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1. Let 𝐻 be a Hilbert space; let 𝐽 be some conjugation operator in 𝐻 (i.e.,
an operator defined everywhere in 𝐻, satisfying the conditions (𝐽𝑓, 𝐽𝑔) =
(𝑔, 𝑓) and 𝐽2𝑓 = 𝑓 for any 𝑓 and 𝑔 in 𝐻 (1).

Definition 1. A linear operator acting in 𝐻 is called 𝐽 -symmetric if

(𝐴𝑓, 𝐽𝑔) = (𝑓, 𝐽𝐴𝑔) (1)

for all 𝑓 and 𝑔 in the domain of definition 𝐷𝐴 of the operator 𝐴.

An example of a 𝐽 -symmetric operator in ℒ2(0, ∞) is, in particular, the differ-
ential operator 𝐿′ generated by the operation

𝑙[𝑦] =
𝑛

∑
𝑘=0

(−1)𝑘 𝑑𝑘

𝑑𝑥𝑘 [𝑝𝑛−𝑘(𝑥) 𝑑𝑘𝑦
𝑑𝑥𝑘 ] (2)

on finite functions 𝜑(𝑥), absolutely continuous together with their derivatives
up to order (2𝑛−1), satisfying the condition 𝜑(0) = 𝜑′(0) = … = 𝜑(2𝑛−1)(0) = 0.
Here it is assumed that the coefficients of the operation (2) are complex-valued
functions satisfying the usual smoothness conditions; here and below, by the
operator 𝐽 in the space ℒ2(0, ∞) is meant the operator of complex conjugation,
defined by the equality 𝐽[𝑓(𝑥)] = 𝑓(𝑥) for any function 𝑓(𝑥) from ℒ2(0, ∞).
If the domain of definition 𝐷𝐴 of a 𝐽 -symmetric operator 𝐴 is dense in 𝐻, then
the operator 𝐴∗ exists, and from (1) there follows the relation
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𝐽𝐴𝐽 ⊂ 𝐴∗. (3)

Definition 2. A 𝐽 -symmetric operator 𝐴 with domain of definition dense in
𝐻 is called 𝐽 -self-adjoint if

𝐽𝐴𝐽 = 𝐴∗.

An example of a 𝐽 -self-adjoint operator in 𝐿2(0, ∞) is, in particular, the nonself-
adjoint differential operator of second order investigated in the fundamental
paper of M. A. Naimark (2).
It follows from (3) that every 𝐽 -symmetric operator with domain of definition
dense in 𝐻 admits a closure. In particular, the operator 𝐿′ admits a closure,
which we shall denote by 𝐿 and call the differential operator with minimal
domain of definition generated by the operation (2).

Let us note that a symmetric operator may in special cases turn out to be
𝐽 -symmetric, and a self-adjoint operator 𝐽 -self-adjoint—

(for example, the operator 𝐿 in the case of real coefficients of the differential
operation (2) and its real(4) self-adjoint extensions).

Definition 3(3). A linear operator 𝐴 acting in 𝐻 is called dissipative if

Im(𝐴𝑓, 𝑓) ⩾ 0 (4)

for every 𝑓 ∈ 𝐷𝐴.

The operator 𝐿 constructed above will be dissipative under the condition

Im 𝑝𝑘(𝑥) ⩾ 0 (𝑘 = 0, 1, … , 𝑛; 0 ⩽ 𝑥 < ∞). (5)

If 𝐴 is a closed dissipative operator and Im 𝜆 < 0, then the resolvent 𝑅𝜆 =
(𝐴 − 𝜆𝐼)−1 exists and ‖𝑅𝜆‖ ⩽ | Im 𝜆|−1; moreover, the linear manifold Δ𝜆 =
(𝐴 − 𝜆𝐼)𝐷𝐴 is closed, and the dimension 𝑚 of its orthogonal complement does
not depend on 𝜆. This dimension 𝑚 will be called the defect number of the
operator 𝐴.

Theorem 1. In order that a dissipative 𝐽-symmetric operator with domain
dense in 𝐻 be 𝐽-self-adjoint, it is necessary and sufficient that its defect number
be equal to zero.

