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MATHEMATICS
I. I. Pyatetskii-Shapiro

SOME QUESTIONS OF HARMONIC ANALY-
SIS IN HOMOGENEOUS CONES

(Presented by Academician M. A. Lavrent ev on 8 IV 1957)

The present work is devoted to the generalization and refinement of a formula of
Siegel—Maass—Selberg, which is of great importance in the theory of Dirichlet
series.

Let us agree to associate with each real symmetric matrix Y = (y,,,) of order p

the point of n = @—dimensional Euclidean space with coordinates ¥, k < s.

The totality of positive matrices, i.e. matrices with positive eigenvalues, forms
a certain convex homogeneous* cone V.

Siegel established the formula (%)

—1
/ oY)y |[s=0+1)/2 gy — 7p(o-D/AT(5) | T <s _ pT) T,
174

ay = [[ dus, (1)

k<s

(o(A) is the trace of the matrix A; |A] is the determinant of the matrix A).

Maass found a generalization of Siegel’ s formula (?)
/efa(YT>u(y)|y|sf(p+l>/2 dy =

= P~V (s — ;) ... (s — Yp) w(T=1)(T)~3, (2)

where u(Y) is a bounded solution, introduced by Selberg (?#), of the system of
partial differential equations

k
<a (Yaiy) +>\k> W) =0, k=1,2,...p, (3)
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where

9/0Y = (€,,0/0y,,);  euu=1 €u=1/2(nFv).

Maass’ s method is based on rather complicated calculations and does not make
it possible to find the relation between vy, ...,7, and Ay,...; A,.

In the present note a simple proof of formula (2) and of some of its generaliza-
tions is given, making it possible to find effectively vy, 7vg, ..., 7,-

The differential operators o(Y9/0Y)* commute with the operators of motion
Trf(Y) = f(R'YR); following the terminology proposed by I. M. Gel’ fand (),
we shall call them harmonic operators. The totality of all functions satisfying
the system of equations (3) with fixed A;,..., A, forms a space in which there
acts a certain representation of the group of all nondegenerate—

* A cone is called homogeneous if the group of affine transformations carrying
it onto itself is transitive on it.

real matrices of order p. This representation is, generally speaking, irreducible.
Using this fact and a theorem of Bochner, it is easy to derive (2).

The integral operator

Kfzi/e*ﬂff”favuwﬂﬂwﬂdy @
1%

commutes with the operators T, and, consequently, any function from an ir-
reducible representation is an eigenfunction for it. It is easy to verify that,
together with u(Y"), the function w(Y)|Y|® is also an eigenfunction of the inte-
gral operator (4), with eigenvalue depending on s. Therefore

[ et mumly e ay = lsjur i (5)
1%
From Bochner’ s theorem (3) it follows that

G(s) = A*[[T(s — ).

k=1

Derivation of formula (2), making it possible to establish the connection between
Yor > Yp and Ap, ..., A, Tt is known that among the solutions of (3) there is
always a function of the form

e (V) = AT AR - Ay, (6)

[ TRReT
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Y11 Y12

where Ay =y, Ay = , .-, is the sequence of principal minors of the

Y21 Yoo
matrix Y. The eigenvalues Ay, ..., A, are symmetric functions of
1 p—1
Bi=aittay, By=ateta,— i, B=a,— o

(5*7).
Using this circumstance and formula (14) from the work of Maass (2), one can

write an explicit expression for A, ..., A, in terms of 3y, ..., 8,. We do not give

it, since we regard the most natural parameters defining the representation to
be precisely 3y, ..., 3,.

We shall prove that the following formula holds:

/ Mo, (VY[ 24y =@ (T-1),
v e

&
Qs O T ey Oy

Gozl,...,ozp = Wp(pil)/llr(ﬂl) F<Bp) (7)
Denote by K the group of all matrices @ all of whose elements below the main

diagonal are equal to zero, while the elements on the main diagonal are positive.
It is clear that

- ot
Carpnna, (QYQ) =g gy T gre, (V)

where ¢, gy, ..., q, are the diagonal elements of Q).

As is known, any positive-definite matrix 7" can be represented in the form
Q1Q'1, Q € K. Making the change of variables Y = Q'Y Q, where Q1Q'~! =
T, we obtain that it is sufficient to prove formula (7) for T = E. Represent the
matrix Y in the form

where Y] is a matrix of order p — 1; g is a (p — 1)-dimensional vector. Then

YI=Mly—adYile), o¥)=01)+y.

Thus, Y > 0 if and only if Y; > 0 and y — ¢'Y; 1q > 0. It is easy to derive the
recurrence formula

/ eV F(V)| Y, [ /2 gy =
g
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—1
— a0 (s = L) [ et pyy iy e vy (8)
Vi

f(Y7) is any function for which the integral on the right-hand side converges
absolutely.

Formula (7) easily follows from (8) by induction.

