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Abstract
Full Text
MATHEMATICS

I. Z. ROZENKNOP

ON THE A. CARTAN ALGEBRA OF A POLY-
NOMIAL IDEAL
(Presented by Academician P. S. Aleksandrov, 19 XI 1956)

1. Definitions and results. In the ring of polynomials 𝑅 = 𝑅(𝑥1, … , … , 𝑥𝑚)
over a certain field, consider an ideal 𝐼 = 𝐼(𝐹1, … , 𝐹𝑛) with generators 𝐹1, … , 𝐹𝑛.
Let Λ = Λ(𝑧1, … , 𝑧𝑛) be the exterior algebra with generators 𝑧1, … , 𝑧𝑛 (i.e., the
algebra with defining relations 𝑧𝑖𝑧𝑗 = −𝑧𝑗𝑧𝑖). We grade* the algebra 𝐶 = 𝑅 ⊗Λ
by setting deg𝑥𝑖 = 𝑙𝑖, deg 𝑧𝑗 = 𝑘𝑗 (𝑙𝑖, 𝑘𝑗 are positive integers), and require that
𝐹1, … , 𝐹𝑛 be homogeneous (in the sense of this grading) of degrees, respectively,
𝑘1, … , 𝑘𝑛. Introduce in 𝐶 a differential Δ, acting in the following way:

Δ(𝑟 ⊗ 𝑧𝑖1
… 𝑧𝑖𝑘

) =
𝑘

∑
𝛼=1

(−1)𝛼𝑟𝐹𝑖𝛼
⊗ 𝑧𝑖1

… 𝑧𝑖𝛼−1
𝑧𝑖𝛼+1

… 𝑧𝑖𝑘
,

Δ(𝑟 ⊗ 1) = 0, where 𝑟 ∈ 𝑅(𝑥1, … , 𝑥𝑚).

Under these conditions we shall call the differential graded algebra 𝐶 the Car-
tan algebra (1) of the given ideal 𝐼 and denote it by 𝐶(𝐹1, … , 𝐹𝑛). The
differential Δ, acting in 𝐶, generates the homology algebra**

𝐻 = KerΔ/ ImΔ = 𝐻(𝐶) = 𝐻(𝐹1, … , 𝐹𝑛).

If, in general, 𝐴 = ∑𝑞 𝐴(𝑞) is a graded algebra over the given field, then we
denote by 𝐴(𝑡) the polynomial (or series) ∑𝑞 𝑎𝑞𝑡𝑞, where 𝑎𝑞 is the dimension of
the vector subspace 𝐴(𝑞) of the algebra 𝐴.

There is a direct decomposition 𝐶 = ∑𝑞 𝐶(𝑞), where 𝐶(𝑞) = 𝑅 ⊗ Λ𝑞 is the
subspace 𝐶 of exterior degree 𝑞 ((2), § 11). To it corresponds the decomposition
𝐻 = ∑𝑞 𝐻(𝑞), where 𝐻(𝑞) = 𝐻(𝐶(𝑞)). Hence it is obvious that

𝐻(𝑡) = 𝐻(0)(𝑡) + 𝐻(1)(𝑡) + … + 𝐻(𝑛)(𝑡).

The coefficients of 𝐻(0)(𝑡) express, for each degree 𝑝, the dimension of the quo-
tient space 𝑅/𝐼 . Their values constitute the so-called Hilbert function (of 𝑝)
(4).
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* deg 𝑐 denotes the degree of the element 𝑐.
** If 𝜑 is a mapping of 𝑀 into 𝑀 ′, then Ker𝜑 denotes the kernel of 𝜑; Im𝜑,
the image of 𝜑; Coker𝜑 = 𝑀 ′/ Im𝜑.
A relation among 𝐹1, … , 𝐹𝑛 is an equality of the form 𝑃1𝐹1 + 𝑃2𝐹2 + ⋯ +
𝑃𝑛𝐹 𝑛 = 0, where 𝑃1, … , 𝑃𝑛 are polynomials. Relations of the form (𝑃𝐹𝑖)𝐹𝑗 +
(−𝑃𝐹𝑗)𝐹𝑖 = 0, and those generated by them, will be regarded as trivial.

