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Abstract
Full Text
MATHEMATICS
Yu. E. ALENITSYN

ON FUNCTIONS WITHOUT COMMON VAL-
UES AND THE OUTER BOUNDARY OF THE
RANGE OF VALUES OF A FUNCTION
(Presented by Academician V. I. Smirnov on 23 III 1957)

In the author’s papers (1,2) a number of theorems on univalent conformal
mappings were obtained. Here analogous questions are solved for non-univalent
mappings.

In what follows 𝐵 is a finitely connected domain of the 𝑧-plane with nondegen-
erate boundary continua and not containing the point 𝑧 = ∞. By meromorphic,
in particular regular in the domain 𝐵, functions we mean single-valued mero-
morphic or regular functions in 𝐵. 𝑅𝑎(𝐵) is the family of all functions 𝑓(𝑧),
regular in the domain 𝐵 and satisfying in it the conditions |𝑓(𝑧)| < 1, 𝑓(𝑎) = 0,
where 𝑎 is a prescribed point of 𝐵. By 𝐹(𝑧, 𝑎) we denote that function of the
class 𝑅𝑎(𝐵) for which |𝑓 ′(𝑎)| ≤ 𝐹 ′(𝑎, 𝑎), 𝑓(𝑧) ∈ 𝑅𝑎(𝐵). The functions 𝑓𝜈(𝑧),
𝜈 = 1, … , 𝑛, defined respectively in domains 𝐵𝜈 (arbitrary ones), will be called
functions without common values in these domains if 𝑓𝜈(𝑧𝜈) ≠ 𝑓𝜇(𝑧𝜇) for
arbitrary 𝑧𝜈 ∈ 𝐵𝜈, 𝑧𝜇 ∈ 𝐵𝜇 and arbitrary 𝜈 ≠ 𝜇; 𝜈, 𝜇 = 1, … , 𝑛.
Theorem 1. If 𝑓𝜈(𝑧), 𝜈 = 1, 2, in the domain 𝐵 are meromorphic functions
without common values, then for any points 𝑧𝜈 ∈ 𝐵 at which 𝑓𝜈(𝑧) are regular,
we have the sharp estimate

|𝑓 ′
1(𝑧1)𝑓 ′

2(𝑧2)| ≤ |𝑓1(𝑧1) − 𝑓2(𝑧2)|2 𝐹 ′(𝑧1, 𝑧1)𝐹 ′(𝑧2, 𝑧2).

Extremal systems of functions are determined by the equations

(𝑓1(𝑧)−𝑎1)/(𝑓1(𝑧)−𝑎2) = 𝜌𝜀1𝐹(𝑧, 𝑧1), (𝑓2(𝑧)−𝑎2)/(𝑓2(𝑧)−𝑎1) = 𝜀2𝐹(𝑧, 𝑧2)/𝜌

for arbitrary finite and distinct 𝑎1 and 𝑎2, 𝜌 > 0, |𝜀1| = |𝜀2| = 1.

Let any finite numbers 𝑎1 and 𝑎2, 𝑎1 ≠ 𝑎2, be given, and let 𝔐(𝑎1, 𝑎2; 𝑎, 𝐵)
be the class of all systems of functions 𝑓𝜈(𝑧), 𝜈 = 1, 2, 𝑓𝜈(𝑎) = 𝑎𝜈, 𝑎 ∈ 𝐵,
meromorphic and without common values in 𝐵. Denote by 𝔈(𝑎1, 𝑎2; 𝑎, 𝐵) the
set of all points 𝑀(𝑋, 𝑌 ) ≡ 𝑀(|𝑓 ′

1(𝑎)|, |𝑓 ′
2(𝑎)|) of the plane 𝑋𝑂𝑌 in the class

𝔐(𝑎1, 𝑎2; 𝑎, 𝐵).

sovietrxiv.org/items/ru-195701.40712 Machine Translation

https://sovietrxiv.org/items/ru-195701.40712


Theorem 2. The set 𝔈(𝑎1, 𝑎2; 𝑎, 𝐵) is a closed domain with the excluded bound-
ary point ∞

0 ≤ 𝑋𝑌 ≤ |𝑎1 − 𝑎2|2𝐹 ′2(𝑎, 𝑎).

