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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1957. Volume 117, No. 6

MATHEMATICS
G. M. ZHISLIN

ON THE EXISTENCE OF EIGENFUNCTIONS
FOR THE SCHRÖDINGER EQUATION
(Presented by Academician V. I. Smirnov on 21 VI 1957)

In the present note we consider the question of the existence of eigenfunctions
of the Schrödinger equation

𝐻𝜓 = 𝐸𝜓, 𝐻𝜓 = −
𝑛

∑
𝑖=1

𝑎𝑖Δ𝑖𝜓 −
𝑛

∑
𝑖=1

𝑏𝑖
𝜓
𝑟𝑖

+
1,𝑛
∑
𝑖<𝑗

𝑐𝑖𝑗
𝜓
𝑟𝑖𝑗

. (1)

Here 𝜓 = 𝜓(𝑃) is the wave function of the system, defined in the whole Euclidean
space 𝑅3𝑛 of the variables 𝑥𝑖, 𝑦𝑖, 𝑧𝑖, 𝑖 = 1, 2, … , 𝑛; 𝑃 (𝑥1 … 𝑥𝑛, 𝑦1 … 𝑦𝑛, 𝑧1 … 𝑧𝑛)
is an arbitrary point of 𝑅3𝑛; 𝐸 is the value of the energy of the sys-

tem in the state 𝜓; Δ𝑖 = 𝜕2

𝜕𝑥2
𝑖

+ 𝜕2

𝜕𝑦2
𝑖

+ 𝜕2

𝜕𝑧2
𝑖
; 𝑟𝑖 = √𝑥2

𝑖 + 𝑦2
𝑖 + 𝑧2

𝑖 ;

𝑟𝑖𝑗 = √(𝑥𝑖 − 𝑥𝑗)2 + (𝑦𝑖 − 𝑦𝑗)2 + (𝑧𝑖 − 𝑧𝑗)2; 𝑎𝑖, 𝑏𝑖, 𝑐𝑖𝑗 are positive numbers,
1 ≤ 𝑖 < 𝑗 ≤ 𝑛; equation (1) is considered in the whole space 𝑅3𝑛.

For 𝑛 = 1 the eigenfunctions and eigenvalues of equation (1) are known (1).
For 𝑛 = 2, for particular values of the coefficients corresponding to the helium
atom*, the existence of a countable sequence of eigenvalues of equation (1) was
proved by Kato (2). For 𝑛 > 2 the question of the existence of eigenvalues of
equation (1) had not been studied.

Below a proof is given of the existence of a countable sequence of eigenvalues
for systems of general form defined by equation (1)**.

Main theorem. Let the coefficients 𝑏𝑖 and 𝑐𝑖𝑗 of equation (1) satisfy the
inequalities

𝑏𝑖 >
1,𝑛
∑
𝑗≠𝑖

𝑐𝑖𝑗, 𝑖 = 1, 2, … , 𝑛. (2)
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Then there exists an infinite sequence of eigenvalues of equation (1); the multi-
plicity of each of them is finite; the eigenfunctions are differentiable any number
of times and satisfy equation (1) at every point lying on none of the manifolds
𝑟𝑖 = 0, 𝑖 = 1, 2, … , 𝑛; 𝑟𝑖𝑗 = 0, 1 ≤ 𝑖 < 𝑗 ≤ 𝑛.

1. For the proof of this theorem it is sufficient to consider only real functions.
Let 𝜓(𝑃 ) and 𝜑(𝑃) be measurable functions in 𝑅3𝑛. Introduce the following
notation:

(𝜓, 𝜑) = ∫
𝑅3𝑛

𝜓𝜑 𝑑Ω, ‖𝜓‖2 = (𝜓, 𝜓), ℒ2(𝑅3𝑛) = {𝜓(𝑃), ‖𝜓‖ < +∞}.

* 𝑎1 = 𝑎2 = ℏ2 ⋅ 2𝑚−1, 𝑏1 = 𝑏2 = 2𝑒2, 𝑐12 = 𝑒2, where 𝑒 and 𝑚 are the charge
and mass of the electron, ℏ is Planck’s constant divided by 2𝜋.
** In particular, the systems considered include all atoms and ions, if one as-
sumes that their nuclei are fixed.

