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Abstract
Full Text
MATHEMATICS
A. I. POLAK

ON CONDITIONS NECESSARY AND SUFFI-
CIENT FOR COMPLETE APPROXIMATIVE
SOLVABILITY OF EQUATIONS OF A VERY
GENERAL NATURE
(Presented by Academician S. L. Sobolev on 10 IX 1956)

1°. The basic idea of the well-known approximative method in the theory
of integral equations, consisting in replacing a given kernel by one that is de-
generate from the point of view of general approximative considerations, ev-
idently consists in the following (1): if the left- and right-hand sides of the
equation 𝐿(𝑦) = 𝑓(𝑥) are approximated by operators 𝐿𝑛(𝑦) and, respectively,
by functions 𝑓𝑛(𝑥), then in certain cases the solutions 𝜑𝑛(𝑥) of the equations
𝐿𝑛(𝑦) = 𝑓𝑛(𝑥) uniformly approximate the solutions of the equation 𝐿(𝑦) = 𝑓(𝑥).
In any case this holds when the Fredholm equation of the second kind has a
unique solution.

However, in the case of an infinite set of solutions of the linear equation 𝐿(𝑦) =
𝑓(𝑥), it does not at all follow that the conditions 𝐿𝑛(𝑦) → 𝐿(𝑦) and 𝑓𝑛(𝑥) →
𝑓(𝑥), even in the case of uniform convergence, entail the possibility of uniformly
approximating all solutions of the equation 𝐿(𝑦) = 𝑓(𝑥) by solutions of the
equation 𝐿𝑛(𝑦) = 𝑓𝑛(𝑥) for 𝑛 = 1, 2, …. The same circumstance occurs not only
in the case of integral equations, but also in the corresponding approximative
problem in finite-dimensional linear spaces.

In the work (2) a criterion was established that is sufficient in order that the con-
ditions 𝐿𝑛(𝑦) → 𝐿(𝑦), for a fixed right-hand side 𝑓(𝑥), entail the possibility of
uniformly approximating all solutions of the equation 𝐿(𝑦) = 𝑓(𝑥) by solutions
of the equations 𝐿𝑛(𝑦) = 𝑓(𝑥).
If the right-hand side is not fixed and, consequently, one considers the more
natural approximative problem, then it turns out that this same condition will
be necessary and sufficient in order that the condition 𝐿𝑛(𝑦) → 𝐿(𝑦), with
𝑓𝑛(𝑥) → 𝑓(𝑥), entail the possibility of uniform approximation of all solutions of
the equation 𝐿(𝑦) = 𝑓(𝑥) by solutions of the equations 𝐿𝑛(𝑦) = 𝑓𝑛(𝑥).
Let 𝐿(𝑝) and 𝐿𝑛(𝑝) be continuous linear and normalized (i.e. satisfying the
condition 𝐿(0) = 0) mappings of a linear space 𝑅 into 𝑅′ or onto 𝑅1. We shall
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agree to denote by the symbol 𝐿𝑛 → 𝐿 the uniform convergence of the mappings
𝐿𝑛 to 𝐿 in the domain 𝐺 ∈ 𝑅.

Theorem 1. In order that the conditions 𝐿𝑛 → 𝐿 for all 𝑞𝑛 → 𝑞, where
𝑞𝑛, 𝑞 ∈ 𝑅1, and 𝐿𝑛 are linear mappings of 𝑅 onto 𝑅′, entail the possibility of
approximation, by solutions of the equations 𝐿𝑛(𝑝) = 𝑞𝑛 (𝑛 = 1, 2, …), of all
solutions of the equation 𝐿(𝑝) = 𝑞 lying in the domain 𝐺 ∈ 𝑅, it is necessary and
sufficient that the mappings of the sequence 𝐿𝑛 satisfy the following condition:

Whatever 𝜀 may be, there exists such a 𝛿(𝜀), the same for all 𝐿𝑛, that whenever
‖𝑞‖ < 𝛿, one can indicate at least one solution of the equation 𝐿𝑛(𝑝) = 𝑞
satisfying the condition ‖𝑝‖ < 𝜀; in other words, for each 𝜀 there must exist 𝛿(𝜀)
such that the image of the 𝜀-neighborhood of zero under all mappings 𝐿𝑛 covers
the 𝛿-neighborhood of zero.

