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Abstract
Full Text

V. M. Tsodyks

ON SETS OF POINTS WHERE THE DERIVATIVE IS
RESPECTIVELY FINITE AND INFINITE

(Presented by Academician S. L. Sobolev, 15 I 1957)

In the works of N. N. Luzin (1), Z. S. Zagorskii (%), and A. L. Brudno (3) it was
shown that the set of points at which an infinite derivative exists is an F,; set
of measure zero, while the set of points at which at least one derived number of
a function of a real variable tends to infinity is a G5 set.

E. M. Landis (%), for an arbitrary set E of type F,5 and of measure zero,
constructed a continuous function F(z) such that F’(z) = 4oo for € E,
F(x) < +oo for x ¢ E (by F is denoted the lower derived number of the
function F).

In the present note we briefly state a theorem giving a partial answer to the
question of the relation between the set of points where the derivative is equal
to infinity and the set of points where the derivative is finite (2).

Theorem. Let E be a set of type F_5 of measure zero and N a set of type Gs,
lying on the axis OX, with N D E. Then there exists a continuous increasing
function F(x) such that F'(x) = 400 for x € E, F(x) < 400 forx ¢ E, and
for x € CN, F'(x) exists and is finite.

Proof.
1. Let

E= ﬁEn and E, = iEnk,
n=1 k=1

where the E, ;. are closed sets.

Let -
N=1[6.
n=1

where the G,, are open sets such that G, D E.

We may assume that

1
mes G, < o G, DG, 1, E, CdGqG,, E.. CE, k1,

En+17k - Enk'
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Let a summable function -
u(x) =Y u,(x)
n=1

be given, where u,, () =1 for z € G,,, and u,,(z) =0 for = ¢ G,,.
Place in E,, the set

)
€n = E :enlw
k=1

where the e, ;. are sets simultaneously of type F, and G, possessing the following
properties:

1) €n,k+1 D Euk E- Enk Ceu C Enk:'

2) For every integer k > 2 there exist six open sets gj,, g:‘llk, gjfk, and g,
g}tk, gflk, and for k = 1 three open sets g,,1, gL, g2, such that:

a)

G = G9p1 D Gr1 D Go1 D €ni;

b) if z, € g,,;, then for every h

1
" \nl/ S —,
h on
where
(gnl)h = 97111 : [x()yl'o + h]
(or ghy - [mg + h, o), if b < 0);

2 1 2 1 2
) Gkt = Cnk1 = Gnk 2 Ink 2 It 2 Ink 2 ok 2 Ing 2 (€ng — €n 1)
where k > 2; g, C Gy;

d) the points Cyg,, are points of density for Cg},; the points Cgl, are points
of density for Cg2,; the points Cg,, are points of density for Cg’}; the

nk?
points Cg:} are points of density for Cg’2;

e) if x4 & g7, then for any h

Ink

h 2k’

fh u(f) d§ 1

where g, = g1 - [%0, %o + h] (OF gy, - [Tg + 1), if h < 0).

Obviously, E Ce, C E,, H;il gpr C N, and the points of the set e, are points
of density for the set

o0

D, = Z(Qik - 9;1,k+1)~
k=1
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z+1 (1) (41

Let ep = Hl L G| where Gn1 is an open set, G CcG,1 C9n, Gy C

nl’

Let €,p — €, 1 = Hzl G% (k=2,3,...), where Gnk is an open set, G Hl C

i —(I+1) 1
G(n;g C gnlm Gnk C Giﬂl + Enk
Put GV = 2211 GSI)C (obviously, e, C GY c G,,) and construct, for each
natural I, open sets A,,;, AL, A2, such that:

nl> “inl
a) GY .G =A, DA, DA%, DOF

b) A%l—l'G%)'Gl:AnlDA D A% D E, where | > 2

nl

¢) the points C'A4,,; are points of density for C Al ; the points C A}, are points

of density for C A2,.

nl?

2. We now construct auxiliary functions.

For each natural n we construct asymptotically continuous functions (>:6)

1) 0,.(x) (k = 1,2,...), where 0, (z) = 0 for x € Cgl.; 0,,(x) = 1 for
z € g2,;0<0,,(x) <1 for the remaining points.

) 0:1 k+1< ) (k = 17 23 )7 where 0;,k+1(x) =0forz € Cg’tll,k+1; 9;,k+1(1‘) =1
for z € gn k13 0< 0y, 4 (z) <1 for the remaining points.

) ()(l ...), where v, (z) = 0 for x € CAL; v, (x) = 1 for x € A?

= ni>
U,y () < 1 for the remaining points.

0, () = i(%( ) =0, k1 (2); wy(@) = minff, (x), v, (z)].

At the points CN the functions 8, (z), w,,(z),w,, (x) are asymptotically contin-
wous; for x € A2, D,,, w,(x) >l

Let, further,

Then for z ¢ E, we have 0 < W, (x) < +o0.
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3. We proceed to the construction of the desired function. Put

*

@) = minw, (@) i () = max(0,w}(x) — (n - 1),

w
m<n n

Let
fn(x) = min[1, w* (z)].
At points of CN the functions f,(z) are asymptotically continuous; f, (z) <
u, (x); if zy € E, then x is a point of density of the set on which f, (z) = 1.
Now put
o)=Y i) Fa)= [ e
n=1 0

Observe that
f(x) <wyp(z)+n,  F(x) <W,(2)+n.

The increasing function F(z), absolutely continuous on every interval of the
OX-axis, satisfies the conditions of the theorem:
I If x4 € E, then F'(x,) = +00.

II. If 2* ¢ E, then F(2*) < +o0.

III. If x € CN, then F’(z) exists and is finite.
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