Soviet-era science, translated into English

ON A MEASURE OF
HAUSDORFF TYPE

1957

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195701.41443

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195701.41443

Abstract
Full Text

MATHEMATICS
E. V. GLIVENKO

ON A MEASURE OF HAUSDORFF TYPE
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A considerable class of measures for sets situated in Euclidean space or in a
metric space with a countable base is obtained by the following construction.
Choose a countable system of open sets I'; such that their diameter a(T';) — 0
as ¢ — oo. Let the regions T'; cover the space in the sense of Vitali.* Assign
to each of the regions I'; an arbitrary number «; > 0, which we shall call the
elementary measure mes, I'; of the region I';. Fix an arbitrary € > 0. Cover the
set M by regions I'; ,I'; ,... from the system {I';} such that

Consider

oo
E ;.

j=1
The greatest lower bound of such sums over all possible coverings of the set M
by regions from {I';} will be called the e-measure mes, M of the set M. The
limit of these measures as ¢ tends to zero will be called the measure of the set
M of Hausdorff type and denoted by mes M. A special case of such a measure
is the ordinary linear Hausdorff measure in the plane, when the system {T',}
consists of all disks with rational coordinates of their centers and rational radii,
and the elementary measure of each disk is its diameter.

In order that the measure be convenient in use, it is necessary that it possess
the so-called F-property, which consists in the following;:

a) if the set M has finite measure, then for any ¢ > 0 there exists a closed
set ' C M such that | mes M — mes F| < ¢;

b) if the set M has infinite measure, then for any N > 0 there exists a closed
set F' C M such that mes F' > N.

The F-property for the ordinary Hausdorff measure as applied to the sets F_ s
was proved in 1952 by A. S. Besicovitch (!). Earlier, R. A. Minlos (?) proved
the F-property for A-sets in the case of one special measure, but, in essence, his
proof is applicable to the ordinary Hausdorff measure. In the case where the
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whole space is representable as the sum of a countable number of sets of finite
measure, the F-property was also proved for measures of Hausdorff type (3).

The present work is devoted to the proof of the F-property for measures of
Hausdorff type in the general case as applied to A-sets.

Theorem 1. Let, in a metric space with a countable base, some measure of
Hausdorff type be introduced. Then:

a) If some A-set M, situated in the space R, has finite measure, then, whatever
e > 0 may be, there exists a closed set ' C M such that | mes F —mes M| < ¢.

b) If some A-set M has infinite measure, then, whatever the number N may be,
there exists a closed set F' C M such that mes F' > N.

* This means that for any point £ of the space and for any number € > 0 there
exists an open set from the system {I';}, covering the point £, whose diameter
is less than .

Part a) does not differ from the case considered in (3), when the whole space
has finite measure. Thus, part b) remains to be proved. This proof is based on
the following lemma;:

Lemma. If a set M C R is the sum of an increasing sequence of measurable
sets

oo
MyCMyC..CM,C.., M=Y M,
i=1
then
lim mes, M,, > mes,_ M.
n—o0

Proof. Two cases are possible:

1) lim mes, M, = oo, 2) lim mes, M, < co.
n—oo n—00

In the first case the assertion of the lemma is obvious. Let us consider the
second case. Fix § > 0. Cover each of the sets M, by a system g, of domains
so that the sum of the elementary measures of these domains differs from the
measure mes, M, by less than §/2°. From each covering g; choose a finite system
g; so that the sum of the elementary measures of the domains from the system
g; differs from the sum of the elementary measures of the domains from the
system g; by less than 6/2¢. Each covering g} consists of a finite number n; of
domains
e Gh

Consider the covering gj. There is a subsequence of the natural sequence oy, =
1,49, ..., @y, --- such that each domain of the system g7 either belongs to all the
coverings g, , or does not belong to any of them for ¢ > 1. Consider the system
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*

Jn,,- For it there is likewise a sequence of numbers ayy = 9, Qigg, Aag, ..., Which
is a subsequence of the first sequence {ay;}, and each domain of the system Ja,
either belongs to each of the systems g, . (i > 1), or does not belong to any one
of them. Analogous subsequences are found for each system Yo, - As a result we
obtain a sequence of sequences, each subsequent one of which is a subsequence
of the preceding one.

Consider the diagonal sequence {«;;}, and henceforth we shall deal only with
the sets and coverings from this sequence. Let {I'j } be the system of domains
from {T';}, each of which belongs to all coverings s, beginning with some 4.
Now remove from each covering g;, =~ the domains that have entered the system
{F?k}. Denote the remaining system of domains by g, .

