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The self-similar problem of heat propagation with thermal conductivity depend-
ing on temperature was first solved by Ya. B. Zel’ dovich and A. S. Kompaneets
(1). As applied to the theory of gas filtration in a porous medium, self-similar so-
lutions of an equation analogous to the heat-conduction equation, independently
of (1), were studied in detail by G. I. Barenblatt (?).

Of interest is the case when the form of the wave differs little from spherical,
and the law of heat propagation is close to self-similar.

Suppose that at the initial instant of time a quantity of heat @ is released in a
small volume (point). Consider a heat wave, for a power-law dependence of the
coefficient of thermal conductivity on temperature, propagating in a medium at
rest with variable density. We shall assume that the density differs little from a
constant, and that the initial temperature of the medium is zero.

The equation of heat influx in a spherical coordinate system is written as follows:
or  9*T* 20Tk 1 9°T*  ctgd oT* 1 0Tk

Bt = Trar T T2 o0 T zante 052

(1)

where ¢ = p,ayk/#, is a constant; » = »,T* ! and «, are the coefficients
of thermal conductivity and heat capacity; po(r, 0, ) = Rp,; p, and p, are the
initial and characteristic densities. (If the heat capacity depends on temperature,

a = ayT*¥, then, introducing the variable 77 = fOT oI dT, we again obtain
an equation of type (1) (1).)

Let us also write the condition of conservation of energy:

2m ™ T

Cy(k) = @ _ / d(p/ sin@d@/ RT r? dr = const. (2)
Qo Py 0 0 )

If the density is constant everywhere, then the problem is characterized only by

two constants ¢ and C', whose dimensions are expressed through the dimensions

of length [L], time [t], and temperature [T:
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From the quantities r,¢,c, and C one can form only one dimensionless combi-
nation

1 1 1
E=rt - 1(C 3131,

therefore such a problem is self-similar.

For variable density it is necessary also to take into account the dependence of
the solutions on the angles and on time. Put

Po = Ps llJrZZYm )(rB) Bk M] -

A
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Here
m (9, o) = A, P (cos0) cosmp, m <0,
[ B, P (cosf)sinmep, m >0,
are spherical functions; A,,,,,, B,,,,, are constants; 7, = C’%lﬂ is the character-
istic time. Introduce the dimensionless temperature
—113/(3k=1) t
72 P g4 1y (noe L) | ()
A

Here

kE—1
fn) = {%(%_1)(1772)

corresponds to the self-similar solution, but is calculated not at the point £, but
at the point n = /£, separated from it. The value of 1 at the wave front is
always equal to unity: n, = 1.

We linearize the problem, regarding the quantities proportional to f; and (t/7,)*
as small. By virtue of the linearity of the theory it is sufficient to find the
solution corresponding to one harmonic and to use the superposition principle.
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The variables in the equation for small quantities can be separated if the solution
is sought in the form (3)

A
t t
n(noe L) = (1) HOv o )
7_)\ 7—)\
In an analogous form we shall also seek &:
P\
A

Separating the variables and using the solution for f(n), we obtain for H(n) the
linear ordinary differential equation of second order

d’H
dn?

+H{n2 {6_2)«?)14;_1)—64—71(71—1—1)} —n(n—|—1)}:

(1 —n?)

8—6k ,\ dH
+n(2+ 2)

k—1") dy

k—1

27}2
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2 2
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As boundary conditions for this equation one may use the requirement that the
temperature vanish at the wave front according to a prescribed law. In paper (1)
it is shown that at the front of a heat wave of arbitrary shape the dimensionless
temperature is proportional to (1 — 77)1/ (k=1) Hence we arrive at the following
condition for H as n — 1:

], n=0,1,2,.. (7)

H(n) = go(1 =) * D[+ 0m), (8)

where g, is determined from equation (7) and is equal to

CRHABE—DKA, 41 k—1 YV
f0= k1 k(3k—1)

When (8) is satisfied, the physical requirements that the temperature and the
heat flux vanish at the wave front are satisfied automatically. To find a particular
solution one may choose a point 7,, close to n = 1, determine from (8) H(n,)
and (dH /dn) and solve the Cauchy problem.

n=n.’
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The solution of equation (7) may be sought as the sum H = K, H, + Hj,
where H, satisfies (7) and (8) for K, = 0. The value of the constant K\, is
determined from the condition that there be no heat flux in any direction at the
center of the wave. Using (5), we write this requirement as

lim 2 —— = 0. 9)

The asymptotic solution of equation (7) without the right-hand side as n — 0
is sought in power form:

H ="K}, Ag+ Ay) + O(n). (10)

After substituting (10) into (7), we find two roots (1, = —1/2 &

V1/4 4+ n(n+1). Since 5, < —1 for n > 0, condition (9) gives

K?i\m = _A1/A0~ (11)

It follows that, in the first approximation, the wave front contains no harmonics
other than that which enters the expansion for the density. (All K l)(\I =0, except
| =n, g = m, since the corresponding A; = 0.) Since by choosing K),, from
condition (11) one can eliminate the solution that grows without bound at the
center, the linear theory is applicable to our problem throughout the entire
region of propagation of the heat wave.

Let us determine the value of v(k) from consideration of the heat balance. We
write (2) in dimensionless form, neglecting quantities of second order of small-
ness; we find:

1 A 27 T
v(k) = 47r/ nfdn+ <t> / dcp/ sin @Y™ (0, p) dfx
0 X 0 0

1
></ n? [fn3FVX + H + 3fK)),,] dn. (12)
0

The condition of conservation of energy requires that the right-hand side of (12)
not depend on time. The case A\ = n = 0, (t/7,)* = &, corresponds simply
to a renormalization of the front of the self-similar wave. For all n > 1 the
energy-conservation condition is satisfied by virtue of the orthogonality of the
spherical

functions. If n = m = 0, then the requirement of conservation of energy is
satisfied only for a specific value of Kp:
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1

/ [fn(Sk—l))\ 4 Hl] 172 dn
Ké\o ==

1 (13)
/ (3f + Hy) dn
0

Substituting f(n) into (12), we find that the values of y(k) for our problem and
for the self-similar model problem coincide and are expressed in the same way
through the gamma function:

1

_ 1/(k-1) -
= RO L E e

The condition of conservation of energy makes it possible to determine @ from
the coordinates of the wave at a given instant of time. Integrating (6) over the
solid angle, we obtain:

(3k—1)/(k—1)
1
Q = y(k)p,ogct/ BN 1/ (=1 [4— /r sin 6 df dgp} . (15)

m
If n = 0, then the corresponding harmonic, determined from (13), must be
excluded in this expression from r .

In a manner analogous to that described above, one can linearize other solutions
(2) that are close to self-similar ones and find the subsequent approximations.

Institute of Chemical Physics
Academy of Sciences of the USSR

Received
4 1IT 1957

CITED LITERATURE

I Ya. B. Zel'’ dovich, A. S. Kompaneets, in: Collection dedicated to the 70th
anniversary of A. F. Ioffe, Moscow, 1950.

2 G. I. Barenblatt, Applied Mathematics and Mechanics, 16, no. 1 (1952).

3 E. I. Andriankin, Doklady Akademii Nauk SSSR, 111, no. 3 (1956).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195701.39733 Machine Translation


https://sovietrxiv.org/items/ru-195701.39733

	Abstract
	Full Text
	HYDROMECHANICS
	E. I. ANDRIANKIN and O. S. RYZHOV

	PROPAGATION OF A HEAT WAVE CLOSE TO SPHERICAL
	CITED LITERATURE