We shall say that a function 𝜓 belongs to the space 𝑊 1
2 (𝑅3𝑛) if 𝜓 has, in every

bounded domain of the space 𝑅3𝑛, generalized (in the sense of S. L. Sobolev (3))
derivatives of the first order and the condition

‖𝜓‖𝑊 1
2 (𝑅3𝑛) = ∫

𝑅3𝑛

(|𝜓|2 + | grad𝜓|2) 𝑑Ω < +∞

is satisfied.

Let the operator 𝐻 be defined on 𝐷𝐻 (𝐷𝐻 is the collection of all finite twice
continuously differentiable functions in 𝑅3𝑛) and let the operator 𝐻 be a self-
adjoint extension of the operator 𝐻. Put

𝐿[𝜓] = (𝐻𝜓, 𝜓) =
𝑛

∑
𝑖=1

𝑎𝑖 ∫
𝑅3𝑛

| grad𝑖 𝜓|2 𝑑Ω−
𝑛

∑
𝑖=1

𝑏𝑖 ∫
𝑅3𝑛

|𝜓|2
𝑟𝑖

𝑑Ω+
1,𝑛
∑
𝑖<𝑗

𝑐𝑖𝑗 ∫
𝑅3𝑛

|𝜓|2
𝑟𝑖𝑗

𝑑Ω,

where

| grad𝑖 𝜓|2 = ( 𝜕𝜓
𝜕𝑥𝑖

)
2

+ ( 𝜕𝜓
𝜕𝑦𝑖

)
2

+ ( 𝜕𝜓
𝜕𝑧𝑖

)
2

.

Define the classes of functions 𝑄(𝑝)
3𝑛

𝑄(0)
3𝑛 = {𝜓, 𝜓 ∈ 𝑊 1

2 (𝑅3𝑛), ‖𝜓‖ = 1};
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𝑄(𝑝)
3𝑛{𝜓, 𝜓 ∈ 𝑄(0)

3𝑛 , (𝜓, 𝜑𝑙) = 0, 𝑙 = 0, 1, … , 𝑝 − 1} (𝑝 = 1, 2, …),

where 𝜑𝑙 is the function realizing the minimum of the functional 𝐿[𝜓] in 𝑄(𝑙)
3𝑛.

Lemma 1. If there exists a function 𝜑0 realizing the minimum of the functional
𝐿[𝜓] in the class 𝑄(0)

3𝑛 , and 𝜆(0)
3𝑛 = 𝐿[𝜑0], then 𝜆(0)

3𝑛 is the smallest eigenvalue of
the operator 𝐻, and 𝐻𝜑0 = 𝜆(0)

3𝑛𝜑0. Suppose there exist functions 𝜑𝑙 such that
𝐿[𝜑𝑙] = inf𝐿[𝜓], 𝜓 ∈ 𝑄(𝑙)

3𝑛, 𝑙 = 0, 1, … , 𝑝−1, where 𝑝 is any fixed natural number.
If there exists a function 𝜑𝑝 realizing inf𝐿[𝜓], 𝜓 ∈ 𝑄(𝑝)

3𝑛 , and 𝜆(𝑝)
3𝑛 = 𝐿[𝜑𝑝], then

𝜆(𝑝)
3𝑛 is the (𝑝 + 1)-st (counting multiplicity) eigenvalue of the operator 𝐻, and

𝐻𝜑𝑝 = 𝜆(𝑝)
3𝑛𝜑𝑝. All numbers 𝜆, 𝜆 < sup𝜆(𝑝)

3𝑛 , not coinciding with 𝜆(𝑝)
3𝑛 for any 𝑝,

are regular points of the operator 𝐻.

This lemma expresses the known extremal properties of eigenvalues (4) as ap-
plied to the operator 𝐻.

2. A sequence of functions {𝑢𝑚} from ℒ2(𝑅3𝑛) is called non-escaping if, for
every 𝜀 > 0, one can specify a number 𝐴 > 0 such that, for all 𝑚 and for the
chosen 𝐴, one has

∫
𝑟>𝐴

|𝑢𝑚|2 𝑑Ω < 𝜀.

A sequence {𝑢𝑚} from ℒ2(𝑅3𝑛) that does not possess this property is called
escaping.

Lemma 2*. For the existence of a function realizing inf𝐿[𝜓], 𝜓 ∈ 𝑄(𝑝)
3𝑛 (𝑝 ≥ 0),

it is necessary and sufficient that, for the variational problem under considera-
tion, there exist a non-escaping minimizing sequence.