Proof. In paper (3) it was established that from the condition imposed on
the system 𝐿𝑛 at zero, by virtue of the linearity of the mappings, the same
condition follows at every point 𝑝 ∈ 𝑅, i.e., for every 𝑝 and any 𝜀 there is a
𝛿(𝑝, 𝜀), independent of 𝐿𝑛, such that the image of the 𝜀-neighborhood of the
point 𝑝 covers the 𝛿-neighborhood of the point 𝐿𝑛(𝑝).
A system of mappings satisfying such a condition at each point 𝑝 ∈ 𝑅 will
be called a system of uniformly open mappings.* In its logical structure
this concept is, obviously, close to the concept of an equicontinuous system of
functions, but uniformity holds only with respect to the mappings, and not with
respect to 𝑝 ∈ 𝑅. The validity of our theorem easily follows from a more general
theorem.

Theorem 2. Let a sequence of continuous mappings 𝑓𝑛 of the space 𝑅 into 𝑅1

converge uniformly to a mapping 𝑓 of 𝑅 into 𝑅1. In order that the sequence
𝑓(𝑦𝑛) of complete preimages of the points 𝑦𝑛 of any convergent sequence 𝑦𝑛 ∈ 𝑅′

converge to 𝑓−1(𝑦), 𝑦 = lim 𝑦𝑛, it is necessary and sufficient that the 𝑓𝑛 form a
system of uniformly open mappings.

Necessity. Assuming that the 𝑓𝑛 do not form a system of uniformly open
mappings, we immediately find such an 𝑥 ∈ 𝑅 and 𝜀 that 𝑓𝑛(𝑢𝜀(𝑥)) does not
cover the corresponding 𝛿-neighborhood of 𝑓𝑛(𝑥). Hence, there will be a se-
quence 𝑦𝑛 ⊂ 𝑅1 such that 𝑦𝑛 → 𝑦 = 𝑓(𝑥), 𝑦𝑛 does not belong to 𝑓𝑛(𝑢𝜀(𝑥)),
i.e. lt 𝑓−1(𝑦𝑛) ≠ 𝑓−1(𝑦).
The proof of the sufficiency of the condition differs little in idea from the
proof of the corresponding assertion of Theorem 2 of paper (2), and therefore is
not given here.

By virtue of the remark made above, the 𝑓𝑛 form a system of uniformly open
mappings, and Theorem 2 can be applied.

It is clear that the assertion of Theorem 2 on the convergence of complete preim-
ages is equivalent in substance to the possibility of approximating all solutions
of the equation 𝐿(𝑝) = 𝑞 by solutions of the system of equations 𝐿𝑛(𝑝) = 𝑞𝑛.
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2∘. For nonlinear equations, Theorem 2 obviously establishes the following
proposition.

If nonlinear mappings 𝑅𝑛(𝑝) uniformly approximate the mapping 𝑅(𝑝) and
𝑞𝑛 → 𝑞, then in order that all solutions of the equation 𝑅(𝑝) = 𝑞, and only
them, could be regarded as limits of all possible convergent sequences {𝑝𝑛},
where 𝑝𝑛 is a solution of the equation 𝑅𝑛(𝑝) = 𝑞𝑛, it is necessary and sufficient
that 𝑅𝑛(𝑝) constitute a system of uniformly open mappings.

It turns out that in order that all solutions of the equation 𝑅(𝑝) = 𝑞 could be
regarded as limits of solutions of the equations 𝑅𝑛(𝑝) = 𝑞𝑛, without requiring
that all such limits be solutions of the equation 𝑅(𝑝) = 𝑞, it is enough to require
nonuniform convergence of the mappings 𝑅𝑛(𝑝).
We shall first express these considerations for nonlinear integral equations.

Let the integral equation

𝜑(𝑥) − ∫
𝑏

𝑎
𝐾(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡 = 𝑓(𝑥) (1)

have a kernel 𝐾(𝑥, 𝑡, 𝜑) continuous with respect to the aggregate (𝑥, 𝑡, 𝜑). We
pose the problem of finding all solutions of this equation by means of the fol-
lowing approximative process.

* Whylburn, in defining a system of uniformly open mappings, requires unifor-
mity with respect to 𝑝 ∈ 𝑅.

