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1. In recent years many authors have investigated the question of the be-
havior at infinity of eigenfunctions of differential operators defined in the
whole space. Chiefly the Sturm—Liouville equation on the whole line or
half-line was considered. The most complete results were obtained by E.
E. Schnol (}?), who showed that almost all, in the corresponding sense,
eigenfunctions of the equation

—y" +q(z)y = Ny, —00 < & < 00, q(r) > ¢ > —o0, (A)

grow no faster than a|z|'/?*¢. For the Schrédinger equation —Awu + qu = \u,
q > —o0, he showed that the eigenfunctions u(x, A) belonging to the discrete
spectrum decrease exponentially. How eigenfunctions behave in the continuous
spectrum remained unknown. However, a conjecture was put forward, based
on quantum-mechanical considerations, namely that in the case (A) almost all
eigenfunctions should simply be bounded.

In the present note one general theorem is proved, from which the validity of
the indicated conjecture follows at once.

2. Denote by L, the space of functions f(z), x = (zq,z,,...,, ), square-
summable over the whole space R,. Let a self-adjoint operator A be
given in L,. Denote by FE its resolution of the identity.

It is known that the whole space L, can be decomposed into a direct sum of
subspaces L(2a>, and in each of them the operator A will have simple spectrum.
This means that in each subspace L(2a> there is a generating vector ¢(®), i.e. one

such that the closed linear span of the vectors E, g'® coincides with L(;‘). Denote
by o, (\) = (Eyg*, g') the spectral measures of the operator A. It is known
that in order to obtain a complete system of eigenfunctions of the operator A
one must differentiate the function F, ¢! (z) with respect to the measure o, (\)
(34). Such a derivative always exists, but is, generally speaking, a generalized
function (%).
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If the resolvent R, of the operator A, at least for one ), is an integral operator

with a Carleman kernel, then the derivative dF,g'® (x)/do,(\) is an ordinary
function (3%).

Theorem 1. Let, for at least one A\, (possibly complex), the resolvent of the
operator A be an integral operator

Ryf= [ T Kley)f(y) dy

with kernel K (x,y), which for almost all x satisfies the condition

/ K2(2,)|dy < C, (a)

where the constant C does not depend on x. Then almost all, with respect to
the measure o, (\), eigenfunctions dE,g® /do,(\) are bounded in z.

Proof. Denote EAHIg(‘X)(x) — EAigm)(x) by EAig(o‘>(m). We shall show that,
for any partition of the \-axis, the inequality

Y 1Ea, g9 (@) < M (1)
holds. Here the constant M does not depend on z or on the partition.

Let €; denote +1 or —1, and let G(A‘l)(x) =(A— )\OE)_lEAigW)(x). Then, for
any choices of the signs ¢;, we have:

ZEEAg(“) Z / K(z,y)G dy—/ K(xz,y) ZEG ]

By the Cauchy-Bunyakovsky inequality one may write:

1/2 - 9 1/2
Z:EiEAigm)(x) < ([:IKz(way)ld@ / (Zw [;Eﬁg@)] dy) ;
(2)

since for j # i the vectors EAjg(o‘) and EAig(a) are orthogonal, inequality (2)
can be written in the form

1/2
Sets @ <0 ([0 apanm) <o
A

%
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Since the signs ¢, are chosen arbitrarily, inequality (1) is proved.

Inequality (1) shows that F, g(®) may be regarded as a functional in the space L,
of summable functions, and the family of functionals F, ¢'® () will have strongly
bounded variation. Since the function (E,g¢'®, o) is absolutely continuous with
respect to the measure o, () for any finite function ¢, it follows from a lemma of
I. M. Gel’ fand (%) that E,g'® can be differentiated with respect to the measure
0, (\) as a functional in L, and the derivative dF,g'® /do,(\) will also be a
linear functional in L. But every linear functional in L, is given by a bounded
measurable function. Therefore the eigenfunctions obtained will be bounded in
x. At the same time we have proved that the derivative is an ordinary function.

Remark 1. Instead of requiring the existence of the resolvent with condition
(a), one could have required that, for some m, the operator (A — \yE)~™ be an
integral operator with kernel satisfying the same condition.

Remark 2. If it is known that the kernel K(z,y) has the property that

/ K2(x,y)|dy < M(r), = |a],
—o0

where M (r) is a monotone function of r, then it is shown analogously that the
eigenfunctions grow no faster than aM(r) (a is a certain constant).

Remark 3. The eigenfunctions dE,g'® /do,()\), generally speaking, will not
be uniformly bounded in A\. However, it is not difficult to show that, for any
number N, there exists a set Sy of measure less than 1/N such that, if the set
Sy is removed from the spectrum of the operator A, then on the remaining part
the eigenfunctions will be bounded uniformly also in A.

* The integral on the right-hand side of inequality (2) exists, since g'% belongs to the domain of the operator

3. If at the point A, the resolvent R>\o is an integral operator with a Carleman

kernel, then it is easy to show®) that F \J is also an integral operator with
kernel ¥(z,y,\). The kernel d(x,y, \), called the spectral function, is
defined by the formula

9@y, ) = (A= NE)(Ey — Eo)K(x,).

If the resolvent kernel K (z,y) satisfies condition (a), then, just as above, one
can establish that for every interval of the spectrum [m, M] the inequality

D190y, Aiyy) — 9z, y,M)| < C. 3)

holds.
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Here the constant C depends only on m and M.

Inequality (3) shows that ¥(x,y,A), in the space L, of summable functions
p(x,y) of the variables z,y, generates a family of linear functionals having
strongly bounded variation. Since the spectral function ¥(x,y, A) is absolutely
continuous with respect to the corresponding spectral measure o(\), ¥(z,y, A)
can be differentiated as a functional in L; with respect to the measure o(\),
and the derivative di(z,y, \)/do(N) = ¢(z,y, \) will likewise be a functional in
L,. Thus the following theorem has been proved.

Theorem 2. If the operator A has a resolvent with property (a), then the
spectral kernel ¥(x,y, A), for almost all \ with respect to the measure o(\), is
bounded in the aggregate of the variables x,y.

Remarks 1-3 also apply to Theorem 2.

4. As an example, consider the Schrédinger equation in the whole space Rj:
—Au+ q(x)u = Iu, r = (x,2y,%3), q(z) > ¢q > —o0.
It is known that the resolvent of this operator is an integral operator with a

Carleman kernel®). Tt is easy to show® that for —\ + ¢y = a > 0 the kernel
K(x,y, \y) satisfies the inequality

e~Var
K(I7y7>\0)< r ) 7‘:|.T—y|

Hence condition (a) is fulfilled.
Thus the following theorem has been proved.

Theorem 3. If q(x) > ¢y, then, with respect to the measure o, (X), almost
all eigenfunctions u'® (x,y) of the Schrédinger equation —Au + qu = \u are
bounded. The spectral kernel ¥ (xz,y, ) will also be bounded in the aggregate of
the variables x,y for almost all X with respect to the measure o(\).

In the case n = 1, this theorem is a strengthening of the theorem of E. E. Shnol’
mentioned above. If n > 3, then the theorem is also valid. In this case one must
use Remark 1.

Let us note that E. E. Shnol’ constructed an example of a self-adjoint Sturm-
Liouville differential operator with ¢(x) unbounded below, whose eigenfunctions
in = are unbounded®.

I take this opportunity to express my deep gratitude to I. M. Gel fand for posing
the problem and for his constant interest in the work.

Moscow State University
named after M. V. Lomonosov
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