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Abstract
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MATHEMATICS
Yu. P. KRIVENKOV

REPRESENTATION OF SOLUTIONS OF THE
EULER-POISSON-DARBOUX EQUATION BY
ANALYTIC FUNCTIONS

(Presented by Academician M. A. Lavrent ev on 9 IV 1957)

In the present article, for the equation

aQ—w—i—aQ—w—i—Ea—w—O ¢ = const (1)
ox2 oy yoy N ’

for values of ¢ belonging to the interval 0 < ¢ < 1, the results set forth in the
article (1) are strengthened. In the notation adopted there, for any domain T
adjoining an interval L of the axis Oz, the following theorem is proved.

Theorem 1. If a solution w(x,y) of equation (1), belonging to the class Co(T),
or the limit

ow
lim y° —

(2)

takes analytic values in x on the interval L, then there exists a domain o,
adjoining L, in which the solution can be represented in the form

-
+v (1—%) <1zc> C/O ¢[x[4;(ii/(_1;)]2072)]d0. )

In this expression ¢(z) and ¥ (z) are functions analytic in o U L U &, satisfying
on L the conditions

p(x) = w(z,0). (4)
w(:”):i%(lg(;)c%' (5)
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Proof. In the case when the solution is analytic on L, the function ¢(z) =
w(x,0) is analytically continued to complex values, forming in some domain
¢’ UL UG’ an analytic function ¢(z). In ¢’ consider the open semicircle 7 of
radius p, adjoining the interval ab (or [) of the axis Ox and bounded, for y > 0,
by the semicircle ~.

Using the values of w(z,y) on the boundary of the semicircle v Ul U {a,b},
we solve problem D in 7 (?). We seek its solution in the form of the sum
wy(z,y) + wy(x,y), where wy(x,y) has the form of the first term of expression
(3), in which ¢(z) is just the analytic function considered.

We note the following property of solutions of equation (1). If w(x,y) satisfies
equation (1) for ¢ = 2—23 and y > 0, then the expression y'~?$w(z,y) will also
satisfy (1) for ¢ = 2.

We seek wy(x,y) in the form y'~2fw}(z,y), where wj(x,y) is a solution of
equation (1) for ¢ = 2 — 23, belonging to the class Cy(7), continuous on ~, and
taking on ~ the values

(1 y2ﬂ>231 i@, y) = wi (@, y)]- (6)

— 0

If on v we introduce the variable t = , then expression (6) on vy will be

p
a function F(t), defined on the interval (—1,1). Generally speaking, on this
interval F(t) is unbounded, but (1 —#2)/2-8F(t) is always bounded. Therefore,
on the basis of work (%), F(t) can be expanded in the series

ZaClﬂ

converging uniformly on every segment [—1 44,1 —4d] (0 < d < 1).

To construct wi(x,y) in 7, we apply the method used in work (1). We obtain
an expression for wi(z,y) in 7 in the form

wieg) = (1- ) / he i, ")

where 1¥(z) is a function analytic in 7 Ul U7, real on I. Moreover, we find
that wi(x,y) is continuous on 7 and takes on ~ the values (6), while the ex-
pression yl’ww;(x, y) is bounded in 7. Consequently, the constructed solution
w*(x,y) = wq(x,y) +wsy(x,y) in the form (3), where ¢(z) and ¢)(z) are functions
analytic in 7 UIUT, belongs to the class Cy(T), is continuous on +, and on { U~y
takes the values w(z,y). And since w*(z,y) is bounded in 7, it is proved by
the usual barrier method (?) (v = —In(2? + y?)) that w(x,y) = w*(z,y) in T,
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i.e. w(z,y) is representable in 7 in the form (3). Since every point of the inter-
val [ is an interior point of the domain of definition of the functions ¢(z), ¥(2),
and on [ the functions ¢(z), ¥(2) satisfy the relations (4), (5), it follows, by the
uniqueness property of analytic functions, that ¢(z) and ¥(z) in the expression
(3) are unique. The latter means that the representation of w(z,y) in the form
(3) is unique. Considering the representations of w(x,y) in the collection of
semicircles 7,, adjacent to L, we obtain the representation of w(z,y) in the form
(3) in a certain domain ¢ adjacent to L.

The second case of the theorem is proved analogously.

Corollary. If the solution w(z,y) is analytic in  on L, then the limit (7) is
analytic in x on L, and conversely.

Two functions w(z,y) and w*(x,y), defined in T, will be called conjugate if
they belong to the class Cy(T) and on L satisfy the relations

. ow . LOuw*
w0 =0, e =t

Theorem 2. For the representability of a solution w(z,y) of equation (1), for
0 < ¢ < 1, belonging to the class Cy(T'), where T' € B, in the form (3), it is
necessary and sufficient that at least one of the following conditions be fulfilled:

a) the existence in T of a conjugate solution;

b) the existence of a function analytic in T satisfying condition (4) on the
interval L;

¢) the existence of a function analytic in T' and satisfying condition (5) on
the interval L.

