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Abstract
Full Text
MATHEMATICS
I. A. EZROKHI

ON FUNCTIONALS IN THE SPACES 𝐶𝑠1…𝑠𝑛
AND 𝐿𝑝

𝑠1…𝑠𝑛
, ANNIHILATING ON GENERAL-

IZED POLYNOMIALS OF MANY VARIABLES
(Presented by Academician V. I. Smirnov, 14 VI 1957)

Let 𝑉 (𝑓) be the remainder term of an approximation formula, linear (1) on some
Banach space 𝐸 and exact on some finite-dimensional subspace Ω. Then 𝑉 (𝑓)
is linear on 𝐸 and annihilates on Ω.

A number of works (3−10) are devoted to a convenient representation of 𝑉 (𝑓),
both on 𝐸 and on its subspaces, in the case when Ω is the set of polynomials of
degree not exceeding a certain degree.

In the present note, which generalizes the results of E. Ya. Remez (3) and of
the author (9), results are given on the representation of 𝑉 (𝑓) in the case when
𝐸 = 𝐶𝑠1…𝑠𝑛

(𝐿𝑝
𝑠1…𝑠𝑛

) (for the notation and definitions see (9)), and Ω is a certain
collection of generalized polynomials.

Definition 1. Suppose 𝑛 systems of linearly independent functions
{𝑢𝑖,𝑘𝑖

(𝑥𝑖)} ⊂ 𝐶2𝑠𝑖−1, 𝑘𝑖 = 0, 1, … , 𝑠𝑖 − 1, 𝑖 = 1, … , 𝑛, are chosen. Then
by a generalized polynomial with respect to 𝑥𝑖 of rank not exceeding
𝑠𝑖 − 1 we shall mean the function

𝜔𝜇𝑖
(𝑥1, … , 𝑥𝑛) =

𝜇𝑖−1
∑
𝑘𝑖=0

𝑐𝑖
𝑘𝑖

(𝑥1, … , 𝑥𝑖−1, 𝑥𝑖+1, … , 𝑥𝑛) 𝑢𝑖,𝑘𝑖
(𝑥𝑖) (𝜇𝑖 ≤ 𝑠𝑖),

where all 𝑐𝑖
𝑘𝑖

are continuous.

Definition 2. By 𝑊𝜇𝑖
= 𝑊(𝑢𝑖,0, … , 𝑢𝑖,𝜇𝑖−1) we shall mean the Wronskian

determinant formed from the functions 𝑢𝑖,0, … , 𝑢𝑖,𝜇𝑖−1, and we shall write its
nonvanishing on [𝑎𝑖, 𝑏𝑖] as follows: 𝑊𝜇𝑖

≠ 0.
Definition 3. We set

𝐷𝜇𝑖
(𝑓) = 𝐷𝜇𝑖,𝑥𝑖

(𝑓, 𝑥𝑖) =
𝑊(𝑢𝑖,0(𝑥𝑖), … , 𝑢𝑖,𝜇𝑖−1(𝑥𝑖), 𝑓(𝑥1, … , 𝑥𝑛))

𝑊(𝑢𝑖,0(𝑥𝑖), … , 𝑢𝑖,𝜇𝑖−1(𝑥𝑖))
.
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Definition 4. Henceforth 𝑉𝑖(𝑓) is a functional annihilating on the collection
{𝜔𝜇𝑖

} (𝜇 ≤ 𝑠𝑖), and 𝑉 (𝑓) is a functional annihilating on the collection of gener-
alized polynomials {𝜔𝜇1…𝜇𝑛

} of rank not exceeding 𝑠𝑖 − 1 (𝜇𝑖 ≤ 𝑠𝑖) with respect
to 𝑥𝑖, 𝑖 = 1, … , 𝑛.
Theorem 1. Suppose 𝑉 ∈ (𝐶𝑠1…𝑠𝑛

)∗ (i.e., 𝑉 (𝑓) is linear on 𝐶𝑠1…𝑠𝑛
), respec-

tively (𝐿𝑝
𝑠1…𝑠𝑛

)∗. Then, if for every 𝑖 (𝑖 = 1, … , 𝑛) 𝑊𝑠𝑖
≠ 0, then

𝑉 (𝑓) =
𝑛

∑
𝑖=1

𝑉𝑖(𝑓),

where 𝑉𝑖 ∈ (𝐶𝑠𝑖
)∗, respectively (𝐿𝑝

𝑠𝑖
)∗.