In note (9), four series of homogeneous convex cones in Euclidean space are
listed. One of these series is the cones of positive symmetric matrices; for each
of the remaining three series there exist formulas analogous to (7).

I. Consider the set V of all positive Hermitian matrices Y = (y,,) of order p.
Obviously, V is a cone in p?-dimensional Euclidean space. The invariant volume
element is defined by the formula

dv = Y[ [ dug, ] dvgs:

k<s k<s

where u,, = Reyy,, v, = Imy,,. Put ealm%(Y) = AY' - Ap?, where
A, A,, ... is the sequence of principal minors of the matrix Y. The formula
holds

/eﬂﬂTY)eoé1 ’’’’ o (V)dv=Gy o a0 (T7Y), 9)
v

G, =7rp<p’1)/2f(a1+-~-+ap)F(a2+-~-+ap—1)---F(ap—p+1).

,,,,, P

II. V is the set of all Hermitian matrices Y of order 2p for which the relation

S 70 0 1
vi- v J:( ) (500 (1)
. -1 0
0 j

It is easy to verify that V is the set of all positive-definite matrices of the algebra
of quaternions.

Put Y = (y4,), k,s = 1,2,...,p, where y,, are matrices of the second order.
Relation (10) can be rewritten in the following form:

y;cs = gskv yk:sj = jgks

Hence,

U 0
Yk = < Sk ukk) ; Upy > 0;
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— Ugs Uks _ : _ :
Yrs = (’l_) m (k < S)’ Upg = Qg + Zbk:s’ Vs = Cis + zdkm
ks ks

where gy, Gg, bpgs Crss dis are real numbers.

The invariant volume element is defined by the formula

dv = |Y|V/2P ﬁ dugy, [ [ dags [ dbes [ ] dews ] ] deis-
1

k<s k<s k<s k<s

Pute, (V)= A?l/QmAg”/Q, where Ay = |yq1], Ay = Y Y12 s
Lt Yo1 Y22
The formula holds
l[}adeTwahmag}vdvGahm@pqhw4%<TU, (11)

GOtlp---,Oép = ﬂp(p71>]_—‘(a1 4 4 Oép)]-—‘(QQ 4 e ap — 2) F(ap — 2p —+ 2)

ITII. V is the set of all points y = (yy, ...,¥,,) of n-dimensional space for which
Y1Ys — Y2 — - —y2 > 0, y; > 0. The invariant volume is defined by
the formula dv = (A(y))™"/2dy, - dy,,, My) = Y195 — y2 — - — y2. Put
ea,s(y) = y7 (A (y)”.

The formula holds

/ 67(y1t>6a,,6‘(y) dv = Ga,ﬁea,ﬁ(t71)7 Ga,,ﬁ’ = ﬂ-n/Qilr(a_Fﬂ)F (ﬂ - g + 1> )
v
(12)
t t t t "
-1_ (2 1 B - 'n t) =yt ty + 2 k.
I e et ) U B ORR P O

We indicate one application of the formulas derived. Let V be a cone in Eu-
clidean space E,, which is a product of the cones listed above; (y, ) is the scalar
product. We shall call the mutual cone the set of all vectors ¢t € E,, for which
(y,t) > 0 for all y € V. Tt is easy to see that, under a suitable choice of scalar
product, the mutual cone coincides with V. Let y — y¥ be a mapping of V onto
itself possessing the following properties: for any two vectors y,t € V and any

sovietrxiv.org/items/ru-195701.33547 Machine Translation


https://sovietrxiv.org/items/ru-195701.33547

affine transformation L of the cone V into itself, (y,t?) = (Ly, (Lt)¥). Denote by
H the set of all points of n-dimensional complex space of the form y+ix, y € V,
x arbitrary. The mapping y — y¥ extends to an analytic automorphism of H
onto itself. Let A(y) be a polynomial in y such that A(Ly) = |L|A(y) for any
linear transformation L of the cone V into itself.

We shall call an eigenfunction of all harmonic operators on V' a harmonic func-
tion. Let u(y) be a harmonic function for which

/ ef(y,t>|u(y)|)(1(y) dy < oo forallte V. (13)
v

From formulas (7), (9), (11), and (12) it follows that

Gu(t?) = /V e @ Du(y) A (y) dy.

It is easy to see that the function v(¢) = u(t¥) extends analytically to H. Let T’
be a lattice in n-dimensional space, and IV the reciprocal lattice. With the aid
of the Poisson formula one easily obtains the identity

1

;v<t+ 2mir) = I Zu(,))e*(mxl(p); (14)
I pel
peV

IT'| is the volume of the fundamental parallelepiped of the lattice I'. Formula
(14) holds under hypotheses ensuring convergence of the left- and right-hand
sides.

In the special case when V is the set of all positive-definite symmetric matrices
Y, w(Y) = |Y|*, this formula was proved by Siegel (}).

In conclusion I express my deep gratitude to A. O. Gelfond for his attention to
the present work.
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