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Abstract
Full Text

V. M. Tsodyks
ON SETS OF POINTS WHERE THE DERIVATIVE IS
RESPECTIVELY FINITE AND INFINITE
(Presented by Academician S. L. Sobolev, 15 I 1957)

In the works of N. N. Luzin (1), Z. S. Zagorskii (2), and A. L. Brudno (3) it was
shown that the set of points at which an infinite derivative exists is an 𝐹𝜎𝛿 set
of measure zero, while the set of points at which at least one derived number of
a function of a real variable tends to infinity is a 𝐺𝛿 set.

E. M. Landis (4), for an arbitrary set 𝐸 of type 𝐹𝜎𝛿 and of measure zero,
constructed a continuous function 𝐹(𝑥) such that 𝐹 ′(𝑥) = +∞ for 𝑥 ∈ 𝐸,
𝐹(𝑥) < +∞ for 𝑥 ∉ 𝐸 (by 𝐹 is denoted the lower derived number of the
function 𝐹 ).

In the present note we briefly state a theorem giving a partial answer to the
question of the relation between the set of points where the derivative is equal
to infinity and the set of points where the derivative is finite (2).

Theorem. Let 𝐸 be a set of type 𝐹𝜎𝛿 of measure zero and 𝑁 a set of type 𝐺𝛿,
lying on the axis 𝑂𝑋, with 𝑁 ⊃ 𝐸. Then there exists a continuous increasing
function 𝐹(𝑥) such that 𝐹 ′(𝑥) = +∞ for 𝑥 ∈ 𝐸, 𝐹(𝑥) < +∞ for 𝑥 ∉ 𝐸, and
for 𝑥 ∈ 𝐶𝑁 , 𝐹 ′(𝑥) exists and is finite.

Proof.

1. Let
𝐸 =

∞
∏
𝑛=1

𝐸𝑛 and 𝐸𝑛 =
∞

∑
𝑘=1

𝐸𝑛𝑘,

where the 𝐸𝑛𝑘 are closed sets.

Let
𝑁 =

∞
∏
𝑛=1

𝐺𝑛,

where the 𝐺𝑛 are open sets such that 𝐺𝑛 ⊃ 𝐸.

We may assume that

mes 𝐺𝑛 < 1
2𝑛 , 𝐺𝑛 ⊃ 𝐺𝑛+1, 𝐸𝑛 ⊂ 𝐺𝑛, 𝐸𝑛𝑘 ⊂ 𝐸𝑛,𝑘+1,

𝐸𝑛+1,𝑘 ⊂ 𝐸𝑛𝑘.
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Let a summable function
𝑢(𝑥) =

∞
∑
𝑛=1

𝑢𝑛(𝑥)

be given, where 𝑢𝑛(𝑥) = 1 for 𝑥 ∈ 𝐺𝑛, and 𝑢𝑛(𝑥) = 0 for 𝑥 ∉ 𝐺𝑛.

Place in 𝐸𝑛 the set

𝑒𝑛 =
∞

∑
𝑘=1

𝑒𝑛𝑘,

where the 𝑒𝑛𝑘 are sets simultaneously of type 𝐹𝜎 and 𝐺𝛿, possessing the following
properties:

1) 𝑒𝑛,𝑘+1 ⊃ 𝑒𝑛𝑘, 𝐸 ⋅ 𝐸𝑛𝑘 ⊂ 𝑒𝑛𝑘 ⊂ 𝐸𝑛𝑘.

2) For every integer 𝑘 ≥ 2 there exist six open sets 𝑔∗
1𝑘, 𝑔∗1

𝑛𝑘, 𝑔∗2
𝑛𝑘, and 𝑔𝑛𝑘,

𝑔1
𝑛𝑘, 𝑔2

𝑛𝑘, and for 𝑘 = 1 three open sets 𝑔𝑛1, 𝑔1
𝑛1, 𝑔2

𝑛1 such that:

a)
𝐺𝑛 = 𝑔𝑛1 ⊃ 𝑔1

𝑛1 ⊃ 𝑔2
𝑛1 ⊃ 𝑒𝑛1;

b) if 𝑥0 ∈ 𝑔𝑛1, then for every ℎ

mes(𝑔1
𝑛1)ℎ

ℎ ≤ 1
2𝑛 ,

where
(𝑔1

𝑛1)ℎ = 𝑔1
𝑛1 ⋅ [𝑥0, 𝑥0 + ℎ]

