicity to the case of a simply connected domain
𝑆, we reduce the problem under consideration to a new, much more convenient,
system of Fredholm equations; its kernels, as we shall see below, are expressed
directly through elementary functions. With the aid of the resources of mod-
ern computational technique it is comparatively easy to carry out a numerical
interpretation of such a system of integral equations.

The prescribed boundary values of the quantities 𝑣𝑛 and 𝑇 , in turn, are ex-
pressed in the known way through two functions 𝜑(𝑧) and 𝜓(𝑧) of the complex
variable 𝑧, regular in the domain 𝑆 (2); the solution of the problem reduces to
determining them from two real boundary conditions. It seems expedient to
change somewhat the form of the second limiting equality, which relates the
value 𝑇 to the indicated functions. Namely, the first limiting equality, express-
ing 𝑣𝑛 through the same functions 𝜑(𝑧) and 𝜓(𝑧), we differentiate with respect
to the arc 𝑠, measured from some fixed origin on 𝐿, and, multiplying by twice
the modulus of shear 𝜇, add term by term to the second equality. Then we
put in them 𝜑(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦), 𝜓(𝑧) = 𝑝(𝑥, 𝑦) + 𝑖𝑞(𝑥, 𝑦), where 𝑢, 𝑣 and
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𝑝, 𝑞 are, respectively, harmonically conjugate functions. After this the limiting
equalities will take the form:

𝛿1(𝑠)𝜕𝑢
𝜕𝜉 + 𝛿2(𝑠)𝜕𝑣

𝜕𝜉 + 𝜒( ̇𝜂𝑢 − ̇𝜉𝑣) + ̇𝜂𝑝 + ̇𝜉𝑞 = 𝑓1(𝑠), (1)

𝛾1(𝑠)𝜕𝑢
𝜕𝜉 + 𝛾2(𝑠)𝜕𝑣

𝜕𝜉 + 𝜒( ̈𝜂𝑢 − ̈𝜉𝑣) + ̈𝜂𝑝 + ̈𝜉𝑞 = 𝑓2(𝑠). (2)

Here the meaning of the notation introduced is as follows: 𝑡 = 𝜉 + 𝑖𝜂 is the affix
of a point lying on the curve 𝐿; 𝜒 is an elastic constant; one or two dots placed
above the coordinates denote single or double differentiation with respect to the
arc 𝑠; moreover, the coefficients 𝛿1, … , 𝛾2 and the free terms 𝑓1(𝑠) and 𝑓2(𝑠) are
known functions of the arc, equal to

𝛿1(𝑠) = ̇𝜉𝜂 − 𝜂 ̇𝜉, 𝛿2(𝑠) = 𝜉 ̇𝜉 + ̇𝜂𝜂, 𝛾1(𝑠) = ̇𝜉 ̈𝜂 − 𝜂 ̈𝜉, (3)

𝛾2(𝑠) = 𝜉 ̈𝜉 + 𝜂 ̈𝜂 − (𝜘 − 1), 𝑓1(𝑠) = 2𝜇𝑣𝑛, 𝑓2(𝑠) = 2𝜇𝜕𝑣𝑛
𝜕𝑠 + 𝑇 .

We shall seek the functions 𝜑(𝑧) and 𝜓(𝑧) in the form

𝜑(𝑧) =
2

∑
𝑗=1

∫
𝐿

𝜈𝑗(𝑠)𝐺𝑗(𝑡, 𝑧) 𝑑𝑡, 𝜓(𝑧) =
2

∑
𝑗=1

∫
𝐿

𝜈𝑗(𝑠)𝐻𝑗(𝑡, 𝑧) 𝑑𝑡, (4)

where 𝜈𝑗(𝑠) (𝑗 = 1, 2) are real densities to be determined, and

𝐺1(𝑡, 𝑧) = − ̇𝑡 ̈𝑡𝐺2(𝑡, 𝑧), 𝐺2(𝑡, 𝑧) = 1
𝜋(𝜘 − 1) {−1 + ln(1 − 𝑧

𝑡 )} ,

𝐻1(𝑡, 𝑧) = 1
𝜋(𝜘 − 1) {[ ̄𝑡 ̇𝑡 ̈𝑡 + (𝜘 − 1) ̇𝑡] ( 1

𝑡 − 𝑧 − 1
𝑡 ) + 𝜘 ̇𝑡 ̈𝑡 ln(1 − 𝑧

𝑡 )} , (5)

