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Abstract

Full Text
Physics
Chr. Ya. Khristov

On the Diffusion of Charged Particles in a Ho-
mogeneous Electromagnetic Field

(Presented by Academician M. A. Leontovich, 4 VI 1957)

In recently published works (173) we considered the diffusion of molecules, neu-
trons, and avalanche particles. We wrote the equations and gave approximate
expressions for the probabilities Vij(s, q,u,t,r,v)drdv that a particle of type i,
which at time s had position q and velocity u, creates at time ¢ a particle of type
j with radius vector lying between r and r + dr, and with velocity between v
and v+dv. Using the notation and results of (%), we shall write the equation for
the function V' and give a method for the approximate solution of this equation
when the particles whose diffusion we are investigating are charged and move in
a homogeneous and time-independent medium situated in a homogeneous elec-
tromagnetic field. In doing so we shall assume that the particles are identical
and that, in their collisions with the molecules of the medium, they may not
only be scattered, but also be absorbed and generate new particles, while the
motion of each particle between collisions is determined only by the prescribed
external electromagnetic field, and not by the fields of the other particles. This
process occurs, for example, in a weakly ionized plasma in a stationary state,
where ions of a given type collide with one another, as well as with other ions
and gas molecules, and in this process are not only scattered, but also recombine
and generate new ions by impact ionization (4).

The function V satisfies an equation of type (17) from (3). However, in the
present work this equation can be simplified somewhat, since the problem is
more specific. Namely:

1. In view of the fact that, in the case considered, the avalanche consists of
particles of a single type, we shall have n = 1, and the indices i, j drop
out.

2. If we assume, without loss of generality, that the magnetic field H is
directed along the z-axis, and the electric field E lies in the z,y-plane,
then the function F in equation (1) from (*) takes the form £E+ £v x H,

and integration of this equation gives, for @* and ¢* (((2) from (3))),

—

@s(ta I',V) =r+ hsﬂt(")’ ws<t7rvv) = ksft(v)7
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where (4)

hy(v)=m; +v-pu, k,v=mn,+v- v,
L X X1, , X1
my = §Xot27 my = j(l — coswt), my = —Elt + w—;smwt,
Ny = Xots n, = &sinwt, Ny = —&(1 — coswt),
w w
¢ 1 . 1 (1 "
=10 = — SIlwi, = —(1l —coswt),
Ho M o Mo o
Yo = 1, vy = coswt, Yo = —sinwt,
e e e
= —F,, =—FE,, w="—H x*. 4
Xo = —Fo X1= =P - (4)

3. In view of the homogeneity of the medium we obtain

V<s’ q7 u7 t’ r’ V) = V(t - 57 r— q7 u7 V)7 P(t7 r7 V) W) = P(V7 W)7

p(ta r, V) = p(V), M(tv r,v, S) = €xp |:

[Sp(kf(v))dT] = M(s—t,v).

For V' we obtain the integral equation

V(t,r,u,v) =06(r —h_,(v))d(u—k_,(v))M(—t,v)+

+/O/V(t—77r—hT(V),U,W)P(WJ(T)M(—T,V)dev. (1)

The approximate solution of this equation is found, in general terms, as in
(?). Therefore we shall indicate only a certain difference in the conclusions and
give the results directly. The solution is obtained by integrating (23) of (?).
However, in order to find the initial approximation Vj (24) of (?), we must
generalize not the solution of the Fokker—Planck equation (250) of () for free
Brownian motion, given by Chandrasekhar by formula (178), as we did in (*-3),
but the expression giving the analogous solution of the Fokker—Planck equation
for Brownian motion in an electromagnetic field (( ), p. 249)
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ov av+j.{(%E+%va_ﬁv)v}

v _ . _5028 ow
ot v or Ov

2270 =0, (2
2 Ov Ov (2)
First we consider the case when there is no electric field E, and put

3
Vo(t,r,u,v) = % g(l+geNt+g’eMt+ )\/JaBadasagai?ax  (3)

xexp{—At—afa(v—u-B)2—(Br—u-y—v-8)-a*-(fr—F-u—=5-v)}
Here the scalar a and the tensors «, 3,7, are functions of ¢, specified by

1
—=1—e20t By =e P, By = coswt e Bt By = sinwt e Pt
a

1—e Bt 52 cos wt 52 sinwt  w
§o=-—C 5 =—" (cthpt— 5, = P (shwt W
07 14 Bt L7 32 4 w2 (C p shﬁt)’ 27 32 4 w2 (shﬁt B)’

L _gpl=e™ 1 / (521 62) Bt 0, ()
R — — = Oy =
Qg 1+ e Pt o b LT ’ 2 ’
_l—e? —9 " B16y — By, Bdt 2 515 + B0 Pi%o * P20 gy
Yo = 1+ e_ﬂta M= b 1— 6_2[% ’ Y2 = _2[31‘
and the quantities
G/*, OZ*, B7 )‘7 )\/7 )‘/1/7"'7 9, 9/7 g//7”' (5)

* We shall denote the components of a vector 1 by lg =1, Iy =1, I, =1,. For

all tensors ¢ that we introduce, the relations e, =¢,, =¢, =¢,, =0, ¢,
€2y €4y = —€,, hold. Therefore each tensor ¢ is characterized by the quantltles
€0 = 4y €1 = Eyyr €9 = €, By € we shall denote the transposed tensor &.

are functions of u, but not of ¢, which should be determined so that V, (3) is
the best possible approximation to V for large ¢. In this case the tensor o must
be symmetric, so that aj = 0. A more general formulation, introducing factors
independent of ¢ before 3,~,d, cannot be made, because this would violate the
initial conditions at t = 0.

