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Let V(f) be the remainder term of an approximation formula, linear () on some
Banach space E and exact on some finite-dimensional subspace 2. Then V()
is linear on F and annihilates on €.

A number of works (3719) are devoted to a convenient representation of V(f),
both on F and on its subspaces, in the case when €2 is the set of polynomials of
degree not exceeding a certain degree.

In the present note, which generalizes the results of E. Ya. Remez (*) and of
the author (?), results are given on the representation of V(f) in the case when
E=C, , (L% ) (for the notation and definitions see (°)), and Q is a certain
collection of generahzed polynomials.

Definition 1. Suppose n systems of linearly independent functions
{ugp (x)} C Co 4, k; = 0,1,..,8;, — 1, i = 1,..,n, are chosen. Then
by a generalized polynomial with respect to z; of rank not exceeding
s; — 1 we shall mean the function

pi—1

Wy, (@1, s @) = Z C;ii(x17~-~ 2y i1 i1y 7mn>uzk(xz> (1; < s;),
k;=0

where all clk‘ are continuous.

Definition 2. By W, = W(u;,...,u;, 1) we shall mean the Wronskian
determinant formed from the functions w, ¢, ..., u and we shall write its

nonvanishing on [a;, b;] as follows: W, # 0.

Definition 3. We set

i,y =10

D#i (f) = szi(f’xl) =
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Definition 4. Henceforth V(f) is a functional annihilating on the collection
{w,,} (1 <'sy), and V(f) is a functional annihilating on the collection of gener-
alized polynomials {w } of rank not exceeding s; — 1 (u; < s;) with respect
toz;,1=1,...,n.

Hyeebp

Theorem 1. Suppose V € (C )" (i.e., V(f) is linear on C, , ), respec-

tively (LE , )*. Then, if for every ¢ (i = 1,...,n) W, +# 0, then

V(P =Y Vi(h)

where V; € (C; )", respectively (L )*.
Theorem 2. Suppose V; € (Cy )* and W, # 0. Then

Wﬁ{Lm/%ﬂM@ﬂmw%% (1)

*

i J#i

where H, (z;,z) is the Cauchy function (2) of the differential equation D, (f)=

1, if z; < z;, a; < Z;,
1
0@1(351) = 07 if Z; 2 {Z‘,L + E or {Z'Z =a,,
l _ _ "oy
1—m(z, —%;), ifz, <z, <z,+— (i=1,..,n),
m
and the function g, (zy,...,z,) has the same properties as g;(1, ..., ,,) in The-

orem 1 (9).

Theorem 3. Let V; € (L% )" and W, # 0. Then

i

vin= [~ /%%WM%WJ%WJMMN 2)

Kn—l a;
where **
_ _ 0 -
ﬁsi (1‘1, 7In> = %‘fi(fﬁi,il...in)
K3
and it has the same properties as f3;(xy, ..., z,,) in Theorem 2 (?).
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Theorem 4. Let F' € (C,, )*. Then

wi—1 P
// 5'Jlf(a:1,...,xi_l,bi,xiﬂ,...,zn)x
J;=0 K, Oy

K2

_ o f
xdx;;ilgji(xl,...,xifl,xiﬂw.wxn)—|—/-~-/ Sl dg, (T1,...,,),
K, 9T

where

gji("' L1, Tigas o) = F(%;,@,...,ii,l,bi,jm,...,;in) (ji =0, — 1),

gui ('flv a'fn) = F(qzsz,i,;il,...,:in)
and, for example (?),
F, z.25)= Til_I)nOOF (/ 0z (= i A ' dz 1;[97” >
b; i

with all functions g of bounded variation in all variables and continuous from
the right inside K,, (7%).

Let us now consider the differential complexes (>7-%)

(£ FE N, = (P o), 2 (@b i),

0<y; <p—1, fﬂ(ﬂgi)<m17 ...,l’n>)7

* We do not dwell on the fact that the values of the function g, (zy,...,,)
may be changed on a countable set of points in each variable inside K,,, without

thereby changing the functional. Henceforth this equality serves as the definition
of g, .