* This proposition was first obtained in a work of E. F. Zhizhenkova, carried out
at Gorky State University in 1954. See also (5).
Proof. The necessity is obvious. The sufficiency is proved by choosing a min-
imizing sequence that converges weakly in 𝑊 1

2 (𝑅3𝑛) and does not spread, and
by using the lower semicontinuity of the functional 𝐿[𝜓] along this sequence (6).
3. A sequence of functions {𝑢𝑚} from ℒ2(𝑅3𝑛) is called semispreading if, for
every bounded domain Ω of the space 𝑅3𝑛, one has

lim
𝑚→∞

∫
Ω

|𝑢𝑚|2 𝑑Ω = 0.
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Lemma 3. If there exists a spreading minimizing sequence {𝜓𝑚} for the func-
tional 𝐿[𝜓] in 𝑄(𝑝)

3𝑛 , then there also exists a completely spreading minimizing
sequence for 𝐿[𝜓] in 𝑄(𝑝)

3𝑛 .

Proof. We may assume that {𝜓𝑚} converges weakly in 𝑊 1
2 (𝑅3𝑛) to some

function 𝜑0 from 𝑊 1
2 (𝑅3𝑛). The sequence 𝑣𝑚 = 𝑢𝑚‖𝑢𝑚‖−1, 𝑢𝑚 = 𝜓𝑚 − 𝜑0,

𝑚 = 1, 2, …, is minimizing for 𝐿[𝜓] in 𝑄(𝑝)
3𝑛 . Using Kondrashov’s theorem (3)

and the fact that the sequence {𝜓𝑚} spreads, one can show that {𝑣𝑚} spreads
completely.

4. Let 𝑅3𝑛−3,𝑖 be the 3(𝑛 − 1)-dimensional Euclidean space of the variables
𝑥𝑗, 𝑦𝑗, 𝑧𝑗, 𝑗 = 1, 2, … , 𝑖 − 1, 𝑖 + 1, … , 𝑛, 𝑛 > 2; let 𝑃3𝑛−3,𝑖 be an arbitrary point
of the space 𝑅3𝑛−3,𝑖; and let 𝜑 be an arbitrary function from 𝑊 1

2 (𝑅3𝑛−3,𝑖) (the
space 𝑊 1

2 (𝑅3𝑛−3,𝑖) is defined analogously to 𝑊 1
2 (𝑅3𝑛)).

Set

𝐿3𝑛−3,𝑖[𝜑] =
1,𝑛
∑
𝑗≠𝑖

𝑎𝑗 ∫
𝑅3𝑛−3,𝑖

| grad𝑗 𝜑|2 𝑑Ω−
1,𝑛
∑
𝑗≠𝑖

𝑏𝑗 ∫
𝑅3𝑛−3,𝑖

|𝜑|2
𝑟𝑗

𝑑Ω+
1,𝑛
∑
𝑙<𝑗

𝑙≠𝑖, 𝑗≠𝑖

𝑐𝑙𝑗 ∫
𝑅3𝑛−3,𝑖

|𝜓|2
𝑟𝑙𝑗

𝑑Ω,

𝑄3𝑛−3,𝑖 = {𝜑, 𝜑 ∈ 𝑊 1
2 (𝑅3𝑛−3,𝑖), ‖𝜑‖ = 1};

𝜆3𝑛−3,1 = inf𝐿3𝑛−3,𝑖[𝜑], 𝜑 ∈ 𝑄3𝑛−3,𝑖; 𝜆0,1 = 0.

Lemma 4. Let a completely spreading sequence of functions {𝑢𝑚} satisfy the
condition

∫
𝑅3𝑛

| grad𝑢𝑚|2 𝑑Ω < 𝑀 (𝑀 does not depend on 𝑚)

and ‖𝑢𝑚‖ = 1, 𝑚 = 1, 2, …. Then

lim
𝑚→∞

𝐿[𝑢𝑚] ≥ min
1≤𝑖≤𝑛

{𝜆3𝑛−3,𝑖}. (3)

If, moreover, it is assumed that {𝑢𝑚} is a minimizing sequence for one of the
variational problems of Lemma 1, then the inequality (3) becomes an equality.

The assertion of Lemma 4 (taking Lemma 3 into account) has the following
physical meaning: from the existence of a spreading minimizing sequence it
follows that the escape of a particle is, on average, energetically favorable or
energetically indifferent. In the proof, the change in the mean value of the
energy when each of the particles escapes is estimated, and the mean value of
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the energy of the remaining system is compared with the mean value of the
energy of the original system.