It is easy to see that for a trivial relation 𝑃𝑖 = ∑𝑛
𝑗=1 𝑃𝑖𝑗𝐹𝑗, where the 𝑃𝑖𝑗 are

polynomials such that 𝑃𝑖𝑗 = −𝑃𝑗𝑖. The coefficients of the polynomial 𝐻(1)(𝑡)
describe the dimensions of the quotient module of all relations among 𝐹1, … , 𝐹𝑛
by those of them which are trivial. We shall call the polynomials 𝐹1, … , 𝐹𝑛
completely independent if there are no relations among them other than the
trivial ones.*

The principal results of the paper are formulas (4) and (5). Relying on these
formulas, in a number of cases one can express 𝐻(𝑡) in terms of 𝐻(0)(𝑡). We
shall start from completely independent 𝐹1, … , 𝐹𝑛, whose number is equal to the
number of unknowns: 𝑚 = 𝑛. According to property 1) of § 2, 𝐻(𝐹1, … , 𝐹𝑛) =
𝐻(0). Let 𝐹𝑘 be the polynomials obtained from 𝐹𝑘 for 𝑥𝑛 = 0. Then for the
algebra 𝐻(𝐹1, … , 𝐹𝑛) we have: 𝐻(𝑡) = 𝐻(0)(𝑡) + 𝐻(1)(𝑡), where

𝐻(0)(𝑡) − 𝐻(1)(𝑡) = (1 − 𝑡𝑘1) … (1 − 𝑡𝑘𝑛)
(1 − 𝑡𝑙1) … (1 − 𝑡𝑙𝑛−1) . (A)

Next, let ̃̃𝐹 𝑘 be obtained from 𝐹𝑘 for 𝑥𝑛−1 = 𝑥𝑛 = 0. Then for the algebra
𝐻( ̃̃𝐹 1, … , ̃̃𝐹 𝑛) we shall have: 𝐻(𝑡) = 𝐻(0)(𝑡) + 𝐻(1)(𝑡) + 𝐻(2)(𝑡), where

𝐻(0)(𝑡) − 𝐻(1)(𝑡) + 𝐻(2)(𝑡) = (1 − 𝑡𝑘1) … (1 − 𝑡𝑘𝑛)
(1 − 𝑡𝑙1) … (1 − 𝑡𝑙𝑛−2) , 𝐻(2)(𝑡) = 𝑡𝑀𝐻(0)(1

𝑡 ) ,
(B)

where 𝑀 = 𝑘1 + 𝑘2 + ⋯ + 𝑘𝑛 − 𝑙1 − 𝑙2 − ⋯ − 𝑙𝑛−2.

As was shown in Cartan’s paper (1) (see also (2), § 25), the cohomology algebra
(over the field of rational numbers) of any homogeneous space 𝔐 = 𝔊/𝔊′ of
conjugacy classes of a compact Lie group 𝔊 (of rank 𝑛) with respect to its closed
subgroup 𝔊′ (of rank 𝑚 = 𝑛−𝑠) coincides with the algebra 𝐻(𝐹1, … , 𝐹𝑛) under
a suitable choice of the polynomials 𝐹1, … , 𝐹𝑛. In topological applications the
degrees 𝑙𝑖 and 𝑘𝑗 = deg𝐹𝑗 are even, and (in distinction to the grading introduced
by us) deg 𝑧𝑗 = 𝑘𝑗 − 1. Therefore, in our notation the Poincaré polynomial of a
homogeneous space takes the form:

Π(𝑡) = ∑
𝑞

1
𝑡𝑞 𝐻(𝑞)(𝑡).
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In cases where the rank of the subgroup 𝔊′ is smaller by 1 or by 2 than the
rank of the group 𝔊, one can show that formulas (A) and (B) are applicable
and, consequently, the polynomial Π(𝑡) is completely determined by its part
𝐻0(𝑡) (i.e. by the characteristic subalgebra of the cohomology algebra of the
homogeneous space (1,2)).
In what follows we shall consider the Cartan algebra and its cohomology al-
gebra as graded vector spaces, disregarding their multiplicative structure. By
homomorphisms we shall mean linear mappings (but not homomorphisms of
algebras).

