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Abstract

Full Text
MATHEMATICS
A. G. VITUSHKIN

SOME ESTIMATES FROM THE THEORY OF
TABULATION

(Presented by Academician A. N. Kolmogorov on 25 XII 1956)

Let a function f of some family F' be given, which must be entered into the
memory of a machine or, for example, a table of p numbers must be compiled
for it, from which f could be reconstructed with a prescribed accuracy e, while
spending no more than k elementary operations on the computations. From the
definition of entropy

HL(F) = log N.(F)+
it is easy to obtain that, for any method of representing a function about which
we know only that it belongs to F, at least p, > H_(F') binary digits must be
expended to store it (1).

H_(F) binary digits are already sufficient to express a function f € F with
accuracy up to €, but in this case, generally speaking, it is unclear how, from
these binary numbers, to arithmetically reconstruct the value of the function
at a given point. This example shows that it is usually important to know not
only the amount of information contained in the object under study, but also
how complicatedly this information is given to us, i.e., for example, how many
elementary operations must be expended in order, from the given p numbers
determining a function from F', to obtain its value everywhere in the domain of
definition.

For the simplest functional spaces it turns out that the number p of real pa-
rameters to be stored and the number k of elementary operations necessary for
computing a function from F' with accuracy up to € must satisfy the inequality:

plogk > AH_(F),

where A > 0 is an absolute constant.
Let us formulate more concretely the problem considered here.

Definition. Let F' be some collection of real functions f, defined on a set
G. An e-representation of this family will mean an arbitrary set of piecewise-
rational functions 7y ;(y) with common barrier of order ¢ (), defined on the
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p-dimensional Euclidean space E,, such that for every function f(x) from F
one can indicate at least one set of real numbers {y;,9s,...,¥,} =y € E,, for
which, for every = € G,

|f(z) =72 (y)| < e

* Here and throughout below we shall mean the binary logarithm. N_(F) is the
cardinality of the minimal e-net of the space F in the metric C (1).

In this case, in each of the 2! regions specified by the barrier,

l
Py, Pk, Pk, = 0 (Z k; = Q) .

i=1

The function 77, (y) has the form

PP (y)
x _x,B1,89,08 _  xB _ k Y

(y) =1y =1 (y) = —5,
Q" (y)

where, for all z € G and 8 = B, By, .., B (B; = £1, i = 1,2,...,1), P*?(y) and

Qi’ﬁ (y) # 0 are polynomials in y of degree not exceeding k, whose coefficients
depend arbitrarily on z.

Apparently, all the most natural methods of tabulation are e-representations
in the indicated sense. Indeed, every such method is usually reduced to the
following: by applying arithmetic operations, for certain values of prescribed
parameters we compute a preassigned group of formulas. The obtained val-
ues are compared with a preassigned set of constants, or else these values are
compared with one another, and, depending on the answers obtained from the
comparisons, some of the computed parameters are substituted into one of the
groups of formulas fixed in advance, and so on. Repeating this process several
times, we obtain the desired result. Such methods, obviously, fit within the
framework of the present definition.

Let us fix some e-representation of the family F'. Choose in G some finite set of
points {z;} (i = 1,2,...,m), and denote by 9 the projection of the space F into
the m-dimensional Euclidean space E,,, which assigns to each function f(z)
the point t = tq,...,t,, of E,, with coordinates {t; = f(x;)}. Put f = ¢(F).
The functions {t, = rjfk(y)} define for us a mapping of E, into E,, (see the
definition). Denote this mapping by ® and put e = ®(E,,). Since the functions
{rg x(y)} realize an e-representation of the family F', e approximates the set f
with accuracy up to ¢, i.e. every regular (?) m-dimensional cube from E,, with
center on f and side length greater than 2¢ must contain points from e. Then,
assuming in what follows that m > p, from Lemma 6 (2) we obtain
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)

)1“‘125m<f>iu’11)‘25(f)

[5m(g+1)(k+q+1)F > (é

where pf(f) is the maximum, over 4, of the quantity

log Nd (f7) .
—logd ’

Nd(f{) is the cardinality of a minimal d-net in the sense of the metric C of the
projection f; of the set f onto the i-th coordinate plane of dimension k. From
the last relation we obtain

2plog[sm(q + 1)(q + k + 1)] > log(12¢)2" () =mize (1), (A)

Definition. The family F shall be called a C-space if it satisfies the following
two conditions:

a) the metric order u(F), equal to

loglog N_(F')
sup [ —loge

(in the sense of the metric C') is finite;

b) there exist two positive constants, independent of €, d < 1 and a > 1,
such that for every € > 0, in the domain of definition of the functions of
the family under consideration, one can indicate a set G, consisting of
no more than m = aH_(F') points {x,}, with the property that every pair
of functions from F' that coincide on G, with accuracy up to de turn out
everywhere on G to coincide with accuracy up to €.