(or 𝑔1
𝑛1 ⋅ [𝑥0 + ℎ, 𝑥0], if ℎ < 0);

c) 𝑔2
𝑛,𝑘−1 − 𝑒𝑛,𝑘−1 = 𝑔∗

𝑛𝑘 ⊃ 𝑔∗1
𝑛𝑘 ⊃ 𝑔∗2

𝑛𝑘 ⊃ 𝑔𝑛𝑘 ⊃ 𝑔1
𝑛𝑘 ⊃ 𝑔2

𝑛𝑘 ⊃ (𝑒𝑛𝑘 − 𝑒𝑛,𝑘−1),
where 𝑘 ⩾ 2; 𝑔𝑛𝑘 ⊂ 𝐺𝑘;

d) the points 𝐶𝑔𝑛𝑘 are points of density for 𝐶𝑔1
𝑛𝑘; the points 𝐶𝑔1

𝑛𝑘 are points
of density for 𝐶𝑔2

𝑛𝑘; the points 𝐶𝑔∗
𝑛𝑘 are points of density for 𝐶𝑔∗1

𝑛𝑘; the
points 𝐶𝑔∗1

𝑛𝑘 are points of density for 𝐶𝑔∗2
𝑛𝑘;

e) if 𝑥0 ∉ 𝑔∗2
𝑛𝑘, then for any ℎ

∫𝑔ℎ
𝑛𝑘

𝑢(𝜉) 𝑑𝜉
ℎ < 1

2𝑘 ,

where 𝑔ℎ
𝑛𝑘 = 𝑔𝑛𝑘 ⋅ [𝑥0, 𝑥0 + ℎ] (or 𝑔𝑛𝑘 ⋅ [𝑥0 + ℎ, 𝑥0], if ℎ < 0).

Obviously, 𝐸 ⊂ 𝑒𝑛 ⊂ 𝐸𝑛, ∏∞
𝑘=1 𝑔𝑛𝑘 ⊂ 𝑁 , and the points of the set 𝑒𝑛 are points

of density for the set

𝐷𝑛 =
∞

∑
𝑘=1

(𝑔2
𝑛𝑘 − 𝑔∗1

𝑛,𝑘+1).
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Let 𝑒𝑛1 = ∏∞
𝑙=1 𝐺(𝑙)

𝑛1, where 𝐺(𝑙)
𝑛1 is an open set, 𝐺(𝑙+1)

𝑛1 ⊂ 𝐺(𝑙)
𝑛1 ⊂ 𝑔𝑛1, 𝐺(𝑙+1)

𝑛1 ⊂
𝐺(𝑙)

𝑛1 + 𝐸𝑛1.

Let 𝑒𝑛𝑘 − 𝑒𝑛,𝑘−1 = ∏∞
𝑙=1 𝐺(𝑙)

𝑛𝑘 (𝑘 = 2, 3, …), where 𝐺(𝑙)
𝑛𝑘 is an open set, 𝐺(𝑙+1)

𝑛𝑘 ⊂
𝐺(𝑙)

𝑛𝑘 ⊂ 𝑔𝑛𝑘, 𝐺(𝑙+1)
𝑛𝑘 ⊂ 𝐺(𝑙)

𝑛𝑘 + 𝐸𝑛𝑘.

Put 𝐺(𝑙)
𝑛 = ∑∞

𝑘=1 𝐺(𝑙)
𝑛𝑘 (obviously, 𝑒𝑛 ⊂ 𝐺(𝑙)

𝑛 ⊂ 𝐺𝑛) and construct, for each
natural 𝑙, open sets 𝐴𝑛𝑙, 𝐴1

𝑛𝑙, 𝐴2
𝑛𝑙 such that:

a) 𝐺(1)
𝑛 ⋅ 𝐺1 = 𝐴𝑛1 ⊃ 𝐴1

𝑛1 ⊃ 𝐴2
𝑛1 ⊃ 𝐸;

b) 𝐴2
𝑛,𝑙−1 ⋅ 𝐺(𝑙)

𝑛 ⋅ 𝐺𝑙 = 𝐴𝑛𝑙 ⊃ 𝐴1
𝑛𝑙 ⊃ 𝐴2

𝑛𝑙 ⊃ 𝐸, where 𝑙 ⩾ 2;

c) the points 𝐶𝐴𝑛𝑙 are points of density for 𝐶𝐴1
𝑛𝑙; the points 𝐶𝐴1

𝑛𝑙 are points
of density for 𝐶𝐴2

𝑛𝑙.