𝐻2(𝑡, 𝑧) = 1
𝜋(𝜘 − 1) { ̄𝑡 ( 1

𝑡 − 𝑧 − 1
𝑡 ) − 𝜘 ̇𝑡2 ln(1 − 𝑧

𝑡 )} ,

where the branch of the logarithm occurring here vanishes at the origin of coor-
dinates. Note that, by construction, 𝜓(0) = 0. It will become clear from what
follows that any two functions regular in some (finite) simply connected domain
are in fact representable (one of them up to an additive constant) in the form
of the integrals (4), distributed over the contour bounding the domain.
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In the functions (4), and in the derivative of the first of them, we pass to
the limit as 𝑧 tends to the point 𝑡0 = 𝜉0 + 𝑖𝜂0 of the contour 𝐿; the limiting
values of these functions found according to the Sokhotski–Plemelj formulas are
substituted into the boundary conditions (1) and (2). Then, after somewhat
lengthy but sufficiently obvious transformations, we obtain, for determining the
unknown densities, a system of Fredholm integral equations

𝜈𝑗(𝑠0) +
2

∑
𝑛=1

∫
𝐿

𝜈𝑛(𝑠)𝐾𝑛𝑗(𝑠, 𝑠0) 𝑑𝑠 = 𝑓𝑗(𝑠0) (𝑗 = 1, 2). (6)

In it the kernels, as is clear from formula (7) given below, are continuous func-
tions of the arguments 𝑠 and 𝑠0; for clarity we split each of them into a sum of
three terms

𝐾𝑒𝑗(𝑠, 𝑠0) = 𝑃𝑒𝑗(𝑠, 𝑠0)𝜕 ln 𝑟0
𝜕𝑛 + 𝑄𝑒𝑗(𝑠, 𝑠0)𝜕 ln 𝑟0

𝜕𝑠 + 𝑅𝑒𝑗(𝑠, 𝑠0),

𝑟0 = √(𝜉 − 𝜉0)2 + (𝜂 − 𝜂0)2,

where 𝑛 is the normal to 𝐿 directed outward from 𝑆, and the following notation
has been introduced (𝑄𝑛𝑗(𝑠, 𝑠0) = 0 for 𝑠 = 𝑠0; the lower zero subscript is
assigned to functions depending on the arc 𝑠0):

𝑃11 = 1
𝜋 (𝜉 ̇𝜉0 + ̇𝜂𝜂0) + ( ̇𝜉 ̈𝜂 − 𝜂 ̈𝜉)𝑄21, 𝑅11 = 1

𝜋(𝜘 − 1)(𝜘𝑅(1)
11 + 𝑅(2)

11 ),

𝑄11 = 1
𝜋 ( ̇𝜉𝜂0 − 𝜉0 ̇𝜂) − ( ̇𝜉 ̈𝜂 − 𝜂 ̈𝜉)𝑃21, 𝑅12 = 1

𝜋(𝜘 − 1)(𝜘𝑅(1)
12 + 𝑅(2)

12 ),

𝑃12 = 1
𝜋 ( ̇𝜉𝜉0 + ̇𝜂𝜂0) + ( ̇𝜉 ̈𝜂 − 𝜂 ̈𝜉)𝑄22, 𝑅21 = 1

𝜋(𝜘 − 1)(𝜘𝑅(1)
21 + 𝑅(2)

21 ),

𝑄12 = 1
𝜋 [𝜉(𝜂0 − 𝜂) − 𝜂(𝜉0 − 𝜉)] − ( ̇𝜉 ̈𝜂 − 𝜂 ̈𝜉) (𝑃22 − 1

𝜋 ) ,

𝑅22 = 1
𝜋(𝜘 − 1)(𝜘𝑅(1)

22 + 𝑅(2)
22 ),

𝑄21 = 1
𝜋(𝜘 − 1) [ ̇𝜂0(𝜉 − 𝜉0) − ̇𝜉0(𝜂 − 𝜂0)] ,
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𝑃21 = 1
𝜋(𝜘 − 1) [ ̇𝜉0(𝜉 − 𝜉0) + ̇𝜂0(𝜂 − 𝜂0)] ,

