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Abstract
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MECHANICS
L. I. RUBINSHTEIN

ON THE SOLUTION OF N. N. VERIGIN S
PROBLEM

(Presented by Academician S. L. Sobolev, 22 IX 1956)

N. N. Verigin () considered a problem that is related to the well-known Stefan
problem (?) in the same way as ordinary two-layer heat problems are related
to ordinary one-layer problems. N. N. Verigin’ s example is one of the few
(among problems of this kind) that admit a self-similar solution. In the general
formulation, special methods must be developed in order to solve Verigin’ s
problem. This is done below for Verigin’ s problem in the following formulation.

It is required to determine the functions p,, py, and y, satisfying the conditions:

382&1_?21:381;1 for —oco <& <y(r), 7> 0; (1)
2%?;2:%17: for y(r) < €< 0, 7> 0; (2)
plg=ele) (=12 =V 3)

b 1|§:y('r)*0 - p2|§=y(‘r)+0; /\a%pl o - a%p2 150 (4)
- %% RERTEE (5)

It is assumed that ¢, (&) is three times and (1) twice continuously differentiable
everywhere in their domains of definition, and moreover

dkap

dr*

d™p;
dgm

<M (m=0,1,2,3; k=0,1,2) (6)

)

\end{equation}

and, in addition,
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Pa(—1) = 1 (—1); agy(—1) + ¢ (1) # 0; $2(0) = 9(0). (7)
Put
Wil oy opl =0 pal = () (8)
0 ey 0 Plleun TR Pl T

and denote by g¢;(§,&,,7— 1) and G,(&,&,,7—7,) the Green’ s functions of the
first and second boundary-value problems for equations (1)—(5) for the half-line
& < 0. The following equalities must hold:

0

T 0
pa6) = [ eal)Galé ey 4o [ fim) g GalEoptr). 7 ) i
1

- / [620(ry) + §(ry) ()G 6 y(r), 7 — 1) dry

T 4
+a2/ Y(11)G5(£, 0,7 — 1) dmy :ZJ?(5,7)~
0 i=2

9)
In the limit as £ — 0 we find:
4
F(r)=7_JY0,7). (10)
=1
Let us now make in (1)—(5) the change of variables, putting
e=8—y(r); t=7 2 =—ylr);  pilet) =pi(&7);
(@0 = sopil@ty f@) =ele-1)
G\E,0) = 5Pl L) i\T) = ®; :
We obtain
0%pi _ Opi
=Lz for — ; 12
52 5 + 2(t)qq (z, 1) or —oo<x<0,t>0; (12)
2, % *
a? 88522 = 8(;3; + 2(t) gy (z, 1) for 0 < & < z(t), t > 0; (13)
* a *
p; |t:0 = fl(‘r)’ 671;1)2‘1:2(15) = w(t)7 (14)
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pﬂaz:O = pz’zzo; )\%pﬂmzo - %pglzzo; (15)
dz op}
2t ; 0) =1. 16
at oz L_O #(0) (16)

Subjecting the equalities (12) and (13) to Green’ s transformation and taking
into account (8) and (14), we find:

0

0 t t
=/ R©G & e+ /O o(7)Gy (2,0, t—7) dr— /0 drdr [ e nG @ t-de =)

—00

(17)

1

p;:/o f2(§)G2(x,£,t)d£—)\a2/O o(r)Gy (0.t — 7) dr
t 2 0 : 2 t —T1)dT
_/0 F(r) [a a—f—z(T)] Gy(x,2(T),t —T)dT + a /O W(1)Gy(z, 2(7), t )d
t 2(T) 5 )
- [ [ aenGa gt -nde =3 S0 o).
0 0 i=1 18)

Passing in (17), (18) to the limit as © — 0 and taking into account the first of
the conditions (15), we arrive at an Abel-type integral equation with respect to
v(t). Inverting this equation gives

1 6
u(t) = Zli(t)a (19)

where

¢ 0
0
152/0 Z(T)dT/ Q1(fa7)8*€G1(0,£7t_7—)d£; (20)
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t z(7)
16=a/0 zmdf/o B(E.7) fGgmt ) dé. (20a)

