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Abstract
Full Text
Physics

Chr. Ya. Khristov

On the Diffusion of Charged Particles in a Ho-
mogeneous Electromagnetic Field
(Presented by Academician M. A. Leontovich, 4 VI 1957)

In recently published works (1−3) we considered the diffusion of molecules, neu-
trons, and avalanche particles. We wrote the equations and gave approximate
expressions for the probabilities 𝑉𝑖𝑗(𝑠, q, u, 𝑡, r, v) 𝑑r 𝑑v that a particle of type 𝑖,
which at time 𝑠 had position q and velocity u, creates at time 𝑡 a particle of type
𝑗 with radius vector lying between r and r + 𝑑r, and with velocity between v
and v+𝑑v. Using the notation and results of (3), we shall write the equation for
the function 𝑉 and give a method for the approximate solution of this equation
when the particles whose diffusion we are investigating are charged and move in
a homogeneous and time-independent medium situated in a homogeneous elec-
tromagnetic field. In doing so we shall assume that the particles are identical
and that, in their collisions with the molecules of the medium, they may not
only be scattered, but also be absorbed and generate new particles, while the
motion of each particle between collisions is determined only by the prescribed
external electromagnetic field, and not by the fields of the other particles. This
process occurs, for example, in a weakly ionized plasma in a stationary state,
where ions of a given type collide with one another, as well as with other ions
and gas molecules, and in this process are not only scattered, but also recombine
and generate new ions by impact ionization (4).
The function 𝑉 satisfies an equation of type (17) from (3). However, in the
present work this equation can be simplified somewhat, since the problem is
more specific. Namely:

1. In view of the fact that, in the case considered, the avalanche consists of
particles of a single type, we shall have 𝑛 = 1, and the indices 𝑖, 𝑗 drop
out.

2. If we assume, without loss of generality, that the magnetic field H is
directed along the 𝑥-axis, and the electric field E lies in the 𝑥, 𝑦-plane,
then the function F in equation (1) from (3) takes the form 𝑒

𝑚 E+ 𝜇𝑒
𝑚 v×H,

and integration of this equation gives, for 𝜑⃗ 𝑠 and ⃗𝜓 𝑠 (((2) from (3))),

𝜑⃗ 𝑠(𝑡, r, v) = r + h𝑠−𝑡(v), ⃗𝜓 𝑠(𝑡, r, v) = k𝑠−𝑡(v),
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where (4)

h𝑡(v) = m𝑡 + v ⋅ 𝜇𝑡, k𝑡v = n𝑡 + v ⋅ 𝜈𝑡,

𝑚0 = 1
2𝜒0𝑡2, 𝑚1 = 𝜒1

𝜔2 (1 − cos𝜔𝑡), 𝑚2 = −𝜒1
𝜔 𝑡 + 𝜒1

𝜔2 sin𝜔𝑡,

𝑛0 = 𝜒0𝑡, 𝑛1 = 𝜒1
𝜔 sin𝜔𝑡, 𝑛2 = −𝜒1

𝜔 (1 − cos𝜔𝑡),

𝜇0 = 𝑡, 𝜇1 = 1
𝜔 sin𝜔𝑡, 𝜇2 = 1

𝜔(1 − cos𝜔𝑡),

𝛾0 = 1, 𝛾1 = cos𝜔𝑡, 𝛾2 = − sin𝜔𝑡,

𝜒0 = 𝑒
𝑚𝐸0, 𝜒1 = 𝑒

𝑚𝐸1, 𝜔 = 𝜇𝑒
𝑚 𝐻 ∗ . (4)

3. In view of the homogeneity of the medium we obtain

𝑉 (𝑠, q, u, 𝑡, r, v) = 𝑉 (𝑡 − 𝑠, r − q, u, v), 𝑃 (𝑡, r, v, w) = 𝑃(v, w),

𝑝(𝑡, r, v) = 𝑝(v), 𝑀(𝑡, r, v, 𝑠) = exp [− ∣∫
𝑠

𝑡
𝑝(k𝜏(v))𝑑𝜏∣] = 𝑀(𝑠 − 𝑡, v).