𝑃22 = 1
𝜋 {1 + 1

𝜘 − 1 [ ̈𝜉0(𝜉 − 𝜉0) + ̈𝜂0(𝜂 − 𝜂0)]} ,

𝑄22 = 1
𝜋(𝜘 − 1) [ ̈𝜂0(𝜉 − 𝜉0) − ̈𝜉0(𝜂 − 𝜂0)] ,

𝑅(1)
11 = {−( ̇𝜉0 ̈𝜂 − ̇𝜂0 ̈𝜉) + 2( ̇𝜉0 ̈𝜉 + ̇𝜂0 ̈𝜂) (arctg 𝜂 − 𝜂0

𝜉 − 𝜉0
− arctg 𝜂

𝜉 )} ,

𝑅(1)
12 = ( ̈𝜉 ̈𝜂0 − ̈𝜉0 ̈𝜂) + 2( ̈𝜉0 ̈𝜉 + ̈𝜂0 ̈𝜂) (arctg 𝜂 − 𝜂0

𝜉 − 𝜉0
− arctg 𝜂

𝜉 ) ,

𝑅(1)
21 = {( ̇𝜉0 ̇𝜂 − ̇𝜉 ̇𝜂0) − 2( ̇𝜉0 ̇𝜉 + ̇𝜂0 ̇𝜂) (arctg 𝜂 − 𝜂0

𝜉 − 𝜉0
− arctg 𝜂

𝜉 )} ,

𝑅(1)
22 = − {( ̇𝜉 ̈𝜂0 − ̇𝜂 ̈𝜉0) + 2( ̇𝜉 ̈𝜉0 + ̇𝜂 ̈𝜂0) (arctg 𝜂 − 𝜂0

𝜉 − 𝜉0
− arctg 𝜂

𝜉 )} ,

𝑅(2)
11 = 1

𝜌2 {(𝜘 − 1)( ̇𝜉0𝜂 − ̇𝜂0𝜉) + ( ̇𝜉𝜂 − ̇𝜂𝜉)[ ̇𝜉0𝑎(𝑠) − ̇𝜂0𝑏(𝑠)]} ,

𝑅(2)
12 = 1

𝜌2 {(𝜘 − 1)( ̈𝜉0𝜂 − ̈𝜂0𝜉) + ( ̇𝜉𝜂 − ̇𝜂𝜉)[ ̈𝜉0𝑎(𝑠) − ̈𝜂0𝑏(𝑠)]} ,

𝑅(2)
21 = − 1

𝜌2 [ ̇𝜉0𝑏(𝑠) + ̇𝜂0𝑎(𝑠)], 𝑅(2)
22 = − 1

𝜌2 [ ̈𝜉0𝑏(𝑠) + ̈𝜂0𝑎(𝑠)],

𝑎(𝑠) = (𝜉2 − 𝜂2) ̇𝜉 + 2𝜉𝜂 ̇𝜂, 𝑏(𝑠) = (𝜉2 − 𝜂2) ̇𝜂 − 2𝜉𝜂 ̇𝜉, 𝜌 = √𝜉2 + 𝜂2.
(7)

It is not hard to notice that system (6) remains Fredholm if, in the second of
formulas (4), the terms containing the logarithmic factor are omitted from under
the integral sign. The point, however, is that their presence makes it possible
to study the properties of system (6) very simply. Conversely, the absence of
such terms apparently has an unfavorable effect on the internal structure of the
system, and its investigation becomes rather difficult; at least, we were unable
to carry it out in the latter case. The additional terms mentioned were chosen
chiefly with the aim of obtaining a Fredholm system that is readily amenable
to investigation and solvable.*

Meanwhile, as is evident from (7), they also introduce a simplification into the
kernels of the system, from which the terms with logarithmic singularities then
drop out. If, however, the named terms are removed from expression (4) for
𝜓(𝑧), then, in addition to the essential difficulties noted, terms containing a
logarithm will appear in the kernels of the system, which will to a known extent
complicate numerical calculations.

§ 2. We shall now turn to the proof of solvability of system (6). Suppose that
the homogeneous system (𝑓1 = 𝑓2 = 0) has some nontrivial solution 𝜈(0)

1 (𝑠)
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and 𝜈(0)
2 (𝑠); the functions (4) corresponding to it will be denoted by 𝜑(0)(𝑧)

and 𝜓(0)(𝑧). By the uniqueness theorem, everywhere in the domain 𝑆 we have
𝜑(0)(𝑧) = 𝑖𝑘𝑧 + 𝐶, 𝜓(0)(𝑧) = 0, where 𝑘 is real and 𝐶 = 𝐶1 + 𝑖𝐶2 is a complex
constant. Writing down for this case the condition that the normal component
of the displacement vector vanish on 𝐿, and integrating it along the arc 𝑠, we
arrive at the equality 𝑘(𝜉2 +𝜂2)+2𝐶2𝜉−2𝐶1𝜂 = 𝐶0, where 𝐶0 is a real constant.
Suppose for the moment that the contour 𝐿 is not a circle; then from the last
equality and then from the first formula (4) (putting 𝑧 = 0 in it) we successively
find