The set of all values 𝑤 assumed in the domain 𝐵 by a function 𝑤 = 𝑓(𝑧)
meromorphic in it and considered in the 𝑤-plane will be called the range of
values of 𝑓(𝑧) in 𝐵.

In the case of an arbitrary number of functions, some known theorems on univa-
lent mappings onto mutually nonoverlapping domains can, analogously to the
preceding, be carried over to the case of functions without common values in
the domain 𝐵, under the condition that the system of the ranges of values of
these functions has a filling-in (1).
For any given distinct points 𝑎1 and 𝑎2 of the extended plane, consider the
class 𝔐(𝑎1, 𝑎2) ≡ 𝔐(𝑎1, 𝑎2; 0, |𝑧| < 1) and its subclass 𝔐𝑆(𝑎1, 𝑎2) of systems
of univalent functions. Let the systems ̃𝑓𝜈(𝑧), 𝜈 = 1, 2, of the class 𝔐𝑆(𝑎1, 𝑎2)
correspond, under the mappings 𝑤 = ̃𝑓𝜈(𝑧), to the images 𝐷̃𝜈 of the disk |𝑧| < 1,
and let some real function 𝔉(𝑤1, 𝑤2) be defined for 𝑤𝜈 ∈ 𝐷𝜈, 𝜈 = 1, 2, for all
systems of functions of the class 𝔐𝑆(𝑎1, 𝑎2).
Lemma. If in the class 𝔐𝑆(𝑎1, 𝑎2), for any points 𝑧1, 𝑧2 of the disk |𝑧| < 1, one
of the estimates

𝑀1(|𝑧1|, |𝑧2|) ≤ 𝔉(𝑓1(𝑧1), 𝑓2(𝑧2)) ≤ 𝑀2(|𝑧1|, |𝑧2|),

is valid, where 𝑀1 is a decreasing and 𝑀2 an increasing function of each of its
arguments, then it is valid also in the class 𝔐(𝑎1, 𝑎2) and can be attained in it
only by univalent functions.

Theorem 3. In the class 𝔐(0, ∞), for any points 𝑧1, 𝑧2 of the disk |𝑧| < 1, we
have*

|log(1 − 𝑓1(𝑧1)/𝑓2(𝑧2))| ≤ −1
2 log(1 − |𝑧1|2)(1 − |𝑧2|2),

|𝑓1(𝑧1)/𝑓2(𝑧2)| ≤ |𝑧1𝑧2|√(1 − |𝑧1|2)(1 − |𝑧2|2).

The estimates are sharp for arbitrary 𝑧1 and 𝑧2 with |𝑧1| = |𝑧2| < 1, and are
attained only by univalent functions.

Theorem 4. If 𝑓(𝑧), 𝑓(0) = 0, regular in |𝑧| < 1, and 𝐹(𝜁), 𝐹(∞) = ∞,
meromorphic in |𝜁| > 1, are functions without common values, then for |𝑧| < 1
and |𝜁| > 1 we have
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∣ 𝑓2(𝑧)𝑓 ′(𝑧)𝑓 ′(0)𝐹 ′(𝜁)
(𝑓(𝑧) − 𝐹(𝜁))2𝐹 2(𝜁)𝐹 ′(∞)∣ ≤ |𝑧|2

|𝜁|2(1 − |𝑧|2)(|𝜁|2 − 1) ,

∣𝑓 ′(𝑧)𝑓 ′(0)𝐹 ′(𝜁)/𝐹 2(𝜁)𝐹 ′(∞)∣ ≤ 1
(1 − |𝑧|2)(|𝜁|2 − 1) .

The estimates are sharp for arbitrary 𝑧 and 𝜁 with |𝑧| = 1/|𝜁| < 1, and are
attained only by univalent functions.

In particular, from Theorems 3 and 4 there follows directly a number of known
(2–5) sharp estimates for Bieberbach–Eilenberg functions and functions related
to them.