** Obviously, the values of the function 8, may be changed on a set of measure
zero with respect to z;, without thereby changing the functional (see, moreover,
the preceding footnote). Henceforth this equality serves as the definition of B,

terms of which are connected by the relation:
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pi—1 i) (x—b)J
f(I17"'7In) = Z ijll ("'mi—17bi7xi+17"')%+
Ji=0 ’

i) (2 — 2"
# [ B E e b

where the integral is understood in the sense of Lebesgue.

Let C}; be the space of complexes for which fI ) are Borel-measurable ("), with
norm equal to the greatest of the exact upper bounds of the absolute values of
the members of the complex. Then we extend F' € (C), )* to C}; as follows:

F[(ﬂféi”)mb / [ arte, + /K ST

where the integrals from Theorem 4 are now understood in the Stieltjes-
Lebesgue sense.

Theorem 5. Let V; € (C; ;)" (1 <k <s;) and W, # 0. Then for f € L
(s; — k < p; <sy), V;(f)7has the form (2), and for [ € C, also the form
(1), everywhere with replacement of the index s; by pu;. Moreover, for each m
(1 <m < p;, — s, + k) everywhere, and for m = u; — s; + k, apart from all
possible exclusions with respect to x;,

OB (%, ... 7
Bp By @) ) N

89?7”*1 z[()‘/t —m,Ty..T,° 0,21...T,,
%

where the right-hand side is equal to zero for z; = a;, z; = b, and is continuous
on the right inside K, while

and
. - " 'H, (z;,7;)
)\Ef::)m,i’lmi” (xl""?xn) = Haij(‘r]> oxm— 1 ’
i1 i
" H, (v, ;)

&T{“ ax;n L

Theorem 6. If V; € (C, _, )", 8; > p; > k>1, W, #0, W, _, #0, then
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Ty
ﬂsi (‘%1? 7£n) = _/ Hsi,si7k<zi7ii)ﬁsi7k(£1a ey By e 7‘in> d’zi’

a;
where H, , _;(x;,7;) is the Cauchy function of the differential operator Q, , _y,
Dsi (f) = Qsi,s,ifk(Dsifk(f))'

The last two theorems also make it possible to judge the number of sign changes
of the functions j;, (48.9).

It remains to note that, under the condition u; o = 1 (i = 1,...,n), there hold
assertions analogous both in form and in proof

all the results established in (°) (pp. 399-413), with the corresponding replace-
ment of words and symbols: “polynomial,” “degree,” ¢, 1 z(x), O f/0x" by

“generalized polynomial,” “rank,” /\H 1z(®), D,(f) Gf W, #0).

Example. Suppose a cubature formula is given

/2
*/ fxul"g)d% dxy — ZAkf o, z5) = V(f),

w2 J—m/2

2 7
2r —4 12 —4n
A5:A6:A7:A8: a2 A9— a2
S RN S S R S S S S
1 =21 =27 = 1= 2= 2= =0 =5
T
5 _ 7 _ 6 _ .8 _
—I; =T = 172*%*5’
6 8 _ .9 5 7T _ .9 _
1 1= 2 s =Ty =a5=0

It is exact for generalized polynomials of rank not higher than 3 in each variable,
where for i = 1,2

£
o
—
B
~—
Il
l—‘
£
=
3
Il
B

u; o(x;) = coszy, u; 3(z;) =sinz;.

Then for f € C,,
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ot o7

_ ! (10572 —5207+644) — 4+ — | f(& ) + i4 + iz f(& )
T 144 o2t T o2 1 oyt Oy? 2: M2

V(f)
1 ot 0? ot 02
*m(117ﬂ2*5607f+652) { ((%4 + W) f(&s,m3) + (ay4 + 6y2> f(§4’774)} :
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Note: Figure translations are in progress. See original paper for figures.
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