We shall now consider only the sets

~
M,,

1 = Mail n go‘il

and their coverings g, . Consider the set Mau and its covering §a11. Consider
also the covering gqu | for some ¢g. The domains of the covering 'g“qu L+ with
respect to the domains of the covering §a11, are divided into three groups. In

the first group A}lHq . we include those domains of the covering gqu _ which

are contained entirely inside the covering §a11. In the second group Bﬁl,mq | we

include the domains from the covering gqu , which contain both points of §a11
and points of the complement of §a11. And in the third group Cchq , we include

the domains remaining in the system §a1+ L
q,

Consider the system of domains A}IH - It can be shown that there is such

aq,
a sufficiently large number ¢, that the sum of the elementary measures of the

domains Al
14q,1

differs from the sum of the elementary measures of the system §an by less than
(26/2%11 4 2§ /2%1+an ),

Let us now consider the system of domains

gop 1:§a11+Bl 14»C’1

(S al+q05 0élvqovl'

We carry out with the system of domains g, ; the same operation that we have
i
just carried out with the system §a11 = §a11. In this way we obtain a system

of domains o,y 10 and so on. Suppose we have a domain o, 1° Construct

1
Consider also the covering g, il for some q. The domains of the covering
i tq?

)

the system of domains g, ;. Consider the set M@_ , and its covering g,
tn+1’ in? in

G, L1 0 relation to the domains of the covering g, ;, are divided into three
intar in

groups. In the first group AZ’% L1 we include those domains of the covering
intq’

9o, ...1 Which are contained entirely inside the covering g, ;. In the second
intq) in>
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group ij L1 We include those domains from the covering g, ol which con-
in+q’ tntq’
tain both points of §ai .1 and points of the complement of gow 1- In the third

i . . o ~
group C* ; we include the remaining domains in the system g, RE
in+q’ tnta’

Consider the system of domains AZ?-

tntq’

1- There is such a sufficiently large

number ¢ that the sum of the elementary measures of the domains AZ‘

in+q’1

differs from the sum of the elementary measures of the system ﬁai 1 by less
than (26/2%n! 4 2§/2%n+a1).
Denote by

We obtain a sequence of systems of domains

{ga» 1 C §a~ 1€ C gain,l C } :

ip0 ig

Let us now consider

00
E goc,i,,l =T.
- J

Jj=1

The sum of the elementary measures of the domains 7" differs from the limit of
the sums of the elementary measures of the domains ﬁ%l by no more than 8.

At the beginning of the proof we discarded from the sets M, those parts which
did not enter the finite coverings g;. Each time we thereby discarded parts of
the sets M;, the e-measure of which did not exceed §/2°.

Consider now
> M\ M,
i=1
This set will have e-measure not exceeding 20. Cover
O —~
ST
i=1

by a system of domains P, the sum of whose elementary measures does not
exceed 26.
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Let now {I'} = S+ T + P. The system {I';} will cover the set M. The sum of
the elementary measures of the regions of this system does not exceed 124, and,
since ¢ is arbitrary, the lemma is proved.

Proof of the theorem. Map our metric space R by a homeomorphic transforma-
tion into the Hilbert space K. Under this transformation our set M, which is
an A-set in the metric space, passes into some A-set M! in the Hilbert space
K (4). Define a measure of Hausdorff type in the Hilbert space by assigning to
the images of the regions I'; the elementary measure of the I'; themselves. Then
the measure of the set M in the Hilbert space will be equal to the measure of
the set M in the space R.

We shall prove the theorem for the set M! in the space K. Thereby the theorem
will be proved for the sets M in the space R. Construct the topological product
of the space K with a one-dimensional Euclidean space. Denote this product by
L. Let our set M! be obtained as the projection into the space K of some G
situated in the space L. Let our G, in turn, be the intersection of open sets G,.
Each open set G, we can represent in the form of a sum of a countable number
of increasing closed sets f;;. Denote the projection of the set f;; in the space R
by F;;; [, F;; will be a closed set contained in the set M.

Now consider the intersection F;; N M'. Fix the numbers ; and &,. According
to the lemma, in each G; we can choose such a closed set f;; that

€2
‘mes61 Fi;, N M —mes,_ M‘ < 5

Since [[.(F;;, N"M) =11, F,; , it follows that [[.(F;; NM) is a closed set. Since
% Jo i o i\ %o

for a closed set one can choose a finite subcover from any cover, it is true that

if a closed set is the intersection of a sequence of sets, then the e-measure of the

intersection is equal to the limit of the e-measures of the intersecting sets.

Fix N. Choose ¢, so that mes, M > 2N, and e, < N/2. Then
mes_ HFijo > mes, HFW > N.

Thus the theorem is proved.

It still does not follow from this theorem that in every A-set of infinite measure
one can choose a closed set of arbitrarily large finite measure. For the ordi-
nary Hausdorff measure in n-dimensional Euclidean space this can be proved.
Namely, the following theorem holds:

Theorem 2. Let M be an A-set of infinite Hausdorff measure p. Then for
every IN there exists a closed set F' C M such that uF' = N.
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