2. Complete independence of polynomials. It is easy to see that complete
independence (see above) is invariant under a linear change of the unknowns
and, for a given ideal, does not depend on the choice of generators. We note
several properties connected with this notion.

* This definition is preferable to that given in (5). It is not difficult to show that
complete independence is equivalent to the absence of relations in Borel’s sense
(2) (but Borel’s very notion of relation differs from ours).

1) If 𝐹1, … , 𝐹𝑛 are completely independent, then

𝐻(𝑖)(𝐹1, … , 𝐹𝑛) = 0 for 𝑖 ⩾ 1, 𝐻(0)(𝑡) = (1 − 𝑡𝑘1) ⋯ (1 − 𝑡𝑘𝑛)
(1 − 𝑡𝑙1) ⋯ (1 − 𝑡𝑙𝑛) . (1)

(see (3), § 58; (4), §§ 142 and 152).

2) For 𝑛 = 𝑚 the series (1) (for completely independent 𝐹1, … , 𝐹𝑛) is finite,
i.e. is a polynomial in 𝑡.

3) The number of completely independent polynomials cannot exceed the
number of unknowns: 𝑛 ⩽ 𝑚.

4) Let 𝐺1, … , 𝐺𝑛 be arbitrary polynomials in 𝑥1, … , 𝑥𝑚. Then one can find
completely independent polynomials 𝐹1, … , 𝐹𝑚 in 𝑥1, 𝑥2, … , 𝑥𝑚, 𝑥𝑚+1, … , 𝑥𝑚+𝑝,
from which 𝐺1, … , 𝐺𝑛 are obtained by setting 𝑥𝑚+1 = ⋯ = 𝑥𝑚+𝑝 = 0.
In general one cannot require that the degrees of 𝑥𝑚+1, … , 𝑥𝑚+𝑝 be
prescribed in advance (if we require the homogeneity of 𝐹1, … , 𝐹𝑛), but
they may be taken, for example, equal to 1.

3. The Koszul module. Let several linear operators 𝜀1, 𝜀2, … , 𝜀𝑠 act in
a vector space 𝑅, commuting with one another: 𝜀𝑖𝜀𝑗 = 𝜀𝑗𝜀𝑖. Let, further,
Λ = Λ(𝑧1, … , 𝑧𝑠) be the exterior algebra with generators 𝑧1, … , 𝑧𝑠. In the space
𝑅 ⊗ Λ introduce a differential Δ, putting:

Δ(𝑟 ⊗ 𝑧𝑖1
⋯ 𝑧𝑖𝑡

) =
𝑡

∑
𝛼=1

𝜀𝑖𝛼
𝑟 ⊗ 𝑧𝑖1

⋯ 𝑧𝑖𝛼−1
𝑧𝑖𝛼+1

⋯ 𝑧𝑖𝑡
,
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Δ(𝑟 ⊗ 1) = 0, 𝑟 ∈ 𝑅.

The differential space so obtained 𝐶 = 𝐶(𝑅, 𝜀1, … , 𝜀𝑠) will be called the 𝐾-
module of the space 𝑅 (6); its homology space will be denoted by 𝐻(𝐶) =
𝐻(𝑅, 𝜀1, … , 𝜀𝑠). The previously introduced space of the Cartan algebra is a
special case, when 𝑅 is the space of polynomials and 𝜀𝑖 is the operator of mul-
tiplication by 𝐹𝑖.

