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Abstract
Full Text

HYDROMECHANICS
P. I. CHUSHKIN

FLOW PAST ELLIPSES BY A GAS STREAM
AT THE SPEED OF SOUND
(Presented by Academician A. A. Dorodnitsyn, 23 X 1956)

In using electronic computing machines to solve certain nonlinear problems of
gas dynamics, one numerical method proposed by A. A. Dorodnitsyn (1) has
proved effective. By this method, which approximately reduces two-dimensional
problems to ordinary differential equations, several examples have been calcu-
lated, in particular, the flow past an airfoil and a body of revolution at subsonic
speed (2). Here, in a similar way, a calculation is carried out for the flow of a
sonic gas stream past ellipses.

Let a stream at the speed of sound approach along the major axis of an ellipse.
As is known, in this case there are two semi-infinite characteristics beginning
on the body and dividing the entire flow into two regions. We shall calculate
the mixed potential motion in region I (upstream of the characteristics). It can
be constructed independently of the motion in region II and is described by
the equations of continuity and irrotationality. If dimensionless quantities are
introduced by referring lengths to one half of the focal distance, velocities to
the maximum velocity in the gas, and density to the stagnation density, then
these equations in elliptic coordinates 𝜉, 𝜂 will be

𝜕𝜒
𝜕𝜉 + 𝜕𝜔

𝜕𝜂 = 0, 𝜕𝜆
𝜕𝜉 − 𝜕𝜇

𝜕𝜂 = 0; (1)

here 𝜒 = 𝐻𝜌𝑢; 𝜔 = 𝐻𝜌𝑣; 𝜆 = 𝐻𝑣; 𝜇 = 𝐻𝑢; 𝐻 = √sh2 𝜉 + sin2 𝜂; 𝑢, 𝑣 are the
velocity components along hyperbolas and ellipses; 𝜌 = (1 − 𝑢2 − 𝑣2) 1

𝜅−1 is the
density; 𝜅 is the adiabatic exponent (for air 𝜅 = 1.4).

By symmetry it is sufficient to consider only the half-plane 0 ≤ 𝜂 ≤ 𝜋. For the
boundary characteristic of the first family we have:

𝑑𝜂1
𝑑𝜉 = 𝑢1 + 𝑣1 ctg 𝛼1

−𝑣1 + 𝑢1 ctg 𝛼1
, (2)

where
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𝛼1 = arcsin √1 − 𝑢2
1 − 𝑣2

1
𝑢2

1 + 𝑣2
1

𝜅 − 1
2 ,

𝑑𝑢1
𝑑𝜉 = 1

𝑣1 + 𝑢1 ctg 𝛼1
[(𝑢1 − 𝑣1 ctg 𝛼1)𝑑𝑣1

𝑑𝜉 + 𝑢2
1 + 𝑣2

1
2𝐻2

1
(sin 2𝜂1 + 𝑑𝜂1

𝑑𝜉 sh 2𝜉)] .
(3)

We shall agree to denote quantities on the axis 𝜂 = 0 by the subscript 0, quanti-
ties on the characteristic by the subscript 1, and quantities on an intermediate
line by the subscript 𝑛,

𝜂𝑛 = 𝑁 − 𝑛 + 1
𝑁 𝜂1 (𝑁 is the number of the approximation, 𝑛 = 1, 2, … , 𝑁).

The boundary conditions of the problem are as follows. On the axis 𝑣0 = 0; on
the ellipse being flowed past, 𝜉ob = ar th 𝛿 (𝛿 is the relative thickness), 𝑢𝑛 = 0;
at infinity, for a sonic stream,

𝜂1 = 𝜋
2 , 𝑢𝑛 = √𝜅 − 1

𝜅 + 1 cos 𝜂𝑛, 𝑣𝑛 = −√𝜅 − 1
𝜅 + 1 sin 𝜂𝑛. (4)

Integrating (1) with respect to 𝜂 from 0 to 𝜂𝑛, we form the integral relations

𝑑
𝑑𝜉 ∫

𝜂𝑛

0
𝜒 𝑑𝜂 − 𝜒𝑛

𝑑𝜂𝑛
𝑑𝜉 + 𝜔𝑛 = 0,

𝑑
𝑑𝜉 ∫

𝜂𝑛

0
𝜆 𝑑𝜂 − 𝜆𝑛

𝑑𝜂𝑛
𝑑𝜉 − 𝜓𝑛 + 𝜓0 = 0. (5)

The solution of the problem can be carried out with various degrees of approx-
imation. In the 𝑁 -th approximation, introducing 𝑁 − 1 intermediate lines 𝜂𝑛,
we form 2𝑁 integral relations (5) for 𝑛 = 1, 2, … , 𝑁 . In doing so, the integrand
functions in (5) will be represented approximately by interpolation polynomials
of the form