Theorem 2. Suppose 𝑉𝑖 ∈ (𝐶𝑠𝑖
)∗ and 𝑊𝑠𝑖

≠ 0. Then

𝑉𝑖(𝑓) = ∫
𝐾𝑛

⋯ ∫ 𝐷𝑠𝑖
(𝑓) 𝑑𝑛𝑔𝑠𝑖

(𝑥1, … , 𝑥𝑛); (1)

𝑔𝑠𝑖
( ̄𝑥1, … , ̄𝑥𝑛) = ̄𝑉𝑖(𝛾𝑠𝑖,𝑥̄1…𝑥̄𝑛

) = lim
𝑚→∞

𝑉𝑖 [∫
𝑥𝑖

𝑏𝑖

𝜃𝑚
𝑥̄𝑖

(𝑧)𝐻𝑠𝑖
(𝑥𝑖, 𝑧) 𝑑𝑧 ⋅ ∏

𝑗≠𝑖
𝜃𝑚

𝑥̄𝑗
(𝑥𝑗)]

∗

,

where 𝐻𝑠𝑖
(𝑥𝑖, 𝑧) is the Cauchy function (2) of the differential equation 𝐷𝑠𝑖

(𝑓) =
0,

𝜃𝑚
𝑥̄𝑖

(𝑥𝑖) =
⎧{{
⎨{{⎩

1, if 𝑥𝑖 ⩽ ̄𝑥𝑖, 𝑎𝑖 < ̄𝑥𝑖,
0, if 𝑥𝑖 ⩾ ̄𝑥𝑖 + 1

𝑚 or ̄𝑥𝑖 = 𝑎𝑖,

1 − 𝑚(𝑥𝑖 − ̄𝑥𝑖), if ̄𝑥𝑖 < 𝑥𝑖 < ̄𝑥𝑖 + 1
𝑚 (𝑖 = 1, … , 𝑛),

and the function 𝑔𝑠𝑖
(𝑥1, … , 𝑥𝑛) has the same properties as 𝑔𝑖(𝑥1, … , 𝑥𝑛) in The-

orem 1 (9).
Theorem 3. Let 𝑉𝑖 ∈ (𝐿𝑝

𝑠𝑖
)∗ and 𝑊𝑠𝑖

≠ 0. Then

𝑉𝑖(𝑓) = ∫ ⋯ ∫
𝐾𝑛−1

∫
𝑏𝑖

𝑎𝑖

𝐷𝑠𝑖
(𝑓) 𝑑𝑥𝑛−1

𝑗≠𝑖 𝛽𝑠𝑖
(𝑥1, … , 𝑥𝑛) 𝑑𝑥𝑖, (2)

where ∗∗

𝛽𝑠𝑖
( ̄𝑥1, … , ̄𝑥𝑛) = 𝜕

𝜕𝑥𝑖
̄𝑉𝑖(𝛾𝑠𝑖,𝑥̄1…𝑥̄𝑛

)

and it has the same properties as 𝛽𝑖(𝑥1, … , 𝑥𝑛) in Theorem 2 (9).
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Theorem 4. Let 𝐹 ∈ (𝐶𝜇𝑖
)∗. Then