The solution of equation (2) is obtained from (3) for
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To obtain the equation corresponding to equations (47) and (53) from (3), we
denote here by W™ (u,v)dv the probability that, among the particles of the
m-~th generation in the avalanche produced by one particle with initial velocity
u, there is one with initial velocity between v and v+ dv. Bearing in mind that
for E=0 we have m;, =0, n, =0, M(t,v) = e Pt we obtain

W' =46(v—u), Wmtl(u,v) = /Wm(u,w) Q(w,v)dw,

where

/°° e PPk, (u),v)dt
Q(ua V) dv = 0 dv

/ /e’p<“)tP(kt(u),v) dtdv
0

is the probability of finding a particle with initial velocity between v and v 4dv
among the particles obtained in the collision of a particle with initial velocity
u.

For the time-averaged displacement between two collisions of a particle with
initial velocity u, instead of u/p(u) (3) we obtain

r(u)z/0 h, (u)e Pty (u) dt.

Let us denote by

a*3/2
P(v,u
Uu) = exp(—a*v?) #
—m3/2 /P(v,u) du
the distribution function of particles with respect to velocities for large ¢.

Then for ¢, T™, r'r’/, r'r™ + r™1’* instead of (50), (45), (51), and (52) from
(3), we find
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r'r™ 4y’ = // U(w)W™(u,v) [r(u)r(v) + r(v)r(u)] dudv.

With the aid of these formulas, instead of (47) and (53) from (3), for the equa-
tions expressing the equality of the mean displacement of particles and their
mean dispersion, computed from (3) or by Yang’ s method (%), we obtain

1 ’ 4 .
B/U(u)‘u-fyt:m‘ du:/U(u)|r (u) +r”(u) + ...| du; (7)

* The product of two vectors without a sign between them denotes their tensor
product.

1 1 v 7ol 2% 7ol %
T = g T AT AT AT AT ) (§)

For the equations expressing the condition that Vj should satisfy (1) as well as
possible for large ¢, instead of (36) and (37) from (3) we here find

B e(v) v = 0-
- [ =0 ®)

3 e(v) Ve 8 b, (e(v) —e(v)) - v .
// [Q(P(U)/\)2+ p(v) — ] dv=0, (10)

where e(v) and e(v) are given by the expressions

>

e(v) = /U(w)P(W,V) dw, vieo(v) = /w%U(w)P(w,v) dw,

(12 +12)ey (v) = / (w2 + wd)U(w)P(w,v)dw,  &5(v) = 0.

Formulas (7), (8), (9), and (10) are sufficient for determining the quantities a*,
a*, B, A. Tt is clear that, as in (3), for them one obtains expressions that do not
depend on r and v, nor on u, which simplifies their determination.

As for the quantities X', A, ..., g, ¢’, ¢”, ..., they are given by expressions (56)
from (3), and if we restrict ourselves to two terms of the series in the bracket in
(3), by expressions (57) from (3). Thus all quantities (5) have been found.

If the electric field E is not equal to zero, the solution of the Fokker—Planck
equation (2) is given by formula (3) with the replacement
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v—u-f—v—u-S—Db, fr—u-vy—v-0—=fr—u-y—v-J—d, (11)

where the vectors b and d are given by

b= %(1 —et b= 52>j:w2 (wsinwt et — Beoswte P 4 ),
by X (weoswt e Pt + Bsinwte Pt —w),

N

Xo 1—e Pt _ ¢ 273 - - < <
dy =~ (575 — 21+eﬁt> ) dy = /0 m(éﬂh + 05b9) — (8171 — d972) | dt,

t
28 . . .
dy= [ [T B = Bb) = G+ By
0

In this case expressions (4) and (6) remain unchanged—the same as in the ab-
sence of an electric field. Therefore we can obtain an approximate solution Vj
of equation (1) in the presence of an electric field also from (3), with the re-
placement (11), preserving the method given above for finding the quantities
(5). No new constants requiring determination appear when the electric field is
included, so this method is applicable.

To obtain an idea of the accuracy of V{), one may apply reasoning of the type
given in (1).

Expression (3) and the indicated method for finding the quantities (5) may be of
importance in considering not only stationary but also nonstationary processes
in an ionized medium, since they make it possible to calculate the transport
coefficients of this medium.
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