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Abstract
Full Text
THEORY OF ELASTICITY
M. Z. NARODETSKII

SOLUTION OF PROBLEMS OF THE PLANE
THEORY OF ELASTICITY BY MEANS OF
SPECIAL FUNCTIONS
(Presented by Academician L. I. Sedov on 26 XII 1956)

In the present article a method is indicated for the effective solution of a broad
class of problems of the plane theory of elasticity for doubly connected regions
(finite, infinite, and semi-infinite) bounded by circles and subjected to forces
applied to the contours of the circles.

Consider an infinite plate 𝑆, weakened by two unequal holes. The origin and
the direction of the coordinate axes of the plane 𝑧 = 𝑥 + 𝑖𝑦, in which the plate
is situated, as well as some notation, are indicated in Fig. 1.

Fig. 1. 𝑧 = 𝑥 + 𝑖𝑦; 𝜀 = 𝑅
𝑎 + 𝑏 ; 𝑐 = 𝑟

𝑅
To determine the complex stress functions we have the boundary conditions (1)

𝜑(𝑡) + ̄𝑡 𝜑′(𝑡) + 𝜓(𝑡) = 𝑓𝑗(𝑡) + 𝐶𝑗 on 𝐿𝑗 (𝑗 = 1, 2), (1)

where 𝑓𝑗(𝑡) are prescribed functions of the complex coordinate 𝑡 of the contour
𝐿1 or 𝐿2; 𝐶𝑗 are certain constants to be determined.

Following D. I. Sherman (2), we compose for 𝜑(𝑧) the functional equations

1
2𝜋𝑖 ∫

𝐿

𝜑(𝑡) + ̄𝑡 𝜑′(𝑡)
𝑡 − 𝑧 𝑑𝑡 =

2
∑
𝑚=1

1
2𝜋𝑖 ∫

𝐿𝑚

𝑓𝑗(𝑡)
𝑡 − 𝑧 𝑑𝑡 − 𝐶𝑗 in ⋅ 𝐿𝑗 (𝑗 = 1, 2). (2)

We introduce special functions 𝛼𝑛 and 𝛽𝑛, regular, respectively, outside 𝐿1 and
𝐿2, and possessing certain convenient properties, which make it possible to
reduce the problems to recurrence formulas
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Fig. 2

Figure 2: Fig. 2

𝛼𝑛 = 𝜉𝑛−1
2𝜋𝑖 ∫

𝐿1

𝛽𝑛−1(𝑡)
𝑡 − 𝑧 𝑑𝑡, 𝛽𝑛 = 𝜉∗

𝑛−1
2𝜋𝑖 ∫

𝐿2

𝛼𝑛−1(𝑡)
𝑡 − 𝑧 𝑑𝑡 (𝑛 = 1, 2, …),

𝛼0 = −𝜀−1𝑐−1

2𝜋𝑖 ∫
𝐿1

𝑟
̄𝑡 + 𝑏

𝑑𝑡
𝑡 − 𝑧 , 𝛽0 = 𝜀−1

2𝜋𝑖 ∫
𝐿2

𝑅
̄𝑡 − 𝑎

𝑑𝑡
𝑡 − 𝑧 , (3)

where 𝜉𝑛 and 𝜉∗
𝑛 are certain constants.

The functions 𝛼𝑛 and 𝛽𝑛, being of the same type in construction, rapidly tend
to 𝛼 and 𝛽—the limiting values of the corresponding functions with index 𝑛
as 𝑛 → ∞, even when the boundaries are very close, and are representable,
respectively, outside 𝐿1 and 𝐿2, in the form of series in powers of 𝛼 and 𝛽.

Suppose that the load is continuous, and let us seek 𝜑(𝑧) in the form

𝜑(𝑧) = 𝜒(𝑧) + 𝑎01𝛼0 + 𝑏01𝛽0 +
𝑠

∑
𝑘=1

(𝐴𝑘𝛼𝑘 + 𝐵𝑘𝛽𝑘) , (4)

where 𝑎01, 𝑏01, 𝐴𝑘, and 𝐵𝑘 are certain coefficients to be determined, and 𝑠 is a
certain fixed number.