𝑘 = 𝐶1 = 𝐶2 = 𝐶0 = 0, ∫
𝐿

[𝜈(0)
1 (𝑠) ̇𝑡 ̈𝑡 − 𝜈(0)

2 (𝑠)] 𝑑𝑡 = 0. (8)

Taking into account the last of conditions (8) and carrying out obvious trans-
formations, we shall have on the contour 𝐿

𝜈(0)
1 (𝑠) ̇𝑡 ̈𝑡−𝜈(0)

2 (𝑠) = 𝜔′(𝑡), 𝜔 = 𝜔1+𝑖𝜔2, 𝜒 = 𝜒1+𝑖𝜒2, 𝐴 = 𝐴1+𝑖𝐴2,

−𝜘𝜔( ̄𝑡) + 𝜈(0)
1 (𝑠)[ ̄𝑡 ̇𝑡 ̈𝑡 + (𝜘 − 1) ̇̄𝑡] + 𝜈(0)

2 (𝑠) ̇̄𝑡 = 𝜒(𝑡) − 𝐴, (9)

* Representation (4), at least in its essential part (we do not include in it the
terms mentioned above, entering into 𝜓(𝑧)), can be obtained by directly applying
the method proposed in papers (3, 4).
where 𝜔(𝑧) and 𝜒(𝑧) are functions regular outside 𝐿 and equal to zero at infinity;
𝐴 is a functional depending on 𝜓(0)

1 (𝑠) and 𝜓(0)
2 (𝑠), and its value is not difficult to

write down*. We now multiply the second of equalities (9) by ̇𝑡 and separate in it
the real and imaginary parts; into the two real relations obtained we substitute
the expressions for 𝜓(0)

𝑗 (𝑠) from the first equality (9). After this we arrive
at formulas identically coinciding in form with conditions (1) and (2); in them,
instead of the functions 𝑢, 𝑣 and 𝑝, 𝑞, there appear respectively 𝜔1, 𝜔2 and 𝜒1, 𝜒2,
and, moreover, 2𝜇𝑣𝑛 = 𝐴1𝜂 + 𝐴2𝜉 and 𝑇 = 0. Thus the functions 𝜔(𝑧) and
𝜒(𝑧) give a solution of the problem of elasticity theory for the infinite domain
exterior to 𝑆, under the indicated special conditions on 𝐿; for them the equality
holds

∫
𝐿

(𝑣𝑛𝑁 + 𝑣𝜏𝑇 ) 𝑑𝑠 = 1
2𝜇 ∫

𝐿
(𝐴1𝑋𝑛 − 𝐴2𝑌𝑛) 𝑑𝑠 = 0,

where 𝑣𝜏 is the tangential component of displacement, 𝑁 is the normal stress,
and 𝑋𝑛, 𝑌𝑛 are the components along the axes of Cartesian coordinates of the
acting external forces; their principal vector, by virtue of the uniqueness of
𝜔(𝑧) and 𝜒(𝑧), is equal to zero. Hence it follows at once that the functions
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𝜔(𝑧) and 𝜒(𝑧) (which, by assumption, vanish at infinity) are identically equal
to zero everywhere outside 𝐿; in turn, this entails the required equalities**
𝜓(0)

1 = 𝜓(0)
2 = 0; from these it also follows that 𝐴1 = 𝐴2 = 0. Thus the

nonhomogeneous system (6) always has a unique solution.

One can construct a system of integral equations, slightly modified in compari-
son with (6) and at the same time solvable (for any right-hand side), for the case
when the contour 𝐿 is a circle. To achieve this, it is sufficient to add to the left-
hand side of boundary condition (2) the elementary operator 𝑆−1 Re 𝑖𝑡 ̇̄𝑡 Im𝜑′(0),
taking the functional 𝜑′(0) from (4). Indeed, the integral of the stress compo-
nent 𝑇 , taken along the circumference 𝐿, in this case expresses the principal
moment of the external forces applied to the boundary, and therefore must be
equal to zero. Consequently, any solution of the new system necessarily sends
the added operator to zero and, therefore, coincides with the solution of the
former system, subject to the additional condition Im𝜑′(0) = 0. In the rest,
the proof of solvability proceeds as above. Incidentally, it can be shown directly
that system (6) is also solvable for a circle 𝐿, provided only that the prescribed
tangential stress satisfies the mentioned obligatory condition***.
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𝜓(0)

1 (𝑠) everywhere on 𝐿; however, it can be established from the imaginary part
of the second formula (9), previously multiplied by ̇𝑡.
*** Without detriment to the completeness of the investigation, one may exclude
from consideration the case when the domain occupied by the medium is a disk,
since for this case there exists a fairly simple solution (in quadratures); it was
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