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In the present note, in a certain sense, the results obtained in article (1) for a
second-order differential equation are generalized to the fourth-order differential
equation

dty d ,
s + . [a(z)y’] + b(z)y =0, g < <00 (1)

(the functions a(x) and b(z) are assumed to be real and continuous for z > ).

Following Sternberg (?), we shall call a fourth-order equation nonoscillatory
if, beginning with some sufficiently large xz, every nontrivial solution of it has,
for * > x,, no more than one double zero. Correspondingly, we shall call a
fourth-order equation oscillatory if, for every finite x,, there exists a nontrivial
solution of this equation having, for x > z,, more than one double zero. The
point & = x; is called a double zero of the solution y(x) if y(x,) = y'(z;) = 0.

In obtaining the nonoscillation criteria formulated below for equation (1), a
lemma is used which is analogous to Sturm’ s comparison theorem for a second-
order differential equation.

Lemma 1. If ay(x) < ay(x), by(x) > by(x), beginning with some sufficiently
large x, then from the nonoscillation of the equation

dy ~d ,
! + e [ag(x)y'] + by(z)y =0

there follows the nonoscillation of the equation

dy d ,

Tt T dm [ay(2)y'] + by (x)y = 0.
The proof of the lemma is based on Sternberg’ s criterion (?). From Lemma
1 there immediately follows the following simple criterion for nonoscillation of
equation (1):
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If, beginning with some sufficiently large =, a(x) < 0, b(z) > 0, then equation
(1) is nonoscillatory.

It is known that the differential equation y” 4 5y = 0 is oscillatory for o > 1/4
and nonoscillatory for o < 1/4; therefore, in article (1), when studying the
oscillation of a second-order differential equation, the equation

1
"+ —y=0.
Y+ 4x29
Study of the fourth-order equation
dy d /« B
29,2 (2 2 =0
dz* * dz (x2y ) + s

shows that this equation is nonoscillatory for § > w(a) and oscillatory for
B < w(a), where

N Ot

1
w(a) = —a—— fOTOéSg; w(a):z(a—&-Q)Q for a >

In connection with this, when studying the oscillation of equation (1), we shall
take, as the comparison equation, the differential equation

dz* ' dx

dty d [ady w(a)
<ﬁﬂ) o y=0, (2)

which is nonoscillatory for every finite «.

In accordance with Lemma 1, the following criterion for nonoscillation of equa-
tion (1) holds.

Theorem 1. If there exists an a such that, beginning with some sufficiently
large x,
w(a)

o
a(z) < pex

b(z) >

zt
then equation (1) is nonoscillatory.

To establish a more refined criterion for nonoscillation of equation (1), we have
considered the equation

% + % [(% + so(:c)) y’} + {w(m - w(x)] y=0. 3)

If
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/Ooaclnsv|go(x)dx<oo7 /Oox31nx|¢(x)|dx<oo, (4)

then, as the study of the asymptotic behavior of solutions of the differential
equation (3) shows, this equation is nonoscillatory for @ # % Next put

«

o(z) = max{a(x) o 0} , Y(x) = min {b(w) — ws(ci[)’ O} . (5)

If these functions satisfy conditions (4), then for « # % the differential equation
(3) is nonoscillatory and, consequently, in accordance with Lemma 1, equation
(1) is also nonoscillatory, since for the functions ¢(z) and v¥(x) defined by for-
mulas (5) the inequalities

w@) < S v, oz

+(x)

v
hold.
We thus arrive at the following criterion for nonoscillation of equation (1).

Theorem 2. If, for some finite o # g,

/ xlnxmax{a(a:) — %, O} dz < oo,

/OO % In [min {b(x) - ”ij‘), o}

then equation (1) is nonoscillatory.

dx < oo,

Remark. The differential equation (1) is also nonoscillatory if

o )
/ 2 In® 2 max {a(x) - —, O} dx < 00,
212

o0
3
/ 3 1n°

(this criterion corresponds to the case v = 5/2).

1
min {b(x) — 12?7 OH dx < 00
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