Introducing, further, ¢, z, and f, in (10) instead of 7,y, and ¢4, we readily find:

0

F(t) = 0 | (00620, ~1.1) = £,(0) 5 G 0 —Lt)} +

+a/f2§+1 G2(0£td§+a/f (0, —2(1),t —7)dT—

aE ot G

= [ ) =201 0) 5620, ~s(o), 1 = 7yt

t
+ a2/ 1/}(T)G2(O, 0,t —7)dr = Ry(t) Z Jo;-
0

(21)

Finally, differentiating (17) and (18) with respect to x, after simple transforma-
tions taking (6)—(7) and (11) into account, we find that

1(z,8) /fl &gy (z, &) dE — / glet T)dr+

] . (22)
+/0 <>dT/_Ooq1<s, e w6t =)= 3

0:(, t>=/ fo(©)gala, >df+Aa/ <>§§gz<x0t 7)dr+
o(z,2(7),t —T)dT —a oz, 2(1),t —7)dT
+/0F<>g< ().t /w S0l Ar) =) drt

t z(T) 5
—|—/0 Z'(T)dT/O qo(&,7) 592(35 L6t — de;JQj.

(23)

The system (19), (21), (22), and (23) is closed by equation (16), which, by virtue
of (8), can be written in the form

z(t) =1 +/O v(T)dr, (24)

and by the equation
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=370 0.1). (25)

i=1

We solve the system (19)—(25) by the method of successive approximations.
Namely, we set

fn+1(t) = @(Vys Gy 25 1) Fog= (v, 2, n+1> t);
vn+1<t) = V(Una va Fn+17 ql'rw q2n7 t)? én-&-l = Un+1(t); (26)
@i 1 (T 1) = Qi (Vyi1s Zy1s Qs Py @5 1)
Here ®,9,V,Q,, and @, are the right-hand sides of equations (25), (21), (19),

(22), and (23). As the zero approximations we take arbitrary bounded functions
2.'07 Vo> 410> and d20-

The convergence of the process and the uniqueness of the solution are proved
analogously to how this is done in (%), on the interval (0,7), depending on M
(from (6)) and |y(0)|*.

The equivalence of the constructed solution to the solution of the original prob-
lem is established in the following way.

It is proved that the constructed v, f, F ;1 and g, are differentiable, with v =
w/\t; 0q;/0t = s;/\Vt; 0q;/0x = r;/\/t; F = F°/\/t, where w,s;,r; and F°

A SR

are bounded for ¢ > 0. Hence, and from (17), (18), it follows that p} satisfy
equations (12)—(16) (i = 1,2) and, in addition,

limpi = f(t);  limg =lim==pj =o(t);  limg, = dv(t);

lim p; = fiz)  (i=1,2).

Thus, it remains to show that

0
lim pj = f(t); lim p; = F(t); lim =—p3 = 9(1). (27)

z—0 z—2(t) x—2z(t)

Assuming the contrary, we find that there must exist nonzero solutions of the
system

0

a—ggQ(z(t), z(1),t —7)dT;

(28)

u(t) = 2/0 v(7) go(2(t), 2(7),t — 7) dT — 20> /0 w(7)
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o(t) = -2 /0 L), (29)

Inverting (29) and eliminating u(t) from (28), we arrive at the equation

t
/ v(t)K(t,7)dr =0 (30)
0
with kernel K (t,7), satisfying the conditions

?(t,t)z%; ;K:O<\/%).

Since, by virtue of the second of conditions (7), 2(0) # 0, it follows that v(7) = 0,
and by virtue of (28) this means that also p(7) = 0.

The contradiction obtained proves the validity of (27) and at the same time
completes the proof of the assertion of equivalence.

In conclusion, we note that in an entirely analogous manner one can solve the
problem when, on the boundary £ = 0, not dp,/9¢ but p, is prescribed. In this
case, as above, the assumption y(0) # 0 is essential.
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* The requirement y(0) # 0 (expressed above by the condition y(0) = —1) is
essential. Abandoning it would require carrying out an analysis similar to that
carried out in solving Stefan’ s problem ().

Note: Figure translations are in progress. See original paper for figures.
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