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ON A CLASS OF INVERTIBLE OPERATORS
IN THE RING OF ANALYTIC FUNCTIONS

(Presented by Academician M. V. Keldysh on 18 I 1957)

Let K,,(r;,R;) = K,, be the ring of analytic functions of m complex variables
21529y -y 2, Tegular and single-valued for r; < |z;| < R;, ¢ = 1,2,...,m, in
which a topology is defined by the notion of convergence as uniform convergence
for r;(14+¢) < |z;] < R;(1 —¢) for any € > 0. In complete analogy with how
this was done in (1?), one can show that if K,, is considered only as a linear

topological space, then the following assertion holds:

Theorem 1. Let A be a linear operator in K,,,,

defined by the equalities

n n,, n T

Azt ozt =2t 2 Enyyo, nm(zl, ey Zm),s —00 < Nyyevey My, <00, (1)
where €, . (2,...,%,) — 0 as max; |n;| — oo (in the sense of the topology
of K,,).

Then the operator E + AA has an inverse, continuous in K, for all A except
for a countable set of eigenvalues A,,, having no limit points in the finite part
of the plane. Moreover, the multiplicity of each eigenvalue is finite and, under
a suitable (?) definition of the adjoint operator, all the Fredholm alternatives

hold.
This result easily admits the following inessential generalization:

Theorem 2. Let the linear operator A, be defined by the equalities

ny Ny m .
A2t g = 20 e 2 anl’”_’nm(zl, ey Zmi A, —00 < Mgy evey Ny, < 00,
(2)
Heree, ., (21,.,%,;A) are entire analytic functions of A, satisfying the con-
T
ditions
lim e, o (21500, 2,3A0) =0 (3)

max; |n;|—oo

uniformly in A in any finite disk, and
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A) =0 (4)

lim e (215 0y 2

A0 ToeTtm m’

for fixed nq,...,n,,.
Then the operator £+ A, has in K, a continuous inverse for all A, except for
a countable set of eigenvalues A, having no limit points in the finite part of
the plane. Moreover, the finite multiplicity of the eigenvalues and the Fredholm
alternatives still hold.

If K,, is considered not only as a linear topological space, but also as a topolog-
ical ring, then one can obtain a considerably stronger result.

Theorem 3. Let B, be a linear operator in K, defined by the equalities

n n n n
B)\le Zmt = le '"mehnl,...,nm(zh '-'7Zm;)‘)7 —o0 < Nyyeeey My < 00.
()

Here h, . ( A) are entire analytic functions of A, satisfying the

conditions:

21y 2

m)

P vom,, #0 for ri(l4+e) <[z <Ri(1—e¢) for max|n]>ng(e A), (6)

T s

hn1+k1,..,nm+km

lim =1 (7)
max; |n,;|-oc0 hnl,.”,nm
uniformly with respect to A in any finite circle for fixed kq, ..., k,,, and
}\IL% hnlr M 1 (8)
for fixed ny, ..., n,,.

Then the operator B, has an inverse, continuous in K,, for all A, except for a
countable set A,,, having no limit points in the finite part of the plane. The
finite multiplicity of eigenvalues and the Fredholm alternatives still hold.

To compare the strength of Theorems 2 and 3, let us note that the operator
E + A,, where A, is defined by the equalities (2), is easily represented in the
form (5) by putting

hnl,...,nm (Zl7 cy Zm )‘) =1+ €n1,...,nm (Zla e Bms >‘)

In this case, from condition (3) there follow not only conditions (6) and (7), but
also the stronger assertion

sovietrxiv.org/items/ru-195701.36108 Machine Translation


https://sovietrxiv.org/items/ru-195701.36108

lim hn17~~~7nm =1
max; |n;|—oo

Theorem 3 essentially uses the fact that K, is not only a linear topological
space, but also a ring, and can be transferred (with these or other changes) to
other topological or normed rings in which the powers of a finite number of
elements form a basis under addition.

We do not give the proof because of lack of space. The main idea of the proof
for the simplest case may be found in paper ®), a generalization of whose results
is the present note.
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