Homomorphism of embedding. Denote 𝐶(𝑝) = 𝐶(𝑅, 𝜀1, … , 𝜀𝑝), 𝐻(𝑝) =
𝐻(𝐶(𝑝)) (𝑝 ⩽ 𝑠). The operator 𝜀𝑖 (𝑖 > 𝑝) acts in 𝐶(𝑝) by the formula 𝜀𝑖(𝑟 ⊗ 𝑧) =
𝜀𝑖𝑟⊗𝑧. Since 𝜀𝑖Δ = Δ𝜀𝑖, 𝜀𝑖 also acts in 𝐻(𝑝). Further denote by 𝐻(𝑞)

(𝑝) = 𝐻(𝐶(𝑞)
(𝑝)),

where 𝐶(𝑞)
(𝑝) is the subspace of 𝐶(𝑝) of exterior degree 𝑞.

Consider the embedding 𝜉 ∶ 𝐻(𝑝) → 𝐻(𝑝+1). It is easy to see that 𝐻(𝑝+1) =
(𝐻(𝑝), 𝜀𝑝+1). Hence the isomorphisms are obtained:

Ker 𝜉(𝐻(𝑞)
(𝑝)) ≃ Im 𝜀𝑝+1(𝐻(𝑞)

(𝑝)); Coker 𝜉(𝐻(𝑞)
(𝑝+1)) ≃ Ker 𝜀𝑝+1(𝐻(𝑞−1)

(𝑝) ) (2)

(in parentheses are indicated the spaces with respect to which the corresponding
operator is considered).

Duality. Consider the space 𝑅∗, dual to 𝑅, and the operators 𝜀∗
𝑖 , adjoint to 𝜀𝑖,

acting in 𝑅∗. Let Λ(𝜁1, … , 𝜁𝑠) be the exterior algebra with generators 𝜁1, … , 𝜁𝑠.
Introduce a scalar product between 𝑅 ⊗ Λ(𝑧1, … , 𝑧𝑠) and 𝑅∗ ⊗ Λ(𝜁1, … , 𝜁𝑠),
putting: (𝑟 ⊗ 𝑧𝑖1

⋯ 𝑧𝑖𝑘
, 𝑟∗ ⊗ 𝜁𝑗1

⋯ 𝜁𝑗𝑙
) = ±(𝑟, 𝑟∗), if (𝑖1 … 𝑖𝑘, 𝑗1 … 𝑗𝑙) is a permuta-

tion of 1, 2, … , 𝑛; the sign is chosen depending on its parity. In all other cases
we set the scalar product equal to zero.

Let Δ∗ be the operator adjoint to Δ with respect to this scalar product. It is
proved that Δ∗ acts in 𝑅∗ ⊗ Λ(𝜁1, … , 𝜁𝑠) with respect to the operators 𝜀∗

1, … , 𝜀∗
𝑠

by the same formulas (up to sign) as Δ. Hence one obtains the isomorphism

𝐻(𝑞)(𝑅, 𝜀1, … , 𝜀𝑠) ≃ 𝐻(𝑠−𝑞)(𝑅∗, 𝜀∗
1, … , 𝜀∗

𝑠). (3)
4. The theorem on the alternating sum. For an arbitrary Cartan alge-

bra 𝐶(𝐹1, … , 𝐹𝑛) the formula

∑
𝑞

(−1)𝑞𝐻(𝑞)(𝑡) = (1 − 𝑡𝑘1)(1 − 𝑡𝑘2) ⋯ (1 − 𝑡𝑘𝑛)
(1 − 𝑡𝑙1)(1 − 𝑡𝑙2) ⋯ (1 − 𝑡𝑙𝑚) . (4)

holds. If the generators of the ideal are completely independent, then (4) reduces
to (1). In the general case formula (4) is proved by induction on 𝑛, using the
exact sequence of the embedding 0 → Ker 𝜉 → 𝐻(𝑛−1) → 𝐻(𝑛) → Coker 𝜉 → 0
and the isomorphisms (2).
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5. Reduction to the quotient space. Let 𝐹1, … , 𝐹𝑛(𝑥1, … , 𝑥𝑚) be com-
pletely independent; 𝐹1, … , 𝐹𝑛 are obtained from them by setting 𝑥1 =
𝑥2 = ⋯ = 𝑥𝑠 = 0. Denote

𝐿 = 𝑅(𝑥1, … , 𝑥𝑚)
𝐼(𝐹1, … , 𝐹𝑛) .