We shall first carry out the proof for case b) of the theorem. In this case, by the
preceding, there exists a domain ¢ adjoining the interval L in which the solution
is represented in the form (3), where ¢(2) is a function analytic in TU L UT,
and 1(z) is analytic in ¢ U L U@. From this representation it is clear that the
solution w(x,y) extends to complex values of z and ¢ in the form

U(Z,C)zw(z_gc;z;ic> (8)

to the domain
{z€eoULU7, (€¢ocULUT, Imz>Im(}

or to the domain Q(c). Moreover, the real solution w(z,y) defined in T extends,
by a theorem of I. N. Vekua (4), to complex values of z and ¢ in the form (8)
in the bicylindrical domain {z € T, ¢ € T'}, or in the domain B(T'). Therefore
w(x,y) determines an analytic function U(z,{) in the sum of the domains Q(o)
and B(T).
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The expression (3), extended to complex values of z and ¢ in the form (8), may
be written as

) — Yol + (¢ —2)0]do
g [ Y E= aedde 0.0 =0 [ TEE )
o) [0'(1 - U)]ﬁ z2—( 1-28 ’
B

We choose that branch of the expression in the denominator of the right-hand
side which is real and positive for real and positive i(¢ — z).

Equality (9) is valid in the domain Q(o), but its left-hand side is defined in
B(oc U LU7®), and the right-hand side in the sum of Q(o) and B(T). Since
the right-hand and left-hand sides separately represent analytic functions of
two complex variables z and ¢ in the corresponding domains and coincide in
the bicylindrical domain B(c), they both represent one analytic function of two
complex variables V(z, (), defined in the sum B(cULU7) and B(T). For values
¢ = Z this function V(z,Z) is a real solution of equation (1) with ¢; =2—¢>1
of class Cy(T), and therefore, by (*), is represented in 7" in the form of the left-
hand side of expression (9), in which 1(z) is a function analytic in the domain
TULUT and having real values on L. Constructing with its aid the expression
(3), we obtain the required representation. The proof of the theorem in case c)
is carried out in a similar way.

In case a) consider the half-sum w, (z,y) and the half-difference wy(x,y) of the
conjugate solutions. Both belong to the class Cy(T) and have the following
properties: the half-sum w, (z,y) on L has the zero boundary value (5), while
the half-difference wy(x,y) is equal to zero on L, i.e. wy(x,0) = 0. Therefore,
in accordance with conditions ¢) and b) of Theorem 2, they are represented in
T in the form (3), where ¥(z) = 0 in the first case and ¢(z) = 0 in the second.
Hence the solution itself

w(z,y) = wy(2,y) + wy(z,y)

is represented in the form (3). According to the remark to Theorem 1, the
representation is unique.

Corollary. Every solution of class Cy(T') of equation (1) for 0 < ¢ < 1, repre-
sentable in T in the form (3), analytically extends

in the form (8) to the following domain of two complex variables z and (:

zeD
ceD , D=TULUT.

Imz>Im(
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In the domain D = T U LU T, where T € B, consider the class of functions
Cy(D). To it we assign every pair of functions belonging, respectively, to the

- 0
classes Cy(T') and Cy(T') and forming in D, together with the expression |y|ca—w,
Y
a single continuous function.

Theorem 3. Every solution w(z, y) of class Cy(D) of equation (1), for 0 < ¢ < 1,
is represented in D in the form

1 . 9y .
wey) = (3) /0 . [Jf’flﬂﬁcﬁld +

1—c 1 . — 9% o
+Signy‘7(1*§) (1@0) /0 # [J;(iy(—lg);/zﬂd ’ (10)

where ¢(z) and 1(z) are functions analytic in D, satisfying on L, respectively,
condition (4) and the condition

)
o(e) = tmy (2 ) 5. (11)

Proof. Since, according to the definition of the class Cy(D), the solution w(z,y)
consists of two functions w'(z,y) and w?(z,y), defined, respectively, in T" and
T, and since equation (1) does not change under the replacement of y by —,
the function w(z,y) = w?(x, —y), defined in T, is a solution of equation (1) for
0 < ¢ <1 and has on L the properties

B ow' ow
1 _ : c — _ i c
w'(z,0) = w(z,0), lim y e lim y 3y

i.e. w(z,y) is the solution of equation (1) in T conjugate to w!(z,y).

Consequently, w(x, y) is represented in T in the form (10), where p(z) and (z)
are functions analytic in D and taking real values on L. Representing w(z,y)
by this method also in the domain T, we obtain a representation of w(z,y) in
the domain D = T'U LUT, which in both cases is written in the form (10). By
the preceding result the representation is unique, as was required to prove.

I express my gratitude to I. N. Vekua for posing the problem and for guidance,
and also to V. I. Karabegov and L. V. Ovsyannikov for a number of valuable
comments.
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