𝐹(𝑓) =
𝜇𝑖−1
∑
𝑗𝑖=0

∫ ⋯ ∫
𝐾𝑛−1

𝜕𝑗𝑖𝑓(𝑥1, … , 𝑥𝑖−1, 𝑏𝑖, 𝑥𝑖+1, … , 𝑥𝑛)
𝜕𝑥𝑗𝑖

𝑖
×

× 𝑑𝑥𝑛−1
𝑗≠𝑖 𝑔𝑗𝑖

(𝑥1, … , 𝑥𝑖−1, 𝑥𝑖+1, … , 𝑥𝑛) + ∫ ⋯ ∫
𝐾𝑛

𝜕𝜇𝑖𝑓
𝜕𝑥𝜇𝑖

𝑖
𝑑𝑛𝑔𝜇𝑖

(𝑥1, … , 𝑥𝑛),

where

𝑔𝑗𝑖
(… , ̄𝑥𝑖−1, ̄𝑥𝑖+1, …) = ̄𝐹 (𝜓𝑗𝑖,𝑥̄1,…,𝑥̄𝑖−1,𝑏𝑖,𝑥̄𝑖+1,…,𝑥̄𝑛

) (𝑗𝑖 = 0, … , 𝜇𝑖 − 1),

𝑔𝜇𝑖
( ̄𝑥1, … , ̄𝑥𝑛) = ̄𝐹 (𝜓𝜇𝑖,𝑥̄1,…,𝑥̄𝑛

)

and, for example (9),

̄𝐹 (𝜓𝜇𝑖,𝑥̄1…𝑥̄𝑛
) = lim

𝑚→∞
𝐹 (∫

𝑥𝑖

𝑏𝑖

𝜃𝑚
𝑥̄𝑖

(𝑧𝑖)
(𝑥𝑖 − 𝑧𝑖)𝜇𝑖−1

(𝜇𝑖 − 1)! 𝑑𝑧𝑖 ∏
𝑗≠𝑖

𝜃𝑚
𝑥̄𝑗

(𝑥𝑗)) ,

with all functions 𝑔 of bounded variation in all variables and continuous from
the right inside 𝐾𝑛 (7,8).
Let us now consider the differential complexes (3,7,8)

(𝑓, ̄𝑓 (𝜇𝑖)
𝑥𝑖 )𝜇𝑖

= (𝑓(𝑥1, … , 𝑥𝑛), 𝑓 (𝑗𝑖)
𝑥𝑖 (𝑥1, … , 𝑥𝑖−1, 𝑏𝑖, 𝑥𝑖+1, … , 𝑥𝑛),

0 ⩽ 𝑗𝑖 ⩽ 𝜇𝑖 − 1, ̄𝑓 (𝜇𝑖)
𝑥𝑖 (𝑥1, … , 𝑥𝑛)),

* We do not dwell on the fact that the values of the function 𝑔𝑠𝑖
(𝑥1, … , 𝑥𝑛)

may be changed on a countable set of points in each variable inside 𝐾𝑛, without
thereby changing the functional. Henceforth this equality serves as the definition
of 𝑔𝑠𝑖

.

** Obviously, the values of the function 𝛽𝑠𝑖
may be changed on a set of measure

zero with respect to 𝑥𝑖, without thereby changing the functional (see, moreover,
the preceding footnote). Henceforth this equality serves as the definition of 𝛽𝑠𝑖

.

terms of which are connected by the relation:
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𝑓(𝑥1, … , 𝑥𝑛) =
𝜇𝑖−1
∑
𝑗𝑖=0

𝑓 (𝑗𝑖)
𝑥𝑖 (… 𝑥𝑖−1, 𝑏𝑖, 𝑥𝑖+1, …)(𝑥𝑖 − 𝑏𝑖)𝑗

𝑗! +

+ ∫
𝑥𝑖

𝑏𝑖

̄𝑓 (𝜇𝑖)
𝑥𝑖 (… 𝑥𝑖−1, 𝑧𝑖, 𝑥𝑖+1, …)(𝑥𝑖 − 𝑧𝑖)𝜇𝑖−1

(𝜇𝑖 − 1)! 𝑑𝑧𝑖,

where the integral is understood in the sense of Lebesgue.

