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To an algebraic curve vy, defined over a field k, one may assign, besides the genus
g, several further integral invariants: the least positive degree f of a divisor on
v; the least degree d of a curve birationally equivalent to « over k; the least
degree v of a prime divisor on 7. The relations between these invariants have
been little studied in the case of arbitrary curves, but for elliptic curves (g = 1)
they are all expressed in terms of one of them; namely, as follows easily from
the Riemann-Roch theorem, for an elliptic curve v = f, d = f for f > 2;d =4
for f =2 and d = 3 for f = 1. We shall call the invariant f the exponent of
the curve 7.

For a curve of genus g, f | 29 — 2, and therefore for g # 1 the exponent can
assume only a finite number of values. For elliptic curves, as already noted (see,
for example, (1'2)), it is unknown what values the exponent may assume. In
this note it will be proved that over the field of rational numbers R there exist
elliptic curves vy with arbitrarily large exponent, and moreover the Jacobian
curve w of the curve v can even be prescribed arbitrarily.

For the proof we use the group H(w) formed by the classes of curves birationally
equivalent over k with a given Jacobian curve w. This group was first defined
by A. Weil (3). In what follows we shall use the construction of the group H (w)
given in my paper (*). As shown in that paper, the exponent of the curve v is
a multiple of the order of 7y as an element of the group H(w). It is also shown
there that the subgroup H(K,w) of the group H(w), consisting of all curves in
H(w) that have a prime divisor of first degree in a given normal extension K of
the field R, is isomorphic to the group H*(G, 2l ), where G is the Galois group
K /R; Ay is the group of points on w with coordinates in K, and H*(G, ) is
the group of crossed homomorphisms of G into .

If p is a prime divisor of K; p is the prime number divisible by it; G, is the
decomposition group of p, and K, and R, are the corresponding local fields,
then there is a natural embedding homomorphism:

Spp : HI(G;Q[K)%HI(GWQ[KP» (1)

We shall first consider the group H'(G,, %, ).

Let the equation of w have the form
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y? =23+ ax + b, A = 4a® + 27b% + 0,

where a and b may be taken to be rational integers. Denote by H,, the subgroup
of those elements of the group H whose orders are relatively prime to p.

In studying the group H 1(Gp,Qle )p one may assume that the field K, has no
higher ramification, since otherwise one can

one could pass to some subgroup of it. Denote by QI’KP the subgroup Qle,
considered by Lutz (%), consisting of the points (z,y) on w for which xp?"=1) and
yp*"~1 are integral. It is easy to prove that, for r > 1, the group Ql}{p /Ql}(r:l
is a p-group. From this it is easy to deduce that the group H 1(Gp,91Kp)p is
isomorphic to the group H'(G,,, Ql}{p /Ql}(rp)p

Suppose, in addition, that p } A. Then, as shown in (%) the group Q[Kp /2[}(1) is
isomorphic to Q[ﬁp, where 8, is the residue class field of K, modulo p, and Q[ﬁp
is the group of points on the curve w, considered modulo p. Denote by F), the
inertia group of p in K,. Then G, /F, is the Galois group of the field &,, and
G, is a group of operators for Qlﬁp, with F), acting trivially. As was said,

H1<Gp7pr)p & Hl(Gp7Q’[ﬁp)p'

Consider the restriction homomorphism

HY(G,, Uy ), = HY(F,, Uy ), (2)

The kernel of this mapping consists of homomorphisms that become 0 on F),
and, consequently, are homomorphisms of G, /F,, into Qlﬁp. Since for curves

6)

over finite fields, as is known ), f = 1, we have

HY(G,/F,, %5 ) =0,

and therefore the homomorphism (2) is a monomorphism. It is easy to see that
the image of this homomorphism coincides with the group HomGp /F, (Fy, Qlﬁp)

of operator G,/ F,-homomorphisms of F}, into Qlﬁp. We arrive at the following
result:

Theorem 1. If p { A and the field K, has no higher ramification, then

Hl(Gp,Qle)p o HomGp/Fp(Fp,Qlﬁp).

Now we shall construct a field K in which there is a crossed homomorphism
f € H(G, ) of a prescribed order m. To do this, consider all algebraic points

sovietrxiv.org/items/ru-195701.34828 Machine Translation


https://sovietrxiv.org/items/ru-195701.34828

P on w for which mP = 0. They form a group 2,,, which is the sum of two
cyclic groups of order m. Denote by T, the field obtained by adjoining to R
the coordinates of P € 2,,,. This field is normal. Denote its Galois group by G.
Obviously, for o € G, P € 2, and P? € A, and o defines an automorphism of
the group 2,,,. Consider the group G, containing a normal divisor A, isomorphic
to 2A,,,, and which is the semidirect product of G and A with automorphisms

a’ = 9071(410(&)0)’ o € A, (3)

where ¢ is some fixed isomorphism of A onto 2,,,.

Construct a field K, containing 7, ,, normal over R, and having over it Galois
group G. The existence of such a field follows from the results of Scholz (V) and
Delone and Faddeev ®). Constructing the field K by any of these methods, one
may arrange that any prime divisor p of the field T, has ramification exponent
m in K. We shall choose p relatively prime to the discriminant of T, /R, to m,

to A, and to 2.

Define a mapping f of the group G into 2, as follows:

floa)=¢(a), o0€G, acA

From (3) it is easy to derive that f is a crossed homomorphism, ie. f €
H'(G,2g). Obviously, mf = 0. We shall show that f has in H'(G,2)
order exactly equal to m. For this it suffices to prove that its image ¢, f under
the homomorphism ¢,,, defined in (1), has order m. By Theorem 1 this will be
proved if we prove that ¢, f, as an operator homomorphism F, into Ql?p, has
order m. The latter assertion follows from the fact that, by the choice of p, the
group k), is cyclic of order m, and f maps its generator to an element P of 2,
which has order m; and since p is not critical in 7,,,, the image of P in Qlfp has
the same order.

We have arrived at the final result:

Theorem 2. In the group of elliptic curves having over the field of rational
numbers a prescribed Jacobian curve, there exist elements of any order.

Corollary. Among the elliptic curves having over the field of rational numbers
a prescribed Jacobian curve, there exist curves whose exponent is divisible by
any preassigned number.

All the proofs, with considerable simplifications, also carry over to the field of
rational functions over the field of complex numbers. The fact itself was noted

in this case without detailed proofs by Enriques®.

Let us note that for the field of p-adic numbers the analogous theorem is not
true. Indeed, Theorem 1 shows that if the discriminant w is not divisible by p,
then the exponents of curves having w as their Jacobian curve can be divisible
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only by p and by the prime divisors of the number of points on w in the residue
field modulo p.
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