For 𝑉 we obtain the integral equation

𝑉 (𝑡, r, u, v) = 𝛿(r − h−𝑡(v))𝛿(u − k−𝑡(v))𝑀(−𝑡, v)+

+ ∫
𝑡

0
∫ 𝑉 (𝑡 − 𝜏, r − h−𝜏(v), u, w)𝑃 (w, k−𝜏)𝑀(−𝜏, v) 𝑑𝜏 𝑑v. (1)

The approximate solution of this equation is found, in general terms, as in
(³). Therefore we shall indicate only a certain difference in the conclusions and
give the results directly. The solution is obtained by integrating (23) of (³).
However, in order to find the initial approximation 𝑉0 (24) of (³), we must
generalize not the solution of the Fokker—Planck equation (250) of (�) for free
Brownian motion, given by Chandrasekhar by formula (178), as we did in (¹–³),
but the expression giving the analogous solution of the Fokker—Planck equation
for Brownian motion in an electromagnetic field ((�), p. 249)
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𝜕𝑉
𝜕𝑡 + v ⋅ 𝜕𝑉

𝜕r + 𝜕
𝜕v ⋅ [( 𝑒

𝑚E + 𝜇𝑒
𝑚 v × H − 𝛽v) 𝑉 ] − 𝛽𝑐2

2
𝜕

𝜕v ⋅ 𝜕𝑊
𝜕v = 0. (2)

First we consider the case when there is no electric field E, and put

𝑉0(𝑡, r, u, v) = 𝛽3

𝜋3 𝑔 (1 + 𝑔′𝑒−𝜆′𝑡 + 𝑔″𝑒−𝜆″𝑡 + …)√𝑎∗3𝑎3𝛼∗
0𝛼0𝛼∗2

1 𝛼2
1× (3)

× exp{−𝜆𝑡 − 𝛼∗𝑎(v − u ⋅ 𝛽)2 − (𝛽r − u ⋅ 𝛾 − v ⋅ 𝛿) ⋅ 𝛼∗ ⋅ (𝛽r − ̃𝛾 ⋅ u − ̃𝛿 ⋅ v)}.

Here the scalar 𝑎 and the tensors 𝛼, 𝛽, 𝛾, 𝛿 are functions of 𝑡, specified by

1
𝑎 = 1 − 𝑒−2𝛽𝑡, 𝛽0 = 𝑒−𝛽𝑡, 𝛽1 = cos𝜔𝑡 𝑒−𝛽𝑡, 𝛽2 = sin𝜔𝑡 𝑒−𝛽𝑡,

𝛿0 = 1 − 𝑒−𝛽𝑡

1 + 𝑒−𝛽𝑡 , 𝛿1 = 𝛽2

𝛽2 + 𝜔2 (cth𝛽𝑡 − cos𝜔𝑡
sh𝛽𝑡 ) , 𝛿2 = 𝛽2

𝛽2 + 𝜔2 ( sin𝜔𝑡
sh𝛽𝑡 − 𝜔

𝛽 ) ,

1
𝛼0

= 𝛽𝑡 − 21 − 𝑒−𝛽𝑡

1 + 𝑒−𝛽𝑡 , 1
𝛼1

= ∫
𝑡

0
(𝛿2

1 + 𝛿2
2) 𝛽 𝑑𝑡, 𝛼2 = 0, (4)

𝛾0 = 1 − 𝑒−𝛽𝑡

1 + 𝑒−𝛽𝑡 , 𝛾1 = 2 ∫
𝑡

0

𝛽1𝛿1 − 𝛽2𝛿2
1 − 𝑒−2𝛽𝑡 𝛽 𝑑𝑡, 𝛾2 = 2 ∫

𝑡

0

𝛽1𝛿2 + 𝛽2𝛿1
1 − 𝑒−2𝛽𝑡 𝛽 𝑑𝑡,

and the quantities

𝑎∗, 𝛼∗, 𝛽, 𝜆, 𝜆′, 𝜆″
1 , … , 𝑔, 𝑔′, 𝑔″, … (5)