We choose the function 𝜒(𝑧) in such a way (also using, for this purpose, the
singularities of the functions 𝛼0 and 𝛽0 on 𝐿) that, after substituting 𝜑(𝑧) into
(2), the equations do not contain expressions of the form (𝑟/(𝑧 + 𝑏))𝑘 for 𝑗 = 1
or of the form (𝑅/(𝑧 − 𝑎))𝑘 for 𝑗 = 2, 𝑘 ≠ 1. Then, expanding the functions
𝛽𝑛 and 𝛼𝑛 contained in them in powers of 𝛽 and 𝛼, and equating to zero in
the first equation the expressions at 𝛽𝑘 and 𝑟(𝑧 + 𝑏), and in the second those at
𝛼𝑘 and 𝑅/(𝑧 − 𝑎), we obtain recurrence formulas for the indicated coefficients.
Comparing the free terms in the same equations, we find the constants 𝐶1 and
𝐶2.

Fig. 2

For loads distributed over separate portions and for concentrated loads, the
solution is not essentially changed. In this case it is necessary in (1) to introduce
the substitution 𝜑(𝑧) = 𝜑1(𝑧)+𝜑∗(𝑧) and 𝜓(𝑧) = 𝜓1(𝑧)+𝜓∗(𝑧), where 𝜑∗(𝑧) and
𝜓∗(𝑧) are the zeroth or the sum of the zeroth and first Schwarz approximations,
respectively, for the cases when loads of this kind are applied to one or to both
contours.
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Let 𝑟 = 𝑅, and at the point 𝑡 = 𝑎 − 𝑅 of the contour 𝐿1 let a concentrated
compressive force 𝑃 be applied (Fig. 2). Taking into account the zeroth Schwarz
approximation, instead of (1) we obtain

𝜑1(𝑡) + ̄𝑡 𝜑′
1(𝑡) + 𝜓1(𝑡) = 𝑓∗

𝑗 (𝑡) + 𝐶∗
𝑗 on 𝐿𝑗 (𝑗 = 1, 2), (5)

where 𝑓∗
1(𝑡) = 0 and

𝑓∗
2(𝑡) = 𝑃

2𝜋 (− ln 𝑎′
0 − (𝑡 + 𝑎)

𝑡 + 𝑎
2𝑎 − 𝑅

𝑡 − 𝑎 + 𝑅 + 𝑅
𝑡 − 𝑎 + 2𝑎 − 𝑅 − 𝑎′

0
𝑡 − 𝑎 + 𝑅 + 𝜇′

0
𝑅

𝑡 + 𝑎) , 𝑎′
0 = 𝑅𝜇′

0, 𝜇′
0 = 𝜀

1 − 𝜀.
(6)

The functions 𝛼𝑛 and 𝛽𝑛 (𝑛 = 0, 1, …) have the form

𝛼𝑛 = 𝑎𝑛
𝑎𝑛 + (𝑧 − 𝑎) , 𝛽𝑛 = 𝑎𝑛

𝑎𝑛 − (𝑧 + 𝑎) , 𝑎𝑛 = 𝑅𝜇𝑛,

𝜇𝑛 = 𝜀
1 − 𝜀𝜇𝑛−1

, 𝜇0 = 𝜀, 𝜉𝑛 = 2𝑎 − 𝑎𝑛
𝑎𝑛

, (7)

𝛼 = 𝑐
𝑐 + (𝑧 − 𝑎) , 𝛽 = 𝑐

𝑐 − (𝑧 + 𝑎) , 𝑐 = 𝑅𝜇, 𝜇 = 𝜀
1 − 𝜀𝜇 < 1, 𝜉 = 2𝑎 − 𝑐

𝑐 .

Put in (3) 𝛼∗
0 = 0 and

𝛽∗
0 = 𝜇′−1

0
2𝜋𝑖 ∫

𝐿2

𝑅
̄𝑡 − 𝑎 + 𝑅

𝑑𝑡
𝑡 − 𝑧 . (8)

The expressions for 𝛼𝑛 and 𝛽𝑛 obtained from the remaining formulas (3) coincide
in form with 𝛼𝑛 and 𝛽𝑛, and their limiting values are also equal, respectively,
to 𝛼 and 𝛽. We shall agree to attach the sign ′ to constants pertaining to the
functions 𝛼∗

𝑛 and 𝛽𝑛.