𝜒 =
𝑁

∑
𝑘=0

𝑎𝑘 cos 𝑘𝜋
2

𝜂
𝜂1

, 𝜆 =
𝑁

∑
𝑘=0

𝑏𝑘 sin 𝑘𝜋
2

𝜂
𝜂1

, (6)

where 𝑎𝑘, 𝑏𝑘 are linear functions of 𝜒𝑛, 𝜆𝑛. With these approximations all bound-
ary conditions can be satisfied exactly.
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Substituting (6) into (5), in the 𝑁 -th approximation, together with (2) and (3),
we obtain a system of 2𝑁 + 2 ordinary differential equations for the unknown
values 𝜂1, 𝑢𝑛, 𝑣𝑛. The equations following from (5) are written in the form:

𝑑𝜂1𝜒𝑛
𝑑𝜉 = 𝑐𝑛

𝑑𝜂1𝜒1
𝑑𝜉 +

𝑁
∑
𝑖=1

𝑑𝑛𝑖 (𝜒𝑖
𝑑𝜂𝑖
𝑑𝜉 − 𝜔𝑖) (𝑛 = 0, 2, 3, … , 𝑁),

𝑑𝜂1𝜆𝑛
𝑑𝜉 =

𝑁
∑
𝑖=1

𝑒𝑛𝑖 (𝜆𝑖
𝑑𝜂𝑖
𝑑𝜉 + 𝜇𝑖 − 𝜇0) (𝑛 = 1, 2, … , 𝑁), (7)

where 𝑐𝑛, 𝑑𝑛𝑖, 𝑒𝑛𝑖 are numerical coefficients which, for example, for 𝑁 = 3 are
given in Table 1.

Table 1

𝑛
𝑑𝑛𝑖,

𝑖 = 0
𝑑𝑛𝑖,

𝑖 = 2
𝑑𝑛𝑖,

𝑖 = 3
𝑒𝑛𝑖,

𝑖 = 1
𝑒𝑛𝑖,

𝑖 = 2
𝑒𝑛𝑖,

𝑖 = 3
1 0.6576 2.0962 −0.8542 6.5262 0.5750 −0.0889
2 −2.0459 −0.0032 3.0503 −14.8662 3.7165 0.9958
3 5.3700 −2.6162 −0.8542 18.4938 −8.0080 2.8096

𝑐𝑛 −0.0837 −0.2221 0.1054

The resulting system is integrated numerically, starting from the body being
flowed around, the ellipse 𝜉ob, and it is convenient to pass to the new indepen-
dent variable 𝑡 = 𝑒−𝜉. Here a boundary-value problem arises, since in the 𝑁 -th
approximation at 𝜉ob all 𝑢𝑛 = 0, while the 𝑁 values 𝑣𝑛 are chosen from condi-
tions (4) at infinity (𝑡 = 0). The initial value 𝜂1 is determined from 𝑣1 by (3),
which in the plane case reduces to a transcendental equation. After integrating
the system with the approximations (6), one can construct the velocity field
and, in particular, the sonic line 𝜂∗(𝜉).
Using the BESM electronic computer, by this method there were calculated an
ellipse 𝛿 = 0.2 and a circle, the selection of the values 𝑣𝑛 being carried out partly
with the aid of interpolation by the machine itself. Calculations for the circle
were made for 𝑁 = 1, 2, 3. The results of the calculations are shown in Fig. 1,
where the distribution of the Mach number 𝑀 on the body being flowed around
—the circle of radiu-

for 𝑟 = 1, and in Fig. 2, where the dependence of the Mach number on 𝑡 =
1/𝑟 is plotted for the axis (𝑀0) and for the characteristic (𝑀1). The third
approximation, as may be judged from these graphs, gives sufficient accuracy.

Fig. 1
Fig. 1
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Fig. 2
Fig. 2

Table 2 gives the distribution of the number 𝑀 on the ellipse being flowed
around and on the circle.

Table 2

𝛿 𝜂1 𝜂/𝜂1 0 0.05 0.1 0.2 0.4 0.6 0.8 1.0
0.2 1.263 𝑀 0 0.260 0.470 0.715 0.889 0.981 1.083 1.203
1.0 1.25[[unclear:

final
digit]]

𝑀 0 0.067 0.43[[unclear:
final
digit]]

0.[[unclear]]0.5[[unclear]]0.9[[unclear]][[unclear:
value]]

1.[[unclear]]

CORRECTIONS
1. On p. 510, line 27, it should read: 𝑖 = 1, 2, … , 𝑁 .

2. On p. 518, in formula (5), the first equation should be read as:

𝑑
𝑑𝜉 ∫

𝜂𝑛

0
𝜒 𝑑𝜂 − 𝜒𝑛

𝑑𝜂𝑛
𝑑𝜉 + 𝜔𝑛 = 0.

3. In the first column of Table 1 the values of the index 𝑖 are given.

4. On p. 520, the third paragraph should read:

The method of A. A. Nikol’skii (1) makes it possible to formulate the problem
under consideration for functions on the characteristic 𝐵𝐶.

5. On p. 522, the equation in line 7 should be read as:

𝑑𝑟
𝑑𝜓 = −𝜔(𝑎)𝜑(𝜓)√𝜒𝑟 sin(𝜗 − 𝑎),

𝑉 𝑟𝑧 + 𝐹 𝑧
𝜃 𝐼𝜂𝑉 𝑟𝑧 + 𝐹 𝑧

𝜃

Computing Center
of the Academy of Sciences of the USSR

Received
20 X 1956
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