Let 𝐵𝑞 be the annulus 𝑞 < |𝑧| < 1. The following generalization (6) of Schwarz’s
lemma to the case of an annulus is known. If 𝑓(𝑧) ∈ 𝑅𝑎(𝐵), then for any 𝑧0 ∈ 𝐵𝑞
we have |𝑓(𝑧0)| ≤ |𝐻(𝑧0, 1; 𝑎0(𝑧0), 𝑎)|, where 𝐻 ≡ 𝐻(𝑧, 1; 𝑎0(𝑧0), 𝑎) is uniquely
determined by the conditions: 𝐻 is regular in 𝐵𝑞, has 𝑧 = 𝑎0(𝑧0) = −𝑞𝑒𝑖 arg 𝑧0/|𝑎|

and 𝑧 = 𝑎 as its only and simple zeros in 𝐵𝑞, and on |𝑧| = 𝑞 and |𝑧| = 1, |𝐻| ≡ 1,
𝐻|𝑧=1 = 1; 𝐻 is expressed explicitly in terms of

𝜃(𝑧) =
+∞
∑

𝑛=−∞
𝑞𝑛2𝑧𝑛.

The extremal functions are 𝑓(𝑧) = 𝜀𝐻, |𝜀| = 1.
Theorem 5. For 𝐵𝑞, 𝐹(𝑧, 𝑎) = 𝛼𝐻(𝑧, 1; 𝑎0(𝑎), 𝑎), where

𝛼 = exp(−𝑖 arg𝐻′(𝑎, 1; 𝑎0(𝑎), 𝑎)).

This theorem complements the Schwarz lemma just given and gives an explicit
expression for the function 𝐹(𝑧, 𝑎) in the case of an annulus.

For brevity, put 𝐻(𝜁, 1; 𝑎0(𝑧), 𝑎)|𝜁=𝑧 = 𝐻(𝑧, 1; 𝑎0(𝑧), 𝑎) = 𝐻(𝑧). Let 𝑎1 and 𝑎2,
𝑎1 ≠ 𝑎2, be given points of the extended plane.

Lemma. If in the class 𝔐𝑆(𝑎1, 𝑎2), for any points 𝑧1, 𝑧2 of the disk |𝑧| < 1, one
of the estimates

𝑀1(|𝑧1|, |𝑧2|) ≤ 𝔉̃( ̃𝑓1(𝑧1), ̃𝑓2(𝑧2)) ≤ 𝑀2(|𝑧1|, |𝑧2|),

* log(1 − 𝑓1(𝑧1)/𝑓2(𝑧2)) denotes the value of that branch, single-valued in the
unit disk, of the multivalued function of 𝑧1 or 𝑧2 which vanishes, respectively,
for 𝑧1 = 0 or 𝑧2 = 0.
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where 𝑀1 is decreasing and 𝑀2 is increasing in each of their arguments, then in
the class 𝔐(𝑎1, 𝑎2; 𝑎, 𝐵𝑞), for any points 𝑧1, 𝑧2 of the ring 𝐵𝑞, the corresponding
estimate is valid

𝑀1(|𝐻(𝑧1)|, |𝐻(𝑧2)|) ⩽ 𝔉̃(𝑓1(𝑧1), 𝑓2(𝑧2)) ⩽ 𝑀2(|𝐻(𝑧1)|, |𝐻(𝑧2)|),

and in this class it can be attained only by systems of functions of the form
𝑓𝜈(𝑧) = ̃𝑓𝜈(𝜉𝜈𝐻(𝑧, 1; 𝑎0(𝑧), 𝑎)), |𝜉𝜈| = 1, 𝜈 = 1, 2.
Theorem 3′. In the class 𝔐(0, ∞; 𝑎, 𝐵𝑞), for any points 𝑧1, 𝑧2 of the ring 𝐵𝑞,
we have

|log(1 − 𝑓1(𝑧1)/𝑓2(𝑧2))| ⩽ −1
2 log(1 − |𝐻(𝑧1)|2)(1 − |𝐻(𝑧2)|2),

|𝑓1(𝑧1)/𝑓2(𝑧2)| ⩽ |𝐻(𝑧1)𝐻(𝑧2)|/√(1 − |𝐻(𝑧1)|2)(1 − |𝐻(𝑧2)|2).