Further, we have

𝛼𝑘
𝑛 = 𝜆𝑘

𝑛
∞

∑
𝑘1=𝑘

𝐶𝑘1−𝑘
−𝑘 𝜈𝑘1−𝑘

𝑛 𝛼𝑘1 , ln 𝑎′
𝑛 + (𝑧 − 𝑎)

𝑎𝑚 + (𝑧 − 𝑎) = −
∞

∑
𝑘=1

1
𝑘 (𝜈𝑘

𝑛′ − 𝜈𝑘
𝑚) 𝛼𝑘 outside 𝐿1;

𝛽𝑘
𝑛 = 𝜆𝑘

𝑛
∞

∑
𝑘1=𝑘

𝐶𝑘1−𝑘
−𝑘 𝜈𝑘1−𝑘

𝑛 𝛽𝑘1 , ln 𝑎′
𝑛 − (𝑧 + 𝑎)

𝑎𝑚 − (𝑧 + 𝑎) = −
∞

∑
𝑘=1

1
𝑘 (𝜈𝑘

𝑛′ − 𝜈𝑘
𝑚) 𝛽𝑘 outside 𝐿2;

(9)
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𝜆𝑛 = 𝜇𝑛/𝜇, 𝜈𝑛 = 1 − 𝜆𝑛 (𝑘 = 1, 2, … ; 𝑚, 𝑛 = 0, 1, …).

Replacing in the first equalities (9) 𝜇𝑛, 𝜆𝑛, and 𝜈𝑛, respectively, by 𝜇′
𝑛, 𝜆′

𝑛, and
𝜈′

𝑛, we obtain analogous expansions for 𝛼∗
𝑛 and 𝛽∗

𝑛.

We shall seek the function 𝜑1(𝑧) in the form

𝜑1(𝑧) = 𝑃
2𝜋 (𝑎01𝛼0 + 𝑏01𝛽0 + ln 𝑎′

1 + (𝑧 − 𝑎)
𝑎0 + (𝑧 − 𝑎)

𝑎′
0 − (𝑧 + 𝑎)

𝑧 + 𝑎 −

− 𝜀2𝛼2
0 + (1 − 𝜇′2

0 )𝛽∗
0 +

𝑠
∑
𝑘=1

(𝐴𝑘𝛼𝑘 + 𝐵𝑘𝛽𝑘)) . (10)

The functional equations (2), after substituting into them (6), (9), and (10),
and comparing in both sides of these equations the expressions in 𝛽 and 𝛼 in
equal powers, respectively for 𝑗 = 1 and 𝑗 = 2, lead to recurrence formulas for
the coefficients 𝐴𝑘 and 𝐵𝑘. These formulas, with the aid of the notation

𝑎′
01 = 𝑎01 + 𝑏01, 𝑎″

01 = 𝑎01 − 𝑏01,

𝐴′
𝑘 = 𝐴𝑘 + 𝐵𝑘, 𝐴″

𝑘 = 𝐴𝑘 − 𝐵𝑘 (𝑘 = 1, 2, … , 𝑠) (11)

are conveniently written in the form

𝑠
∑
𝑘1=𝑘

𝐴′
𝑘1

(𝐶𝑘
𝑘1

(1 − (−1)𝑘1+𝑘𝜉−(𝑘1+𝑘)) − 𝑘1 (𝜉−𝑘+1 − (−1)𝑘1+𝑘𝜉−(𝑘1+1))) =

= 𝜉−𝑘 (𝛿+
𝑘 + Δ+

𝑘 ) ; (12)

𝑠
∑
𝑘1=𝑘

𝐴″
𝑘1

(𝐶𝑘
𝑘1

(1 − (−1)𝑘1+𝑘𝜉−(𝑘1+𝑘)) + 𝑘1 (𝜉−𝑘+1 − (−1)𝑘1+𝑘𝜉−(𝑘1+1))) =

= 𝜉−𝑘 (𝛿−
𝑘 + Δ−

𝑘 ) , (13)

where the notation has been introduced

𝛿+
𝑘 = 𝑎′

01 (𝜆0 (𝜀−2(1 − 𝜉−2
0 ) + 𝜆0(1 − 𝜉−1

0 )) 𝜈−1
0 𝐶𝑘−2

−2 𝜈𝑘−1
0 + 𝜉−1

0 𝜆1𝜈𝑘−1
1 ) ; (14)
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𝛿−
𝑘 = −𝑎″

01 (𝜆0 (𝜀−2(1 − 𝜉−2
0 ) + 𝜆0(1 − 𝜉−1

0 )) 𝜈−1
0 𝐶𝑘−2

−2 𝜈𝑘−1
0 − 𝜉−1

0 𝜆1𝜈𝑘−1
1 ) ; (15)