* We shall denote the components of a vector l by 𝑙0 = 𝑙𝑥, 𝑙1 = 𝑙𝑦, 𝑙2 = 𝑙𝑧. For
all tensors 𝜀 that we introduce, the relations 𝜀𝑥𝑦 = 𝜀𝑥𝑧 = 𝜀𝑦𝑥 = 𝜀𝑧𝑥 = 0, 𝜀𝑦𝑦 =
𝜀𝑧𝑧, 𝜀𝑧𝑦 = −𝜀𝑦𝑧 hold. Therefore each tensor 𝜀 is characterized by the quantities
𝜀0 = 𝜀𝑥𝑥, 𝜀1 = 𝜀𝑦𝑦, 𝜀2 = 𝜀𝑧𝑦. By ̃𝜀 we shall denote the transposed tensor 𝜀.
are functions of u, but not of 𝑡, which should be determined so that 𝑉0 (3) is
the best possible approximation to 𝑉 for large 𝑡. In this case the tensor 𝛼∗ must
be symmetric, so that 𝛼∗

2 = 0. A more general formulation, introducing factors
independent of 𝑡 before 𝛽, 𝛾, 𝛿, cannot be made, because this would violate the
initial conditions at 𝑡 = 0.
The solution of equation (2) is obtained from (3) for
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𝑎∗ = 1
𝑐2 , 𝛼∗ = 1

2𝑐2 , 𝜆 = 0, 𝑔 = 1, 𝑔′ = 𝑔″ = … = 0. (6)

To obtain the equation corresponding to equations (47) and (53) from (3), we
denote here by 𝑊 𝑚(u, v) 𝑑v the probability that, among the particles of the
𝑚-th generation in the avalanche produced by one particle with initial velocity
u, there is one with initial velocity between v and v +𝑑v. Bearing in mind that
for E = 0 we have m𝑡 = 0, n𝑡 = 0, 𝑀(𝑡, 𝑣) = 𝑒−𝑝(𝑣)|𝑡|, we obtain

𝑊 ′ = 𝛿(v − u), 𝑊 𝑚+1(u, v) = ∫ 𝑊 𝑚(u, w) 𝑄(w, v) 𝑑w,

where

𝑄(u, v) 𝑑v =
∫

∞

0
𝑒−𝑝(𝑢)𝑡𝑃(k𝑡(u), v) 𝑑𝑡

∫
∞

0
∫ 𝑒−𝑝(𝑢)𝑡𝑃(k𝑡(u), v) 𝑑𝑡 𝑑v

𝑑v

is the probability of finding a particle with initial velocity between v and v+𝑑v
among the particles obtained in the collision of a particle with initial velocity
u.

For the time-averaged displacement between two collisions of a particle with
initial velocity u, instead of u/𝑝(𝑢) (3) we obtain

̄r(u) = ∫
∞

0
h𝑡(u)𝑒−𝑝(𝑢)𝑡𝑝(𝑢) 𝑑𝑡.

Let us denote by

𝑈(𝑢) = ∫
𝑎∗3/2

−𝜋3/2
exp(−𝑎∗𝑣2) 𝑃 (v, u)

∫ 𝑃(v, u) 𝑑u
.

the distribution function of particles with respect to velocities for large 𝑡.
Then for ̄𝑡, ̄r𝑚, r′r′, r′r𝑚 + r𝑚r′* instead of (50), (45), (51), and (52) from
(3), we find

̄𝑡 = ∫ 𝑈(𝑢)
𝑝(𝑢) 𝑑u, ̄r𝑚(u) = ∫ 𝑊 𝑚(u, v) ̄r(v) 𝑑v,

r′r′ = 2 ∫ 𝑈(𝑢) ̄r(u) ̄r(u) 𝑑u,
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r′r𝑚 + r𝑚r′ = ∬ 𝑈(𝑢)𝑊 𝑚(u, v) [r(u)r(v) + r(v)r(u)] 𝑑u 𝑑v.

With the aid of these formulas, instead of (47) and (53) from (3), for the equa-
tions expressing the equality of the mean displacement of particles and their
mean dispersion, computed from (3) or by Yang’s method (6), we obtain

1
𝛽 ∫ 𝑈(𝑢) ∣u ⋅ 𝛾𝑡=∞∣ 𝑑u = ∫ 𝑈(𝑢) |r′(u) + r″(u) + …| 𝑑u; (7)

* The product of two vectors without a sign between them denotes their tensor
product.