Let 𝐶″
𝜇𝑖

be the space of complexes for which ̄𝑓 (𝜇𝑖)
𝑥𝑖 are Borel-measurable (7), with

norm equal to the greatest of the exact upper bounds of the absolute values of
the members of the complex. Then we extend 𝐹 ∈ (𝐶𝜇𝑖

)∗ to 𝐶″
𝜇𝑖

as follows:

𝐹[(𝑓, ̄𝑓 (𝜇𝑖)
𝑥𝑖 )𝜇𝑖

] =
𝜇𝑖−1
∑
𝑗𝑖=0

∫
𝐾𝑛−1

⋯ ∫ 𝑓 (𝑗𝑖)
𝑥𝑖 𝑑 𝑛−1

𝑥𝑗≠𝑖𝑔𝑗𝑖
+ ∫

𝐾𝑛

⋯ ∫ ̄𝑓 (𝜇𝑖)
𝑥𝑖 𝑑𝑛𝑔𝜇𝑖

,

where the integrals from Theorem 4 are now understood in the Stieltjes–
Lebesgue sense.

Theorem 5. Let 𝑉𝑖 ∈ (𝐶𝑠𝑖−𝑘)∗ (1 ≤ 𝑘 ≤ 𝑠𝑖) and 𝑊𝜇𝑖
≠ 0. Then for 𝑓 ∈ 𝐿𝑝

𝜇𝑖(𝑠𝑖 − 𝑘 < 𝜇𝑖 ≤ 𝑠𝑖), 𝑉𝑖(𝑓) has the form (2), and for 𝑓 ∈ 𝐶𝜇𝑖
also the form

(1), everywhere with replacement of the index 𝑠𝑖 by 𝜇𝑖. Moreover, for each 𝑚
(1 ≤ 𝑚 < 𝜇𝑖 − 𝑠𝑖 + 𝑘) everywhere, and for 𝑚 = 𝜇𝑖 − 𝑠𝑖 + 𝑘, apart from all
possible exclusions with respect to 𝑥𝑖,

𝜕𝑚−1𝛽𝜇𝑖
( ̄𝑥1, … , ̄𝑥𝑛)

𝜕 ̄𝑥𝑚−1
𝑖

= − 𝑉𝑖[(𝜆(𝜇𝑖)
𝜇𝑖−𝑚,𝑥̄1…𝑥̄𝑛

, 𝜆(𝜇𝑖)
0,𝑥̄1…𝑥̄𝑛

)𝜇𝑖−𝑚],

where the right-hand side is equal to zero for ̄𝑥𝑖 = 𝑎𝑖, ̄𝑥𝑖 = 𝑏𝑖 and is continuous
on the right inside 𝐾𝑛, while

𝑔𝜇𝑖
= ∫

𝑥𝑖

𝑎𝑖

𝛽𝜇𝑖
𝑑𝑥𝑖

and

𝜆(𝜇𝑖)
𝜇𝑖−𝑚,𝑥̄1…𝑥̄𝑛

(𝑥1, … , 𝑥𝑛) =
𝑛

∏
𝑗=1

𝜃𝑥̄𝑗
(𝑥𝑗)

𝜕𝑚−1𝐻𝜇𝑖
(𝑥𝑖, ̄𝑥𝑖)

𝜕 ̄𝑥𝑚−1
𝑖

,

𝜆(𝜇𝑖)
0,𝑥̄1…𝑥̄𝑛

(𝑥1, … , 𝑥𝑛) =
𝑛

∏
𝑗=1

𝜃𝑥̄𝑗
(𝑥𝑗)

𝜕𝜇𝑖−1𝐻𝜇𝑖
(𝑥𝑖, ̄𝑥𝑖)

𝜕𝑥𝜇𝑖−𝑚
𝑖 𝜕 ̄𝑥𝑚−1

𝑖
.