Let functions 𝐾𝑛(𝑥, 𝑡, 𝜑) be defined, also continuous with respect to the collec-
tion of variables (𝑥, 𝑡, 𝜑), and such that 𝐾𝑛(𝑥, 𝑡, 𝜑), for each fixed function 𝜑(𝑥),
converge uniformly in the square [𝑎, 𝑏] to the function 𝐾(𝑥, 𝑡, 𝜑(𝑡)) as 𝑛 → ∞.
Moreover, let a sequence of continuous functions 𝑓𝑛(𝑥) converge uniformly to
the function 𝑓(𝑥). Suppose that for the equations

𝜑(𝑥) − ∫
𝑏

𝑎
𝐾𝑛(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡 = 𝑓𝑛(𝑥), 𝑛 = 1, 2, … , (2)

all continuous solutions are known. It is required to find necessary and sufficient
conditions in order that, under such a process of approximation, all solutions
of equation (1) lying among continuous functions could be regarded as limits of
uniformly convergent sequences {𝜑𝑛(𝑥)}, where each 𝜑𝑛(𝑥) is a solution of the
equation

𝜑(𝑥) − ∫
𝑏

𝑎
𝐾𝑛(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡 = 𝑓𝑛(𝑥).

Theorem 3. Let 𝐾(𝑥, 𝑡, 𝜑) and 𝐾𝑛(𝑥, 𝑡, 𝜑) be expressions continuous with
respect to the collection of variables (𝑥, 𝑡, 𝜑). Suppose further that 𝐾𝑛(𝑥, 𝑡, 𝜑),
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for each fixed 𝜑(𝑥), converge uniformly to 𝐾(𝑥, 𝑡, 𝜑(𝑥)) in the square [𝑎, 𝑏]. In
order that this condition entail the possibility of representing all continuous
solutions of the equation

𝜑(𝑥) − ∫
𝑏

𝑎
𝐾(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡 = 𝑓(𝑥)

in the form of limits of uniformly convergent sequences, where each 𝜑𝑛(𝑥) is a
continuous solution of the equation

𝜑𝑛(𝑥) − ∫
𝑏

𝑎
𝐾𝑛(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡 = 𝑓𝑛(𝑥),

and 𝑓𝑛(𝑥) is an arbitrary sequence of continuous functions (under the condition
that for each 𝑛 there exists at least one continuous solution of the equation), it
is necessary and sufficient that the following condition be fulfilled:

For every continuous function 𝜑(𝑥) and every 𝜀, there must be found a 𝛿, de-
pending only on 𝜑 and 𝜀, but not depending on 𝑛, such that for every 𝑛 and
every function 𝑓(𝑥) satisfying the condition ‖𝑓(𝑥) − 𝐹(𝑥)‖ < 𝛿, where 𝐹(𝑥) is
the value of the operator

Ω(𝜑(𝑥)) = 𝜑(𝑥) − ∫
𝑏

𝑎
𝐾𝑛(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡

for the given function 𝜑(𝑥), there is at least one continuous solution 𝜓(𝑥) of the
equation

𝜑(𝑥) − ∫
𝑏

𝑎
𝐾𝑛(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡 = 𝑓(𝑥),

satisfying the condition ‖𝜓(𝑥) − 𝐹(𝑥)‖ < 𝜀.
Proof. It is obvious that, for a fixed 𝜑(𝑥) and any 𝜂 > 0,

∣∫
𝑏

𝑎
𝐾(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡 − ∫

𝑏

𝑎
𝐾𝑛(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡∣ ≤

≤ ∫
𝑏

𝑎
|𝐾(𝑥, 𝑡, 𝜑(𝑡)) − 𝐾𝑛(𝑥, 𝑡, 𝜑(𝑡))| 𝑑𝑡 < 𝜂,

starting from some 𝑛(𝜂), for all 𝑥 and 𝑡. Hence the operators
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Ω𝑛 ≡ 𝜑(𝑥) − ∫
𝑏

𝑎
𝐾𝑛(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡

converge to the operator

Ω(𝜑(𝑥)) ≡ 𝜑(𝑥) − ∫
𝑏

𝑎
𝐾(𝑥, 𝑡, 𝜑(𝑡)) 𝑑𝑡

on the space 𝐶.

The validity of our theorem follows easily from the following assertion, which is
an inessential generalization of Theorem 2.

Theorem 4. Let a sequence of continuous mappings 𝑓𝑛 of the space 𝑅 into 𝑅′

converge (generally speaking, nonuniformly) to a mapping 𝑓 of 𝑅 into 𝑅′, and
let 𝑦𝑛 → 𝑦, 𝑦𝑛, 𝑦 ∈ 𝑅′.

In order that all points of 𝑓−1(𝑦) can be regarded as limits of sequences {𝑥𝑛},
where each 𝑥𝑛 belongs to 𝑓−1

𝑛 (𝑦𝑛), it is necessary and sufficient that the 𝑓𝑛 form
a system of uniformly open mappings.

The proof is almost no different from the proof of the corresponding assertion
in Theorem 2 and therefore is not given here.

Received
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