Theorem 1. Let F' be a uniformly bounded family of functions that is a C-
space. Then the numbers ¢, p, q, k of an arbitrary e-representation™ of this family
(e < 1/2) must satisfy the inequality

k 1
plog% > AHE(F>7

where H_(F) =log N.(F); A > 0 is a constant determined by the metric prop-
erties of F' and independent of the parameters of the representation.

Indeed, in the construction given above put m = aH;,.(F), and choose the
points {x;} in such a way that item b) holds. Then Nyy (f) > N, (F'), where
v =12¢/d (see b)), i.e. ufs (f)(—log12e) > H. (F). Then from inequality (A)
we obtain
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dplog(k +q +1) > —log 12¢ [ufy. (f) — pifs. (f)] — 2qlog(5m) >

3C
> HA/(F) —plOg T2€ - 2p10g[50&H126(F)],

where C'is a constant bounding the maximum of the modulus of functions from
F,and p <m.

From the inequality obtained, taking into account that for 5 > 1

1\ HE) 1\ M)
HE<F>2H55(F)2(B) H.(F) and HlQE(F)§<r2€> ,

we obtain that for p < m

1 1
dplog(k+q+1) > A H (F) — Agplogg — Agplog .

i.e.

plog (%) > AyH_(F);

for p > m we obtain

since € < 1/2.

Taking A to be the minimum of A, and A;, we obtain from the last inequalities
the assertion of the theorem.

In some cases the estimate given in Theorem 1 can be improved by removing
€ from the left-hand side of the inequality. This can be done, for example,
when the number of values of functions from F' is determined mainly not by the
entropy of F', but by certain properties of functions from F', for example, their
smoothness. We shall prove this in one particular case.

Denote by F i L) 11 the space of all real functions defined on the n-dimensional
closed unit cube I, bounded on I,, above and below by the constant ¢;, and
having everywhere on this cube partial derivatives of all orders from 1 to [,
satisfying a Holder condition with exponent « and constant ¢, (the metric is

taken to be C).

Theorem 2. The numbers €,p, g,k of an arbitrary e-representation of the

family F<” must satisfy the inequality

H47),e15¢0
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Ita

plog(k+q+1) 23(%) > CH_(F}

(H—a),cl,cz)’

where B > 0 and C > 0 are constants depending only on n, [, ¢y, c,.

* We note that the assertion of the theorem remains valid if the barrier of the
e-representation is allowed to depend on .

Proof. In the construction presented, put

1\ Ta
-
5

and distribute the points x; uniformly in I,,. Denote by to the regular cube from
E, , with center at the origin and side length 2Ce (C' < 12, see Theorem 1 in

mo

(?)). We fix By so small that

wC f=1q (F(7{+a),01762) ’

Then from Theorem 1 (%), Lemma 5 (?), and the fact that e = ®(E,) must
approximate f with accuracy up to e, we obtain

2Ce
mR/Cm2(q +1)P(2q + 2k + 1)

< 2,
p

whence it is not difficult to derive the first half of the inequality of the theorem
being proved. The second half of this inequality was proved by A. N. Kolmogorov
in (1).

Denote by F _, the space (in the sense of the metric C) of all functions an-
alytic on I, not exceeding on I, in modulus, the number d > 0, and having
convergence coefficient 7 > 1; i.e., for every k, for every function f from FZ . ,,
one can indicate a polynomial of degree k approximating f everywhere on I,
with accuracy up to 1/r*.

Theorem 3. The numbers €,p, k,q of an arbitrary e-representation of the
family F7 |, must satisfy the inequality

k 1 1 n+1
plog% > BH_(F,, 4) =2 C [log g} ;

where B > 0 and C' > 0 are constants independent of .

The proof is analogous to the proof of Theorem 2.
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Remark. From the results given here it follows quite clearly that it is impossi-
ble to devise a method of tabulation which, for the simplest functional spaces,
would be essentially better than interpolation methods.* Indeed, for interpola-
tion methods ¢ = 0, since at every point x € I,, the function is computed as a
polynomial according to a common formula (for all functions); the number & of
arithmetic operations is finite and does not depend on €, while the number of
numbers to be stored has order

1\ Tra
(g) = CHe(Fanra,cth)’

i.e., the parameters of the interpolation method turn the inequality of Theorem
2 into an equality (up to a factor on the right-hand side). This means that the
“complexity” plog(k + g + 1) for any e-representation of the family Fg ) 1065
is no less than the corresponding expression for interpolation methods.
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* Here are meant methods based on approximating functions by polynomials in
x, the coefficients of which are determined by the values of the function being
computed at certain previously fixed points.
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