Δ+
𝑘 = 𝜆′

0 (−1 + 𝜇′−1
0 𝜇′−1

2 − 𝜇′2
1 + 𝜉′−2

0 −

− (𝜇′−1
0 − 𝜇′

0)(1 − 𝜇′
1)𝜆′

0𝜈′−1
0 𝐶𝑘−2

−2 𝜈′𝑘−1
0 − 1

𝑘 (𝜈′𝑘
2 − 𝜈𝑘

1 ) +

+𝜀2𝜉−2
0 (2 − 𝜆1𝜈−1

1 𝐶𝑘−2
−2 )𝜆1𝜈𝑘−1

1 + {𝜆0(1 − 𝜉−1
0 + 2𝜉−3

0 + 2(1 − 𝜉−2
0 )𝜆0𝜈−1

0 𝐶𝑘−2
−2

+2𝜉−1
0 𝜆2

0𝜈−2
0 𝐶𝑘−3

−3 )𝜈𝑘−1
0 − 𝜆′

1(𝜇′−1
1 (𝜇′

0 − 𝜇′
2)

+(1 − 𝜇′2
0 )𝜉′−1

0 )𝜈′ 𝑘−1
1 + 1

𝑘(𝜈′𝑘
1 − 𝜈′𝑘

0 )}. (16)

Comparing in the same equations the expressions for 𝑅/(𝑧 + 𝑎) and 𝑅/(𝑧 − 𝑎),
respectively for 𝑗 = 1 and 𝑗 = 2, as well as the free terms, we obtain

𝜀−1𝑎′
01(2 − 𝜉−2

0 ) + 𝜇−1
𝑠

∑
𝑘=1

𝑘𝐴′
𝑘(1 + (−1)𝑘𝜉−(𝑘+1)) =

= 𝜀(4 + 2𝜉−3
0 ) − 𝜇1 + 𝜇′

1 + 𝜇′
2 − (𝜇′−1

0 − 𝜇′
0)(1 − 𝜉′−2

0 ); (17)

𝜀−1𝜉−2
0 𝑎″

01 + 𝜇−1
𝑠

∑
𝑘=1

𝑘𝐴″
𝑘(1 − (−1)𝑘𝜉−(𝑘+1)) =

= 1 − 2𝜀(1 + 𝜉−3
0 ) − 3𝜇′

0 + 𝜇1 + 𝜇′−1
1 + 𝜇′−1

3 + (𝜇′−1
0 − 𝜇′

0)𝜉′−2
0 ; (18)

𝐶′
1 = 𝐶∗

1 + 𝐶∗
2 = 𝑎′

01(1 − 𝜉−1
0 ) +

𝑠
∑
𝑘=1

𝐴′
𝑘(1 + (−1)𝑘𝜉−𝑘)−

−𝜀2(1 + 𝜉−2
0 ) + (1 − 𝜇′2

0 )(1 − 𝜉′−1
0 ) + ln 𝜇1

𝜇′
2

; (19)

𝐶″
1 = 𝐶∗

1 − 𝐶∗
2 = 𝑎″

01(1 + 𝜉−1
0 ) +

𝑠
∑
𝑘=1

𝐴″
𝑘(1 − (−1)𝑘𝜉−𝑘)−

−𝜀2(1 − 𝜉−2
0 ) − (1 − 𝜇′2

0 )(1 + 𝜉′−1
0 ) − ln 𝜇1

𝜇′
2

. (20)

The coefficients 𝐴′
𝑘 (𝑘 = 𝑠, 𝑠−1, … , 2) and 𝐴″

𝑘 (𝑘 = 𝑠, 𝑠−1, … , 1) are determined
from the recurrence formulas (12) and (13), where the former contain the as yet
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unknown coefficient 𝑎′
01, and the latter 𝑎″

01. The coefficient 𝑎′
01 is found from

formula (12) for 𝑘 = 1, and 𝑎″
01 from (18). After this, from formulas (17), (19),

and (20), we successively find the coefficient 𝐴′
1 and the constants 𝐶′

1 and 𝐶″
1 .

Finally, returning to formulas (11), (19), and (20), we find the coefficients 𝐴𝑘
and 𝐵𝑘 (𝑘 = 1, 2, … , 𝑠), 𝑎01 and 𝑏01, as well as the constants 𝐶∗

1 and 𝐶∗
2.

Figure 2 gives the diagram of 𝜎𝜃 (𝜃 is the polar angle, measured from the polar
axis 𝑟′ with origin at the point 𝑧 = −𝑎) at various points of 𝐿2 for 𝑅/𝑎 = 0.9
and 𝑠 = 11. We note that the boundary condition (5) on 𝐿1 is satisfied here
exactly for any fixed 𝑠, and on 𝐿2, for the chosen 𝑠, the greatest deviation from
the boundary condition does not exceed 0.002%.

The numerical results obtained can be extended to a plate of finite width if the
width of the plate considerably exceeds the diameter of the holes.

Unlike the known methods for solving analogous problems, the present method
leads to rapidly convergent processes for any closeness of the boundaries and
for arbitrary loads.
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