We shall regard the unknowns 𝑥1, … , 𝑥𝑠 as operators acting in 𝐿.
Theorem. There is an isomorphism

𝐻(𝑞)(𝐹1, … , 𝐹𝑛) ≅ 𝐻(𝑞)(𝐿, 𝑥1, … , 𝑥𝑠),

where 𝐻(𝑞)(𝐹1, … , 𝐹𝑛) is the homology space of the Cartan algebra of the ideal
(𝐹1, … , 𝐹𝑛) in the ring 𝑅(𝑥𝑠+1, … , 𝑥𝑚); 𝐻(𝑞)(𝐿, 𝑥1, … , 𝑥𝑠) is the homology space
of the 𝐾-module of the space 𝐿 relative to the operators 𝑥1, … , 𝑥𝑠.

Corollary. 𝐻(𝑞)(𝐹1, … , 𝐹𝑛) = 0 for 𝑞 > 𝑠.
6. Duality in the homologies of the Cartan algebra. Consider an

ideal 𝐼 with completely independent generators whose number is equal to
the number of unknowns: 𝑛 = 𝑚. In the space 𝑅∗(𝑥1, … , 𝑥𝑛), dual to
𝑅(𝑥1, … , 𝑥𝑛), consider the annihilator 𝐿∗ of the ideal 𝐼(𝐹1, … , 𝐹𝑛). It is
invariant with respect to the operators 𝑥∗

𝑖 , conjugate to the multiplication
operators 𝑥𝑖. Clearly, 𝐿 = 𝑅/𝐼 and 𝐿∗ may be regarded as dual spaces in
which 𝑥𝑖 and 𝑥∗

𝑖 will be conjugate operators.

It is easy to see that in the space 𝐿∗ there is a unique (up to a factor) element
Ω of degree 𝑁 = 𝑘1 + 𝑘2 + ⋯ + 𝑘𝑛 − 𝑙1 − ⋯ − 𝑙𝑛. Let 𝑃 be an element of 𝐿 of
degree 𝑝; we assign to it an element of 𝐿∗ of degree 𝑁 − 𝑝 in the following way:
if 𝑃 is a representative of 𝑃 , then put 𝜂(𝑃 ) = 𝑃 ∗Ω, where 𝑃 ∗ is the operator
conjugate to the operator of multiplication by 𝑃 . It can be proved that 𝜂 is an
isomorphism of vector spaces, and moreover 𝜂𝑥𝑖 = 𝑥∗

𝑖𝜂 for the multiplication
operator 𝑥𝑖. Consequently, 𝜂 realizes an isomorphism of the homology spaces

𝐻(𝑞)(𝐿, 𝑥1, … , 𝑥𝑠) and 𝐻(𝑞)(𝐿∗, 𝑥∗
1, … , 𝑥∗

𝑠).

In view of the duality of item 3 we obtain the isomorphism

𝐻(𝑞)(𝐿, 𝑥1, … , 𝑥𝑠) ≅ 𝐻(𝑠−𝑞)(𝐿, 𝑥1, … , 𝑥𝑠).

Hence the following result is obtained:

Theorem. Suppose that the generators of the ideal 𝐼(𝐹1, … , 𝐹𝑛) are obtained
from 𝑛 completely independent polynomials in 𝑛 unknowns if one sets 𝑥𝑛 =
𝑥𝑛−1 = ⋯ = 𝑥𝑛−𝑠+1 = 0. Then

sovietrxiv.org/items/ru-195701.29191 Machine Translation

https://sovietrxiv.org/items/ru-195701.29191


𝐻(𝑠−𝑞)(𝑡) = 𝑡𝑀𝐻(𝑞)(1
𝑡 ) , (5)

where

𝑀 = 𝑘1 + 𝑘2 + ⋯ + 𝑘𝑛 − 𝑙1 − 𝑙2 − ⋯ − 𝑙𝑚

(in the notation of item 1).
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