− 1
4𝛽2𝑎∗ ⋅ (𝑡𝑎)𝑡=∞

= 1
6𝑡 (𝑟′𝑟′ + 𝑟′𝑟″ + 𝑟″𝑟′ + 𝑟′𝑟‴ + 𝑟‴𝑟′ + ⋯) . (8)

For the equations expressing the condition that 𝑉0 should satisfy (1) as well as
possible for large 𝑡, instead of (36) and (37) from (3) we here find

1 − ∫ 𝑒(𝑣)
𝑝(𝑣) − 𝜆 𝑑𝑣 = 0; (9)

∬ [3
2

𝑒(𝑣)
(𝑝(𝑣) − 𝜆)2 + v ⋅ 𝛼∗ ⋅ 𝛿𝑡=∞ ⋅ ̃𝛿𝑡=∞ ⋅ (𝑒(𝑣) − 𝜀(𝑣)) ⋅ v

𝑝(𝑣) − 𝜆 ] 𝑑𝑣 = 0, (10)

where 𝑒(𝑣) and 𝜀(𝑣) are given by the expressions

𝑒(𝑣) = ∫ 𝑈(𝑤)𝑃(w, v) 𝑑w, 𝑣2
0𝜀0(𝑣) = ∫ 𝑤2

0𝑈(𝑤)𝑃(w, v) 𝑑w,

(𝑣2
1 + 𝑣2

2)𝜀1(𝑣) = ∫(𝑤2
1 + 𝑤2

2)𝑈(𝑤)𝑃(w, v) 𝑑w, 𝜀2(𝑣) = 0.

Formulas (7), (8), (9), and (10) are sufficient for determining the quantities 𝑎∗,
𝛼∗, 𝛽, 𝜆. It is clear that, as in (3), for them one obtains expressions that do not
depend on r and v, nor on u, which simplifies their determination.

As for the quantities 𝜆′, 𝜆″, …, 𝑔, 𝑔′, 𝑔″, …, they are given by expressions (56)
from (3), and if we restrict ourselves to two terms of the series in the bracket in
(3), by expressions (57) from (3). Thus all quantities (5) have been found.

If the electric field E is not equal to zero, the solution of the Fokker—Planck
equation (2) is given by formula (3) with the replacement
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v − u ⋅ 𝛽 → v − u ⋅ 𝛽 − b, 𝛽r − u ⋅ 𝛾 − v ⋅ 𝛿 → 𝛽r − u ⋅ 𝛾 − v ⋅ 𝛿 − d, (11)

where the vectors b and d are given by

𝑏0 = 𝜒0
𝛽 (1 − 𝑒−𝛽𝑡), 𝑏1 = 𝜒1

𝛽2 + 𝜔2 (𝜔 sin𝜔𝑡 𝑒−𝛽𝑡 − 𝛽 cos𝜔𝑡 𝑒−𝛽𝑡 + 𝛽) ,

𝑏2 = 𝜒1
𝛽2 + 𝜔2 (𝜔 cos𝜔𝑡 𝑒−𝛽𝑡 + 𝛽 sin𝜔𝑡 𝑒−𝛽𝑡 − 𝜔) ,

𝑑0 = 𝜒0
𝛽 (𝛽𝑡 − 21 − 𝑒−𝛽𝑡

1 + 𝑒−𝛽𝑡 ) , 𝑑1 = ∫
𝑡

0
[ 2𝛽

1 − 𝑒−2𝛽𝑡 ( ̂𝛿1𝑏1 + ̂𝛿2𝑏2) − ( ̂𝛿1𝛾1 − ̂𝛿2𝛾2)] 𝑑𝑡,

𝑑2 = ∫
𝑡

0
[ 2𝛽

1 − 𝑒−2𝛽𝑡 ( ̂𝛿1𝑏2 − ̂𝛿2𝑏1) − ( ̂𝛿1𝛾2 + ̂𝛿2𝛾1)] 𝑑𝑡.

In this case expressions (4) and (6) remain unchanged—the same as in the ab-
sence of an electric field. Therefore we can obtain an approximate solution 𝑉0
of equation (1) in the presence of an electric field also from (3), with the re-
placement (11), preserving the method given above for finding the quantities
(5). No new constants requiring determination appear when the electric field is
included, so this method is applicable.

To obtain an idea of the accuracy of 𝑉0, one may apply reasoning of the type
given in (1).
Expression (3) and the indicated method for finding the quantities (5) may be of
importance in considering not only stationary but also nonstationary processes
in an ionized medium, since they make it possible to calculate the transport
coefficients of this medium.
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