The estimates are sharp for arbitrary 𝑧1 and 𝑧2 such that |𝐻(𝑧1)| = |𝐻(𝑧2)|.
Denote by 𝐶𝑎(𝐵) the class of all functions 𝑓(𝑧), regular in the domain 𝐵, and
satisfying the conditions: 𝑓(𝑎) = 0, 𝑎 ∈ 𝐵; 𝑓(𝑧1)𝑓(𝑧2) ≠ 1, 𝑧1, 𝑧2 ∈ 𝐵. In
particular, the class 𝐶 of Bieberbach–Eilenberg functions is the class 𝐶0(|𝑧| < 1).
Theorem 6. For every given function 𝑓(𝑧) ∈ 𝐶𝑎(𝐵) there exists a univalent
function ̃𝑓(𝜏) ∈ 𝐶 such that 𝑓(𝑧) does not assume in 𝐵 those values which, for
|𝜏 | < 1, are not assumed by ̃𝑓(𝜏).
Theorem 7. If 𝑓(𝑧) ∈ 𝐶𝑎(𝐵), then in 𝐵 we have the sharp estimate

|𝑓 ′(𝑧)| ⩽ |1 − 𝑓2(𝑧)|𝐹 ′(𝑧, 𝑧).

If 𝑓(𝑧) ∈ 𝐶𝑎(𝐵𝑞), then in 𝐵𝑞 we have the sharp estimates

| log(1 − 𝑓2(𝑧))| ⩽ − log(1 − |𝐻(𝑧)|2), |𝑓(𝑧)| ⩽ |𝐻(𝑧)|/√1 − |𝐻(𝑧)|2.

The lemmas stated above generalize to the case of any number of functions
without common values, forming such systems of domains of values which have
a filling. Consider the domain 𝐷 of values of 𝑓(𝑧), regular in 𝐵. That one of
the boundary continua of 𝐷 each point of which can be joined with the point
𝑤 = ∞ by a continuous curve not passing through points of 𝐷, we shall call
the outer boundary of the domain of values of 𝑓(𝑧), or, briefly, the outer
boundary of 𝑓(𝑧).
Theorem 8. If 𝑓(𝑧) is regular in 𝐵, 𝑓(𝑎) = 0, 𝑓 ′(𝑎) = 1, 𝑎 ∈ 𝐵, then among
the 𝑛 points of the outer boundary of 𝑓(𝑧) nearest to 𝑤 = 0, lying on 𝑛 arbitrary

sovietrxiv.org/items/ru-195701.40712 Machine Translation

https://sovietrxiv.org/items/ru-195701.40712


rays emanating from 𝑤 = 0 at equal angles, the point farthest from 𝑤 = 0 is at
a distance

𝑑 ⩾ 1/ 𝑛√4𝐹 ′(𝑎, 𝑎)

from 𝑤 = 0, and equality holds only for

𝑓(𝑧) = 𝐹(𝑧, 𝑎)/(1 − 𝜀𝐹 𝑛(𝑧, 𝑎))2/𝑛, |𝜀| = 1.

Similarly, Pic’s well-known theorem on bounded univalent functions in the unit
disk carries over to the class 𝑅𝑎(𝐵).
Theorem 9. If 𝑓(𝑧) is regular in 𝐵𝑞, 𝑓(𝑎) = 0, 𝑓 ′(𝑎) = 1, 𝑎 ∈ 𝐵𝑞, and 𝑑 is the
distance from the origin 𝑤 = 0 to the nearest point of the outer boundary of
𝑓(𝑧), then in 𝐵𝑞 we have the sharp estimate

|𝑓(𝑧)| ⩽ 4𝑑 |𝐻(𝑧)|/(1 − 𝐻(𝑧))2.

Leningrad Branch
of the V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR
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