Theorem 6. If 𝑉𝑖 ∈ (𝐶𝑠𝑖−𝜇𝑖
)∗, 𝑠𝑖 ≥ 𝜇𝑖 > 𝑘 ≥ 1, 𝑊𝑠𝑖

≠ 0, 𝑊𝑠𝑖−𝑘 ≠ 0, then
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𝛽𝑠𝑖
( ̄𝑥1, … , ̄𝑥𝑛) = − ∫

𝑥𝑖

𝑎𝑖

𝐻𝑠𝑖,𝑠𝑖−𝑘(𝑧𝑖, ̄𝑥𝑖)𝛽𝑠𝑖−𝑘( ̄𝑥1, … , 𝑧𝑖, … , ̄𝑥𝑛) 𝑑𝑧𝑖,

where 𝐻𝑠𝑖,𝑠𝑖−𝑘(𝑥𝑖, ̄𝑥𝑖) is the Cauchy function of the differential operator 𝑄𝑠𝑖,𝑠𝑖−𝑘,

𝐷𝑠𝑖
(𝑓) = 𝑄𝑠𝑖,𝑠𝑖−𝑘(𝐷𝑠𝑖−𝑘(𝑓)).

The last two theorems also make it possible to judge the number of sign changes
of the functions 𝛽′

𝜇𝑖
(4,8 ,9 ).

It remains to note that, under the condition 𝑢𝑖,0 = 1 (𝑖 = 1, … , 𝑛), there hold
assertions analogous both in form and in proof

all the results established in (9) (pp. 399–413), with the corresponding replace-
ment of words and symbols: “polynomial,”“degree,”𝜑𝑛−1,𝑥̄(𝑥), 𝜕𝜇𝑓/𝜕𝑥𝜇 by
“generalized polynomial,”“rank,”𝜆(𝜇)

𝜇−1,𝑥̄(𝑥), 𝐷𝜇(𝑓) (if 𝑊𝜇 ≠ 0).
Example. Suppose a cubature formula is given

1
𝜋2 ∫

𝜋/2

−𝜋/2
∫

𝜋/2

−𝜋/2
𝑓(𝑥1, 𝑥2) 𝑑𝑥1 𝑑𝑥2 −

9
∑
𝑘=1

𝐴𝑘𝑓(𝑥𝑘
1, 𝑥𝑘

2) = 𝑉 (𝑓),

𝐴1 = 𝐴2 = 𝐴3 = 𝐴4 = (1
2 − 1

𝜋 )
2

,

𝐴5 = 𝐴6 = 𝐴7 = 𝐴8 = 2𝜋 − 4
𝜋2 , 𝐴9 = 12 − 4𝜋

𝜋2 ,

− 𝑥1
1 = 𝑥2

1 = 𝑥3
1 = − 𝑥4

1 = − 𝑥1
2 = − 𝑥2

2 = 𝑥3
2 = 𝑥4

2 = 𝜋
2 ,

− 𝑥5
1 = 𝑥7

1 = − 𝑥6
2 = 𝑥8

2 = 𝜋
3 ,

𝑥6
1 = 𝑥8

1 = 𝑥9
1 = 𝑥5

2 = 𝑥7
2 = 𝑥9

2 = 0.

It is exact for generalized polynomials of rank not higher than 3 in each variable,
where for 𝑖 = 1, 2

𝑢𝑖,0(𝑥𝑖) ≡ 1, 𝑢𝑖,1(𝑥𝑖) = 𝑥𝑖, 𝑢𝑖,2(𝑥𝑖) = cos𝑥𝑖, 𝑢𝑖,3(𝑥𝑖) = sin𝑥𝑖.

Then for 𝑓 ∈ 𝐶4,4
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𝑉 (𝑓) = 1
144(105𝜋2−520𝜋+644) {( 𝜕4

𝜕𝑥4 + 𝜕2

𝜕𝑥2 ) 𝑓(𝜉1, 𝜂1) + ( 𝜕4

𝜕𝑦4 + 𝜕2

𝜕𝑦2 ) 𝑓(𝜉2, 𝜂2)}

− 1
144(117𝜋2−560𝜋+652) {( 𝜕4

𝜕𝑥4 + 𝜕2

𝜕𝑥2 ) 𝑓(𝜉3, 𝜂3) + ( 𝜕4

𝜕𝑦4 + 𝜕2

𝜕𝑦2 ) 𝑓(𝜉4, 𝜂4)} .

Ukrainian Agricultural Academy

Received
12 VI 1957
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