With the aid of the pair of formulas

𝐴𝑓 + 𝑖𝑓 = 𝑔, 𝐴𝑓 − 𝑖𝑓 = 𝑉 𝑔
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we introduce the Cayley transform 𝑉 of a 𝐽 -symmetric operator 𝐴 with domain
dense in 𝐻 and defect number 𝑚 ⩾ 0.

From (1) and (4) it follows that 𝑉 is a 𝐽 -symmetric operator in 𝐻, defined on
the subspace Δ−𝑖 ⊂ 𝐻 (def Δ−𝑖 = 𝑚), and ‖𝑉 ‖ ⩽ 1.

If 𝑉 is a 𝐽 -symmetric extension of the operator 𝑉 and ‖𝑉 ‖ ⩽ 1, then from the
equality 𝑉 ℎ = ℎ it follows that ℎ = 0, and the operator 𝐴, defined by the pair
of formulas

𝑓 = 1
2𝑖(𝑔 − 𝑉 𝑔), 𝐴𝑓 = 1

2(𝑔 + 𝑉 𝑔),

is a 𝐽 -symmetric dissipative extension of the operator 𝐴.

Modifying the method of M. G. Krein(5) for extending bounded symmetric op-
erators with non-dense domain in 𝐻, we obtain a 𝐽 -symmetric extension 𝑉 of
the operator 𝑉 to all of 𝐻, satisfying the condition ‖𝑉 ‖ ⩽ 1. Hence Theorem 2
follows.

Theorem 2. Every 𝐽-symmetric dissipative operator 𝐴 with domain dense in
𝐻 admits an extension to a 𝐽-self-adjoint dissipative operator 𝐴.

Let us note that from the 𝐽 -self-adjointness of the operator 𝐴 there follows the
𝐽 -self-adjointness of its resolvent 𝑅𝜆 at regular points 𝜆, which is essential for
the proof of Theorem 5 (see below).

2. From what has been set forth, with the aid of the methods applied in
(4), we obtain a series of theorems generalizing the known propositions (1,4) on
differential operators of the form (2) with real coefficients to the case of complex-
valued coefficients with nonnegative imaginary part.

Theorem 3. If conditions (5) are fulfilled, then the number 𝑚 of linearly
independent solutions of the equation

𝑛
∑
𝑘=0

(−1)𝑘 𝑑𝑘

𝑑𝑥𝑘 [𝑝𝑛−𝑘(𝑥) 𝑑𝑘𝑦
𝑑𝑥𝑘 ] = 𝜆𝑦 (Im 𝜆 < 0),

belonging to ℒ2(0, ∞), does not depend on 𝜆 and satisfies the inequality 𝑚 ⩾ 𝑛.

Theorem 4. The operator 𝐿 with minimal domain of definition, generated by
operation (2) with coefficients satisfying conditions (5), can be extended to a
𝐽 -self-adjoint dissipative differential operator.

Theorem 5. The resolvent 𝑅𝜆 of any 𝐽 -self-adjoint dissipative extension of
the operator 𝐿 for Im 𝜆 < 0 is a bounded integral operator defined on all of
ℒ2(0, ∞),
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𝑅𝜆𝑔 = ∫
∞

0
Γ(𝑥, 𝑠; 𝜆) 𝑔(𝑠) 𝑑𝑠

with kernel

Γ(𝑥, 𝑠; 𝜆) = Γ(𝑠, 𝑥; 𝜆).

For 𝑚 < 2𝑛 the resolvent kernel satisfies the condition

∫
∞

0
|Γ(𝑥, 𝑠; 𝜆)|2 𝑑𝑠 < ∞.

For 𝑚 = 2𝑛,

∫
∞

0
∫

∞

0
|Γ(𝑥, 𝑠; 𝜆)|2 𝑑𝑥 𝑑𝑠 < ∞;

so that in this case the resolvent 𝑅𝜆 is a completely continuous operator.

For 𝑛 = 1, Theorems 3–5 give a generalization of the well-known results of H.
Weyl (5) to a differential equation of the form

−𝑦″ + 𝑞(𝑥)𝑦 − 𝜆𝑦 = 𝑔(𝑥) (0 ⩽ 𝑥 < ∞),

where 𝑞(𝑥) is a complex-valued function summable on every finite interval, with
nonnegative imaginary part Im 𝑞(𝑥).
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