II. 5. Theorem. If the numbers 𝑏𝑖 and 𝑐𝑖𝑗 (1 ≤ 𝑖 < 𝑗 ≤ 𝑛) satisfy inequality
(2), then there exists a function 𝜑𝑝 realizing inf𝜓[𝜓], 𝐿 ∈ 𝑄(𝑝)

3𝑛 , 𝑝 = 0, 1, 2, ….

We shall carry out the proof for 𝑝 = 0. By Lemmas 2 and 3 it is enough to
show that a minimizing sequence {𝜓𝑚} for the functional 𝐿[𝜓] in the class 𝑄(0)

3𝑛
cannot disperse completely.

By Lemma 4, for this it is enough to establish that

𝜆(0)
3𝑛 < 𝜆3𝑛−3,𝑖0

, (4)

where

𝜆(0)
3𝑛 = lim

𝑚→∞
𝐿[𝜓𝑚], 𝜆3𝑛−3,𝑖0

= min
1≤𝑖≤𝑛

𝜆3𝑛−3,𝑖.

For 𝑛 = 1 this is obvious, since 𝜆(0)
3 < 0. Suppose inequality (4) holds for

𝑛 ≤ 𝑠 − 1. We shall prove that (4) is true for 𝑛 = 𝑠. Let

𝜆3𝑠−3,𝑖0
= min

1≤𝑖≤𝑠
𝜆3𝑠−3,𝑖;

from the induction hypothesis there follows the existence of a function
𝑓(𝑃3𝑠−3,𝑖0

), 𝑓 ∈ 𝑄3𝑠−3,𝑖0
, for which

𝐿3𝑠−3,𝑖0
[𝑓] = 𝜆3𝑠−3,𝑖0

.

Let 𝑅(𝑖0) be the 3-dimensional Euclidean space of the variables 𝑥𝑖0
, 𝑦𝑖0

, 𝑧𝑖0
; let

𝑔(𝑥𝑖0
, 𝑦𝑖0

, 𝑧𝑖0
) be a finite, continuously differentiable function in 𝑅(𝑖0) such that

∫
𝑅(𝑖0)

|𝑔|2 𝑑Ω = 1.

Set
Φ𝑘 = 𝑘3/2𝑔(𝑘𝑥𝑖0

, 𝑘𝑦𝑖0
, 𝑘𝑧𝑖0

) ⋅ 𝑓(𝑃3𝑠−3,𝑖0
),

where 𝑘 is an arbitrary positive number. It is easy to see that

𝐿𝑠[Φ𝑘] = 𝜆3𝑠−3,𝑖0
+𝑘2𝑎𝑖0

∫
𝑅3𝑠

| grad𝑖0
Φ1|2 𝑑Ω+𝑘 ∑

𝑗=1,…,𝑛
𝑗≠𝑖0

𝑐𝑖0𝑗{𝐼𝑗(𝑘)−𝐼𝑗(0)}−𝑘𝛼𝐼𝑗(0),

where
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𝐼𝑗(𝑘) = ∫
𝑅3𝑠

|Φ1|2 𝑑Ω
√(𝑥𝑖0

− 𝑘𝑥𝑗)2 + (𝑦𝑖0
− 𝑘𝑦𝑗)2 + (𝑧𝑖0

− 𝑘𝑧𝑗)2
, 𝛼 = 𝑏𝑖0

− ∑
𝑗=1,…,𝑠

𝑗≠𝑖0

𝑐𝑖0𝑗 > 0.

(𝐼𝑗(𝑘) − 𝐼𝑗(0)) → 0 as 𝑘 → 0,
and therefore

𝐿3𝑠[Φ𝑘] < 𝜆3𝑠−3,𝑖0

for sufficiently small 𝑘. Since Φ𝑘 ∈ 𝑄(0)
3𝑠 , it follows from (5) that

𝜆(0)
3𝑠 < 𝜆3𝑠−3,𝑖0

,

which proves the theorem.

The main theorem follows from the theorem just proved, Lemma 1, and
Friedrichs’results (7).

In conclusion I express my deep gratitude to Prof. A. G. Sigalov for guiding this
work.

Gorky State University
named after N. I. Lobachevsky

Received
20 VI 1957
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Note: Figure translations are in progress. See original paper for figures.
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