2. We now construct auxiliary functions.

For each natural 𝑛 we construct asymptotically continuous functions (5,6)

1) 𝜃𝑛𝑘(𝑥) (𝑘 = 1, 2, …), where 𝜃𝑛𝑘(𝑥) = 0 for 𝑥 ∈ 𝐶𝑔1
𝑛𝑘; 𝜃𝑛𝑘(𝑥) = 1 for

𝑥 ∈ 𝑔2
𝑛𝑘; 0 ⩽ 𝜃𝑛𝑘(𝑥) ⩽ 1 for the remaining points.

2) 𝜃∗
𝑛,𝑘+1(𝑥) (𝑘 = 1, 2, …), where 𝜃∗

𝑛,𝑘+1(𝑥) = 0 for 𝑥 ∈ 𝐶𝑔∗1
𝑛,𝑘+1; 𝜃∗

𝑛,𝑘+1(𝑥) = 1
for 𝑥 ∈ 𝑔∗2

𝑛,𝑘+1; 0 ⩽ 𝜃∗
𝑛,𝑘+1(𝑥) ⩽ 1 for the remaining points.

3) 𝑣𝑛𝑙(𝑥) (𝑙 = 1, 2, …), where 𝑣𝑛𝑙(𝑥) = 0 for 𝑥 ∈ 𝐶𝐴1
𝑛𝑙; 𝑣𝑛𝑙(𝑥) = 1 for 𝑥 ∈ 𝐴2

𝑛𝑙;
0 ⩽ 𝑣𝑛𝑙(𝑥) ⩽ 1 for the remaining points.

Put

𝜃𝑛(𝑥) =
∞

∑
𝑘=1

(𝜃𝑛𝑘(𝑥) − 𝜃∗
𝑛,𝑘+1(𝑥)); 𝑤𝑛𝑙(𝑥) = min[𝜃𝑛(𝑥), 𝑣𝑛𝑙(𝑥)].

We construct a summable function

𝑤𝑛(𝑥) =
∞

∑
𝑙=1

𝑤𝑛𝑙(𝑥).

At the points 𝐶𝑁 the functions 𝜃𝑛(𝑥), 𝑤𝑛𝑙(𝑥), 𝑤𝑛(𝑥) are asymptotically contin-
uous; for 𝑥 ∈ 𝐴2

𝑛𝑙 ⋅ 𝐷𝑛, 𝑤𝑛(𝑥) ⩾ 𝑙.
Let, further,

𝑊𝑛(𝑥) = ∫
𝑥

0
𝑤𝑛(𝜉) 𝑑𝜉.

Then for 𝑥 ∉ 𝐸𝑛 we have 0 ≤ 𝑊𝑛(𝑥) < +∞.
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3. We proceed to the construction of the desired function. Put

𝑤∗
𝑛(𝑥) = min

𝑚≤𝑛
𝑤𝑚(𝑥); 𝑤∗∗

𝑛 (𝑥) = max[0, 𝑤∗
𝑛(𝑥) − (𝑛 − 1)].

Let
𝑓𝑛(𝑥) = min[1, 𝑤∗∗

𝑛 (𝑥)].
At points of 𝐶𝑁 the functions 𝑓𝑛(𝑥) are asymptotically continuous; 𝑓𝑛(𝑥) ≤
𝑢𝑛(𝑥); if 𝑥0 ∈ 𝐸, then 𝑥0 is a point of density of the set on which 𝑓𝑛(𝑥) = 1.

Now put

𝑓(𝑥) =
∞

∑
𝑛=1

𝑓𝑛(𝑥), 𝐹 (𝑥) = ∫
𝑥

0
𝑓(𝜉) 𝑑𝜉.

Observe that
𝑓(𝑥) < 𝑤∗

𝑛(𝑥) + 𝑛, 𝐹(𝑥) ≤ 𝑊𝑛(𝑥) + 𝑛.

The increasing function 𝐹(𝑥), absolutely continuous on every interval of the
𝑂𝑋-axis, satisfies the conditions of the theorem:

I. If 𝑥0 ∈ 𝐸, then 𝐹 ′(𝑥0) = +∞.

II. If 𝑥∗ ∉ 𝐸, then 𝐹(𝑥∗) < +∞.

III. If 𝑥 ∈ 𝐶𝑁 , then 𝐹 ′(𝑥) exists and is finite.

Velikie Luki State
Pedagogical Institute

Received
2 I 1957
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